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We demonstrated an exact solution of the quantum Liouville equation for a model consisting of three identical

two-level atoms (qubits) A, B and C, and two independent resonators. Qubit A is assumed to be trapped in the

first ideal resonator, and the two remaining qubits B and C are trapped in the second high-Q resonator. All qubits

resonantly interact with the corresponding mode of the quantized thermal electromagnetic field of the resonator.

Entanglement is assumed between the qubits at the initial time. We focus our attention on biseparable and genuine

entangled W- and GHZ-type qubit states. Based on the exact solution, the Peres-Horodecki criterion (negativity)
and the fidelity are calculated. Using the specified entanglement criteria, the dynamics of two- and three-qubit

entanglement are analyzed for various resonator thermal field intensities, and a comparative analysis of the qubit

entanglement dynamics in the model under consideration is conducted with previously studied three-qubit models.

It is shown that qubits never transit to initial states during their evolution, which fundamentally distinguishes their

behavior from that of qubits in previously studied three-qubit models.
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Introduction

Entanglement or non-local quantum correlations between

two (or more) quantum subsystems is one of the strik-

ing traits of quantum mechanics compared with classical

mechanics. Recently, special attention has been paid to

the study of entangled states due to their fundamental role

in numerous applications such as quantum computing and

communications, density coding, cryptography, etc. [1]. The
most well-known entangled states, such as EPR states or

Bell states, can be obtained in systems consisting of a pair

of qubits. In recent years, such states for two-qubit systems

of various physical nature have been investigated in a huge

number of theoretical and experimental studies. In quantum

information processing, the two-qubit systems play special

role because all quantum algorithms can be expanded into

a minimal universal set of gates consisting of one-qubit and

two-qubit operations [2]. At the same time, the use of

multiparticle entangled states makes it possible to implement

more complex quantum algorithms, for example, to perform

quantum calculations using universal three-qubit Toffoli and

Fredkin gates [3,4], cluster states [5], to improve quantum

error correction schemes [6] and others.

Since no quantum system exists in isolation, the interac-

tion of entangled qubits with the environment leads to de-

coherence [7,8]. In systems used in quantum information

processing, the time required to perform operations with

qubits for any real-world quantum technology application

should be less than the decay time of the qubits quantum

nonlocal correlations [9]. This creates serious problems

when using entanglement as an information resource. Under

these conditions, it becomes necessary to fully understand

the temporal dynamics of entanglement in multiqubit sys-

tems. To generate, maintain and control the entangled states

of atomic qubits, their interaction with the electromagnetic

fields of resonators is used [10–13]. In this regard, the

platforms of resonators quantum electrodynamics (RQED),

which are most convenient for experimental realization,

are the most adequate devices for a detailed study of

the dynamics of qubits interaction with electromagnetic

fields [10–13]. Such platforms are themselves high-Q

microwave or optical resonators in which qubits of various

physical nature are embedded. For theoretical analysis

of the dynamics of cubits entanglement in RQED the

Jaynes−Cummings model (JCM) and its generalizations are

used, in particular, the multiqubit Tavis−Cummings model

(TCM) [14,15]. Difficulties in describing the dynamics of

TCM models increase significantly with a higher number

of qubits. Therefore, at present, special attention is paid to

the analysis of the three-qubit models. Three-qubit quantum

entangled states have been experimentally implemented in a

series of tests in systems of superconducting qubits, trapped

ions, and impurity spins [16–21]. The dynamics of qubits

entanglement in various single- and multiphoton extensions

of a three-qubit TCM for various initial states of qubits and

resonator fields has been discussed in a number of articles

(see reference in [22–25]).
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In this paper, we investigated the exact dynamics of

entanglement of three identical two-level atoms (qubits)
in a new version of a three-atom TCM consisting of an

atom trapped in an ideal single-mode resonator and two

atoms embedded in another single-mode ideal common

resonator. The atoms resonantly interact with the fields

of resonators via single-photon processes. We have found

an exact expression for the evolution operator of the

considered triatomic model. Based on the exact solution,

we investigated the dynamics of the considered quantum

model for the initial biseparable and genuine entangled

W- and GHZ-states of atoms, and thermal states as the

initial states of the resonator fields. Pairwise negativity and

fidelity were used as criteria for atomic entanglement. The

choice of thermal states of resonator fields is determined

by the presence of thermal photons in resonators of any

RQED platforms. Due to the interaction of atoms with

thermal fields of the resonators, Rabi oscillations of atoms

entanglement parameters are possible, as well as the sudden

death of atoms entanglement, i.e., the disappearance of

entanglement at times shorter than the decoherence time.

Such effects can lead to errors when reading information

about the state of qubits. Therefore, the study of dynamics

of atoms thermal entanglement in triatomic models is of

undoubted interest for quantum computer science.

1. Description of a three-qubit model
and exact solution of the Liouville
quantum equation

Let’s describe the quantum model of interest. We

consider three two-level atoms (qubits) A, B and C . A

qubit is trapped in the first ideal resonator, and B and C

qubits are trapped in a similar high-Q second resonator.

All three qubits resonantly interact with the corresponding

selected mode of their thermal quantum electromagnetic

field of the resonator through single-photon processes. For

simplicity, let’s assume that the interaction constants of the

qubits with the corresponding resonator field modes are

γA = γB = γC ≡ γ . The scheme of the considered model

is shown in Fig. 1.

The Hamiltonian of interaction ĤInt of the given model

can be represented in standard approximations in the

following form:

ĤInt=~γ
(

σ̂+
A â1+σ̂

−
A â+

1 +σ̂+
B â2+σ̂

−
B â+

2 +σ̂+
C â2+σ̂

−
C â+

2

)

,

(1)
where classical notations for the quantum optics

σ̂+
i = |+〉ii〈−| and σ̂−

i = |−〉ii〈+| are introduced — raising

and lowering operators in i-th qubit (i = A, B,C), â1(â2)
and â+

1 (â+
2 ) — are operators of the annihilation and creation

of photons in the mode of the first (second) resonator.

Before investigating the interaction of A, B , and C

qubits with the corresponding modes of the resonator

thermal fields, we study the system dynamics for the Fock

initial states of the resonator fields, i.e. for states with a

certain number of particles. To find the wave function at

subsequent time points t > 0 in the case of the Fock states

of the resonator fields, it is convenient to introduce a new

parameter N to determine the basis of the Hilbert space

where the system evolution will take place. This parameter

is introduced as follows: N = N1 + N2, where

N1 =

{

0, if nqA
= n1 = 0,

1, if nqA
= 0, n1 ≥ 1 or nqA

= 1, n1 ≥ 0,

N2 =























0, if nqB+C
= n2 = 0,

1, if nqB+C
= 1, n2 = 0 or nqB+C

= 0, n2 = 1,

2, if nqB+C
= 2, n2 ≥ 0 or nqB+C

= 1, n2 ≥ 1,

or nqB+C
= 0, n2 ≥ 2,

where nqA
— number of excited qubits in the first resonator,

nqB+C
= nqB

+ nqC
— number of excited qubits in the second

resonator, n1(n2) — number of photons in the mode of the

first (second) resonator. Therefore, the parameter N may

take the following values: 0, 1, 2 and 3.

If the parameter takes the value N = 3, then the evolution

of the system state vector takes place in an 8-dimensional

Hilbert space, and it is convenient to represent this basic set

in the following form:

|+,+,+, n1, n2〉, |+,+,−, n1, n2+1〉,

|+,−,+, n1, n2+1〉, |−,+,+, n1 + 1, n2〉,

|+,−,−, n1, n2 + 2〉, |−,+,−, n1 + 1, n2 + 1〉,

|−,−,+, n1 + 1, n2 + 1〉, |−,−,−, n1 + 1, n2 + 2〉.
(2)

Here and further in our work, we will use a simpli-

fied mathematical notation for the ket vectors of the

subsystem of three qubits |x , y, z 〉 ≡ |xA, yB , zC〉 ≡ |xA〉
⊗ |yB〉 ⊗ |zC〉 and for the ket vectors of the com-

plete system |x , y, z , n1, n2〉 ≡ |xA, yB , zC , n1, n2〉 ≡ |xA〉
⊗ |yB〉 ⊗ |zC〉 ⊗ |n1〉 ⊗ |n2〉, where x i , y i , z i = +i,−i . In

case of N = 2, there are two sets of basis vectors due to dif-

ferences in the evolution of different qubits in the resonators.

Either the following set of parameters N1 = 1, N2 = 1 is

possible that is, when the evolution of the state vector

occurs in a 6-dimensional Hilbert space:

|+,+,−, n1, 0〉, |+,−,+, n1, 0〉,

|+,−,−, n1, 1〉, |−,+,−, n1 + 1, 0〉,

|−,−,+, n1 + 1, 0〉, |−,−,−, n1 + 1, 1〉, (3)

either a set of parameters N1 = 0, N2 = 2, and then the

evolution of the state vector occurs in a 4-dimensional

Hilbert space:

|−,+,+, 0, n2〉, |−,+,−, 0, n2 + 1〉,

|−,−,+, 0, n2 + 1〉, |−,−,−, 0, n2 + 2〉. (4)
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Figure 1. Configuration of the studied model. Here ωc — resonator frequency, ωa = ωc — transition frequency in the qubit between

the excited |+〉 and ground |−〉 levels.

In case of N = 1 two sets of the basic vectors exist. Or

N1 = 1, N2 = 0, and then it is convenient to represent the

set of basis vectors in the following form:

|+,−,−, n1, 0〉, |−,−,−, n1 + 1〉, (5)

Or N1 = 0, N2 = 1, and then it is convenient to represent

the set of basis vectors in the following form:

|−,+,−, 0, 0〉, |−,−,+, 0, 0〉, |−,−,−, 0, 1〉. (6)

In case of N = 3, we have obtained an exact solution to

the nonstationary Schrodinger equation in the basic set (2)

for the studied model with the interaction Hamiltonian (1).

We provide an exact compact solution as an evolution

operator Û in the basic set (2) as:

Û =

























U11 U12 U13 U14 U15 U16 U17 U18

U21 U22 U23 U24 U25 U26 U27 U28

U31 U32 U33 U34 U35 U36 U37 U38

U41 U42 U43 U44 U45 U46 U47 U48

U51 U52 U53 U54 U55 U56 U57 U58

U61 U62 U63 U64 U65 U66 U67 U68

U71 U72 U73 U74 U75 U76 U77 U78

U81 U82 U83 U84 U85 U86 U87 U88

























,

























|+,+,+, n1, n2〉
|+,+,−, n1, n2 + 1〉
|+,−,+, n1, n2 + 1〉
|−,+,+, n1 + 1, n2〉
|+,−,−, n1, n2 + 2〉
|−,+,−, n1 + 1, n2 + 1〉
|−,−,+, n1 + 1, n2 + 1〉
|−,−,−, n1 + 1, n2 + 2〉

























, (7)

where the elements of the evolution operator

Ui j ≡ Ui j(n1, n2, t) are specified by the following

expressions:

U11 =



























cos(γt
√
4n2+6)[n2+2+(n2+1) cos(γt

√
4n2+6)]

2n2+3
,

if n1 = 4n2 + 5

2(n2+2) cos(γt
√

n1+1)+(n2+1)[cos(γθ2t)+cos(γθ1t)]
4n2+6

,

else

U22=







cos2(γt
√

n2+3/2) cos(γt
√
4n2+6), if n1=4n2+5

1
4

[

2 cos
(

γt
√

n1+1
)

+ cos (γtθ2)+ cos (γtθ1)
]

, else

U55=











cos(γt
√
4n2+6)[n2+1+(n2+2) cos(γt

√
4n2+6)]

2n2+3
, if n1=4n2+5

2(n2+1) cos(γt
√

n1+1)+(n2+2)[cos(γtθ2)+cos(γtθ1)]

4n2+6
, else

U21 =



















− i
√

n2+1

2
√
4n2+6

sin
(

2γt
√
4n2 + 6

)

, if n1 = 4n2 + 5

− i
8n2+12

√

n2+1
(n1−4n2−5)2

[

θ1(4n2 + 6− α) sin (γθ2t)

+θ2(4n2 + 6 + α) sin (γθ1t)
]

, else

U41 =



























− i
2n2+3

[

n2 + 2 + (n2 + 1) cos
(

γt
√
4n2 + 6

)]

× sin(γt
√
4n2 + 6), if n1 = 4n2 + 5

− i
2(2n2+3)

[

2(n2 + 2) sin(γt
√

n1 + 1)− (n2 + 1)

×
(

θ1β1 sin(γθ2t)+θ2β2 sin(γθ1t)
χ

)]

, else

U85 =































− i
2n2+3

[

n2 + 1 + (n2 + 2) cos
(

γt
√
4n2 + 6

)]

× sin(γt
√
4n2 + 6), if n1 = 4n2 + 5

− i
2(2n2+3)

[

2(n2 + 1) sin(γt
√

n1 + 1)− (n2 + 2)

×
(

θ1β1 sin(γθ2t)+θ2β2 sin(γθ1t)
χ

)]

, else

U51 =



























− 2
√

(n2+1)(n2+2)

2n2+3
cos(γt

√
4n2+6) sin2(γt

√
n2+3/2),

if n1 = 4n2 + 5
√

(n2+1)(n2+2)

4n2+6

[

cos(γθ1t) + cos(γθ2t)

−2 cos(γt
√

n1 + 1)
]

, else
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U61 =







−
√

n2+1√
4n2+6

sin2(γt
√
4n2 + 6), if n1 = 4n2 + 5

1
2

√

n2+1
4n2+6

(cos(γθ1t)− cos(γθ2t)), else

U81 =































2i
√

(n2+1)(n2+2)

2n2+3
sin(γt

√
4n2 + 6) sin2(γt

√
n2 + 3/2),

if n1 = 4n2 + 5

i
√

(n2+1)(n2+2)

2(2n2+3)

[

2 sin(γt
√

n1 + 1) + (α−n1−1) sin(γθ2t)

θ2
√

n1+1

− (α+n1+1) sin(γθ1t)

θ1
√

n1+1

]

, else

U32 =



























− cos(γt
√
4n2 + 6) sin2

(

γt
√

n2 + 3/2
)

,

if n1 = 4n2 + 5

1
4

[

cos(γθ1t) + cos(γθ2t) − 2 cos(γt
√

n1 + 1)
]

,

else

U52 =



















− i
√

n2+2

2
√
4n2+6

sin(2γt
√
4n2 + 6), if n1 = 4n2 + 5

− i
8n2+12

√

n2+2
(n1−4n2−5)2

[

θ1(4n2 + 6− α) sin (γθ2t)

+ θ2(4n2 + 6 + α) sin (γθ1t)
]

, else

U62 =































−2i cos3
(

γt
√

n2 + 3/2
)

sin
(

γt
√

n2 + 3/2
)

,

if n1 = 4n2 + 5

− i
4

[

2 sin(γt
√

n1 + 1) + (n1−α+1) sin(γθ2t)

θ2
√

n1+1

+ (n1+α+1) sin(γθ1t)

θ1
√

n1+1

]

, else

U72 =



























i sin2(γt
√

n2 + 3/2) sin
(

γt
√
4n2 + 6

)

,

if n1 = 4n2 + 5

i
4

[

2 sin(γt
√

n1 + 1) + (α−n1−1) sin(γθ2t)

θ2
√

n1+1

− (α+n1+1) sin(γθ1t)

θ1
√

n1+1

]

, else

U82 =







−
√

n2+2√
4n2+6

sin2(γt
√
4n2 + 6), if n1 = 4n2 + 5

1
2

√

n2+2
4n2+6

[cos(γθ1t) − cos(γθ2t)] , else,

where the following notations are provided to save the

space:

θ1 =
√

7 + n1 + 4n2 +�, θ2 =
√

7 + n1 + 4n2 −�,

� = 2α, α =
√

2(n1 + 1)(2n2 + 3),

χ =
√

(n1 + 1)(n1 − 4n2 − 5)2
[

49 + 4n2
1 − 10�

+ n1(44 + 24n2 − 4�) + 4n2(9 + n2 −�)
]

,

β1 = −169− 4n3
1 +

69

2
�− 4n1n2(55 + 9n2 − 4�)

+ 4n2
1

(

−24− 14n2 +
3

2
�

)

+ 9n1(−29 + 4�)

+ 4n2

(

−41 +
11

2
�+ n2

(

�

2
− 9

))

,

β2 = 71− 4n3
1 −

29

2
�+ 2n2

1(4n2 +�)

− 2n2(−46− 14n2 + 7�+ n2�)

+ n1

(

75− 8�+ 4n2(25 + 7n2 − 2�)
)

,

and between the elements of the evolution operator Ui j the

following ratios are valid:

U12 = U21 = U13 = U31 = U46 = U64 = U47 = U74,

U22 = U33 = U66 = U77,

U16 = U61 = U17 = U71 = U24 = U34 = U42 = U43,

U27 = U36 = U63 = U72,

U25 = U52 = U35 = U53 = U68 = U86 = U78 = U87,

U18 = U81 = U45 = U54,

U28 = U82 = U38 = U83 = U56 = U65 = U57 = U75,

U26 = U62 = U37 = U73, U15 = U51 = U48 = U84,

U14 = U41, U58 = U85, U23 = U32 = U67 = U76,

U11 = U44, U55 = U88.

In case of N = 2 the evolution operator V̂ was obtained in

the basic sets (3), (4):

V̂ =
































V11 V12 V13 V14 V15 V16 0 0 0 0

V21 V22 V23 V24 V25 V26 0 0 0 0

V31 V32 V33 V34 V35 V36 0 0 0 0

V41 V42 V43 V44 V45 V46 0 0 0 0

V51 V52 V53 V54 V55 V56 0 0 0 0

V61 V62 V63 V64 V65 V66 0 0 0 0

0 0 0 0 0 0 V77 V78 V79 V7,10

0 0 0 0 0 0 V87 V88 V89 V8,10

0 0 0 0 0 0 V97 V98 V99 V9,10

0 0 0 0 0 0 V10,7 V10,8 V10,9 V10,10

































,

































|+,+,−, n1, 0〉
|+,−,+, n1, 0〉
|+,−,−, n1, 1〉
|−,+,−, n1 + 1, 0〉
|−,−,+, n1 + 1, 0〉
|−,−,−, n1 + 1, 1〉
|−,+,+, 0, n2〉
|−,+,−, 0, n2 + 1〉
|−,−,+, 0, n2 + 1〉
|−,−,−, 0, n2 + 2〉

































, (8)

where the elements of the evolution operator

Vi j = Vi j(n1, t) (i, j = 1, . . . 6), Vkl = Vkl(n2, t)
(k, l = 7, . . . 10):

V11 =







cos2(γt/
√
2) cos(

√
2γt), if n1 = 1

1
4

[

2 cos(γt
√

n1+1)+ cos(γα2t)+ cos(γα1t)
]

, else
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V33 =







cos2(
√
2γt), if n1 = 1

1
2
[cos(γα2t) + cos(γα1t)] , else

V21=







− cos(
√
2γt) sin2

(

γt/
√
2
)

, if n1 = 1

1
4

[

cos(γα2t)+ cos(γα1t)−2 cos(γt
√

n1 + 1)
]

, else

V31 =























−i sin(2
√
2γt)/2

√
2, if n1 = 1

i
[

(√
2n1−2

√
n1+1+

√
2
)

sin(γα2t)

4α2
√

n1+1

−
(√

2n1+2
√

n1+1+
√
2
)

sin(γα1t)

4α1
√

n1+1

]

, else

V41 =























−2i cos3
(

γt/
√
2
)

sin
(

γt/
√
2
)

, if n1 = 1

− i
4

[

2 sin(γt
√

n1 + 1) +

(

n1−
√

2(n1+1)+1

)

sin(γα2t)

α2
√

n1+1

+

(

n1+
√

2(n1+1)+1
)

sin(γα1t)

α1
√

n1+1

]

, else

V51 =























i sin2
(

γt/
√
2
)

sin(
√
2γt), if n1 = 1

i
4

[

2 sin(γt
√

n1 + 1) +

(√
2(n1+1)−n1−1

)

sin(γα2t)

α2
√

n1+1

−
(√

2(n1+1)+n1+1

)

sin(γα1t)

α1
√

n1+1

]

, else

V63 =























− i
2
sin

(

2
√
2γt

)

, if n1 = 1

i
[

(√
2(n1+1)−n1−1

)

sin(γα2t)

2α2
√

n1+1

−
(√

2(n1+1)+n1+1
)

sin(γα1t)

2α1
√

n1+1

]

, else

V77 =
n2 + 2 + (n2 + 1) cos(γt

√
4n2 + 6)

2n2 + 3
,

V87 = −i
√

n2 + 1

4n2 + 6
sin(γt

√

4n2 + 6),

V10,7 = −2
√

(n2 + 1)(n2 + 2) sin2
(

γt
√

n2 + 3/2
)

2n2 + 3
,

V88 = cos2(γt
√

n2 + 3/2), V98 = − sin2(γt
√

n2 + 3/2),

V10,8 =
sin

(

γt
√
4n2 + 6

)

√

2
n2+2
− 4

,

V10,10 =
n2 + 1 + (n2 + 2) cos

(

γt
√
4n2 + 6

)

2n2 + 3
,

and the following ratios between the elements of the

evolution operator are true:

V11 = V22 = V44 = V55, V12 = V21 = V45 = V54,

V31 = V13 = V32 = V23 = V65 = V56 = V46 = V64,

V41 = V14 = V25 = V52, V51 = V15 = V42 = V24,

V61 = V16 = V43 = V34 = V53 = V35 = V62 = V26,

V87 = V78 = V97 = V79, V10,8 = V8,10 = V10,9 = V9,10,

V33 = V66, V63 = V36, V7,10 = V10,7,

V88 = V99, V98 = V89,

where the following variables are introduced:

α1 =

√

3 + n1 + 2
√

2(n1 + 1),

α2 =

√

3 + n1 − 2
√

2(n1 + 1).

If N = 1 the evolution operator Ŝ was obtained in the

basic sets (5), (6)

Ŝ=













S11 S12 0 0 0

S21 S22 0 0 0

0 0 S33 S34 S35

0 0 S43 S44 S45

0 0 S53 S54 S55













,













|+,−,−, n1, 0〉
|−,−,−, n1 + 1, 0〉
|−,+,−, 0, 0〉
|−,−,+, 0, 0〉
|−,−,−, 0, 1〉













,

(9)
where the elements of the evolution operator Si j are

specified by the following expressions:

S11(n1, t) = cos(γt
√

n1 + 1),

S21(n1, t) = −i sin(γt
√

n1 + 1),

S33(t) = cos2(γt/
√
2), S43(t) = − sin2(γt/

√
2),

S53(t) = −i sin(
√
2γt)/

√
2, S55(t) = cos(

√
2γt),

given the ratios: S11 = S22, S12 = S21, S43 = S34, S33 = S44,

S35 = S45 = S53 = S54.

If N = 0 no system evolution occurs. Thus, thanks to the

evolution operators (7)−(9) we can find the wave function

of the complete system |ψn1n2(t)〉 ”three qubits+ two modes

of the resonator fields“ at subsequent time points t for any

initial state of the qubits |ψ(0)〉ABC as follows:

|ψn1n2(t)〉 = Q̂
(

|ψ(0)〉ABC ⊗ |n1〉 ⊗ |n2〉
)

,

where Q̂ one of the evolution operators (7)−(9).
Note that the evolution operator of the considered system

can be initially represented as a tensor product of the

evolution operators of two subsystems. However, the

approach used to write the full evolution operator makes it

easier to calculate the entanglement criteria for the thermal

fields of resonators.

Let’s consider only the initial states of the two types

of qubits. In the first case at the initial moment of

time t = 0 the atoms are prepared in such a biseparable

state, that A and B are in the entangled Bell state

cosα|+,−〉+ sinα|−,+〉, and atom C is either in excited

state |+〉, or in the ground state |−〉 (π/2 > α > 0 — pa-

rameter stetting the initial degree of entanglement between

A and B qubits). Then the initial state vector of the three

qubits in this case will be written as follows:

|ψ1(0)〉ABC = cosα|+,−,−〉+ sinα|−,+,−〉, (10)

|ψ2(0)〉ABC = cosα|+,−,+〉+ sinα|−,+,+〉. (11)
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In the second case, the atoms are initially prepared in

genuine entangled W-type states

|W1(0)〉ABC = cos θ|+,+,−〉+ sin θ sinϕ|+,−,+〉

+ sin θ cosϕ|−,+,+〉, (12)

|W2(0)〉ABC = cos θ|−,−,+〉+ sin θ sinϕ|−,+,−〉

+ sin θ cosϕ|+,−,−〉, (13)

or GHZ-type state

|G(0)〉ABC = cos ϑ |+,+,+〉+ sinϑ |−,−,−〉, (14)

where θ, ϕ and ϑ — parameters in the range (0, π/2),
specifying the initial state of entanglement of A, B and C

qubits.

Using the explicit form of the evolution opera-

tors (7)−(9), we have found exact solutions of the

quantum Schrödinger equation for the initial states of

qubits (10)−(14) and various Fock states of resonator fields.

As an example, we give an explicit form of the time

wave function |ψn1n2(t)〉 for the biseparable initial state of

qubits (10):
1) Case n1 = n2 = 0 (Si1 = Si1(0, t), Si3 = Si3(t)):

|ψ0102(t)〉 = cosα
[

S11|+,−,−, 0, 0〉 + S21|−,−,−, 1, 0〉
]

+ sinα
[

S33|−,+,−, 0, 0〉+ S43|−,−,+, 0, 0〉

+ S53|−,−,−, 0, 1〉
]

.

2) Case n1 = 0, n2 = 1 (Vi j = Vi j(0, t)):

|ψ0112(t)〉 = cosα
[

V13|+,+,−, 0, 0〉 + V23|+,−,+, 0, 0〉

+ V33|+,−,−, 0, 1〉+ V43|−,+,−, 1, 0〉

+ V53|−,−,+, 1, 0〉+ V63|−,−,−, 1, 1〉
]

+ sinα
[

V78|−,+,+, 0, 0〉+ V88|−,+,−, 0, 1〉

+ V98|−,−,+, 0, 1〉+ V10,8|−,−,−, 0, 2〉
]

.

3) Case n1 ≥ 1, n2 = 0 (Si j = Si j(n1, t),
Vi j = Vi j(n1 − 1, t)):

|ψn102(t)〉 = cosα
[

S11|+,−,−, n1, 0〉

+ S21|−,−,−, n1 + 1, 0〉
]

+sinα
[

V14|+,+,−, n1−1, 0〉+V24|+,−,+, n1−1, 0〉

+ V34|+,−,−, n1 − 1, 1〉+ V44|−,+,−, n1, 0〉

+ V54|−,−,+, n1, 0〉+ V64|−,−,−, n1, 1〉
]

.

4) Case n1 ≥ 1, n2 = 1 (Vi j = Vi j(n1, t),
Ui j = Ui j(n1 − 1, 0, t)):

|ψn112(t)〉 = cosα
[

V13|+,+,−, n1, 0〉+ V23|+,−,+, n1, 0〉

+ V33|+,−,−, n1, 1〉+ V43|−,+,−, n1 + 1, 0〉

+ V53|−,−,+, n1 + 1, 0〉+ V63|−,−,−, n1 + 1, 1〉
]

+ sinα
[

U16|+,+,+, n1−1, 0〉 + U26|+,+,−, n1−1, 1〉

+ U36|+,−,+, n1−1, 1〉+U46|−,+,+, n1, 0〉

+ U56|+,−,−, n1 − 1, 2〉+ U66|−,+,−, n1, 1〉

+ U76|−,−,+, n1, 1〉+ U86|−,−,−, n1, 2〉
]

.

5) Case n1 = 0, n2 ≥ 2
(

Ui j = Ui j(0, n2 − 2, t),

Vi j = Vi j(n2 − 1, t)
)

:

|ψ01n2(t)〉 = cosα
[

U15|+,+,+, 0, n2 − 2〉

+ U25|+,+,−, 0, n2 − 1〉+ U35|+,−,+, 0, n2 − 1〉

+ U45|−,+,+, 1, n2 − 2〉+ U55|+,−,−, 0, n2〉

+ U65|−,+,−, 1, n2 − 1〉+ U75|−,−,+, 1, n2 − 1〉

+ U85|−,−,−, 1, n2〉
]

+ sinα
[

V78|−,+,+, 0, n2 − 1〉

+ V88|−,+,−, 0, n2〉+ V98|−,−,+, 0, n2〉

+ V10,8|−,−,−, 0, n2 + 1〉
]

.

6) Case n1 ≥ 1, n2 ≥ 2
(

Ui5 = Ui5(n1, n2 − 2, t),

Ui6 = Ui6(n1 − 1, n2 − 1, t)
)

:

|ψn1n2(t)〉 = cosα
[

U15|+,+,+, n1, n2 − 2〉

+ U25|+,+,−, n1, n2 − 1〉+ U35|+,−,+, n1, n2 − 1〉

+ U45|−,+,+, n1 + 1, n2 − 2〉+ U55|+,−,−, n1, n2〉

+ U65|−,+,−, n1 + 1, n2 − 1〉

+ U75|−,−,+, n1 + 1, n2−1〉+ U85|−,−,−, n1+1, n2〉
]

+ sinα
[

U16|+,+,+, n1 − 1, n2 − 1〉

+ U26|+,+,−, n1 − 1, n2〉+ U36|+,−,+, n1 − 1, n2〉

+ U46|−,+,+, n1, n2 − 1〉+ U56|+,−,−, n1 − 1, n2 + 1〉

+ U66|−,+,−, n1, n2〉+ U76|−,−,+, n1, n2〉

+ U86|−,−,−, n1, n2 + 1〉
]

.
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Having solved the problem of searching for the wave

function |ψn1n2(t)〉 at subsequent time points t > 0 for the

Fock states of resonator fields, we can proceed to determine

the time density matrix of the considered model for the ini-

tial states of qubits (10)−(14) in case of initial single-mode

thermal states of the resonator fields, the density matrix of

which is expressed by the formula: ℘̂Fl
(0) =

∑

nl
pnl
|nl〉〈nl |,

where l = 1, 2. Here, the statistical weights pnl
are

expressed by the following formula: pnl
= n̄

nl

l /(n̄l + 1)nl +1,

where n̄l — is the average number of thermal photons in the

corresponding resonator, which is determined by the stan-

dard Bose−Einstein formula n̄l = (exp[~ωc/kBTl]− 1)−1.

Here kB — Boltzmann constant, Tl — temperature of the

appropriate resonator.

To generalize the results for the case of resonators

thermal fields, it is necessary to solve the quantum Liouville

equation.

i~
∂ ℘̂ABCF1F2

(t)

∂t
= [ĤInt, ℘̂ABCF1F2

(t)], (15)

i.e. find the density matrix of the full system ℘̂ABCF1F2
(t).

Knowing the explicit form of |ψn1n2(t)〉 wave functions at

subsequent t > 0 time points in case of the Fock states

of resonator fields, the density matrix can be calculated as

follows:

℘̂ABCF1F2
(t) =

∞
∑

n1=0

∞
∑

n2=0

pn1 pn2 |ψn1n2(t)〉〈ψn1n2(t)|. (16)

For the states (10), (13), (14) the full density matrix will

be written as follows :

℘̂ABCF1F2
(t) =

∞
∑

n1=1

∞
∑

n2=2

pn1 pn2 |ψn1n2(t)〉〈ψn1n2(t)|

+ p01

∞
∑

n=2

pn2 |ψ01n2(t)〉〈ψ01n2(t)|

+ p12

∞
∑

n1=1

pn1 |ψn112(t)〉〈ψn112(t)|

+ p02

∞
∑

n1=1

|ψn102(t)〉〈ψn102(t)|+ p01 p12 |ψ0112(t)〉〈ψ0112(t)|

+ p01 p02 |ψ0102(t)〉〈ψ0102(t)|,

and for the states (11), (12) it is written as

℘̂ABCF1F2
(t) =

∞
∑

n1=1

∞
∑

n2=1

pn1 pn2 |ψn1n2(t)〉〈ψn1n2(t)|

+ p01

∞
∑

n2=1

pn2 |ψ01n2(t)〉〈ψ01n2(t)|

+p02

∞
∑

n1=1

pn1 |ψn102(t)〉〈ψn102(t)|+p01 p02 |ψ0102(t)〉〈ψ0102(t)|.

Thus, using solutions for the Fock states of resonator

fields, labor-intensity calculations can be used to generalize

the results to the case of resonator fields thermal states (16)

and solve the quantum Liouville equation (15).

To study the evolution of the subsystem of qubits, we

need to calculate reduced three- and two-qubit density ma-

trices, which are related to the full density matrix (16) using

the operation of taking a trace over the variables of all fields

and/or qubits as follows: ℘̂ABC(t) = TrF1
TrF2

℘̂ABCF1F2
(t),

℘̂i j(t) = Trk ℘̂ABC(t) respectively. Here, the indices have the

following values: i, j, k = A, B,C and i 6= j 6= k is fulfilled.

2. Selection of entanglement criteria
for the investigated model
and their calculation

In this paper, we analyze three-qubit and two-qubit en-

tanglements in detail. To study the three-qubit entanglement

of initial states (12)−(14), as a criterion we use the fidelity

8, which is expressed as follows [26]:

8(t) = Tr(℘̂ABC(0)℘̂ABC(t)). (17)

Thus, the fidelity 8 shows how much the three-qubit state at

any given time t > 0 coincides with the original three-qubit

state. In the case of biseparable initial states (10), (11), the

fidelity 8 is not informative. We omit the detailed output

of expressions for the fidelity (17) through the elements

of the three-qubit density matrix ℘̂ABC to save space and

immediately provide the final expressions for the initial

states (12)−(14):

8 = A2℘22 + B2℘33 + C2℘44 + 2ABRe℘23

+ 2AC Re℘24 + 2BCRe℘34,

8 = C2℘55 + B2℘66 + A2̺77 + 2ACRe℘57

+ 2ABRe℘67 + 2BCRe℘56,

8 = cos2 ϑ℘11 + sin2 ϑ℘88 + 2 cos ϑ sinϑRe℘18,

respectively. Here, the variables A = cos θ, B = sin θ sinϕ,

C = sin θ cosϕ are introduced. As an example, we write

down the elements of the three-qubit density matrix ℘̂ABC ,

which are used in calculating the fidelity 8, for the state

(14):

℘11= sin2 ϑ

∞
∑

n1=1

∞
∑

n2=2

pn1 pn2 |U18|2+cos2 ϑ

∞
∑

n1=0

∞
∑

n2=0

pn1 pn2 |U11|2,
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℘88 =

∞
∑

n1=1

∞
∑

n2=2

pn1pn2

[

cos2 ϑ |U81|2 + sin2 ϑ |U88|2
]

+ p01

∞
∑

n2=2

pn2

[

cos2 ϑ |U81|2 + sin2 ϑV10,10

]

+ p12

∞
∑

n1=1

pn1

[

cos2 ϑ |U81|2 + sin2 ϑ |V66|2
]

+ p02

∞
∑

n1=1

pn1

[

cos2 ϑ |U81|2 + sin2 ϑ |S22|2
]

+ p01 p12

[

cos2 ϑ |U81|2 + sin2 ϑ |S55|2
]

+ p01 p02

[

cos2 ϑ |U81|2 + sin2 ϑ
]

,

℘18 = cos ϑ sinϑ

{

∞
∑

n1=1

∞
∑

n2=2

pn1 pn2U11U
∗
88 + p01

∞
∑

n2=2

pn2U11

×V ∗
10,10 + p12

∞
∑

n1=1

pn1U11V
∗
66 + p02

∞
∑

n1=1

pn1U11S∗
22

+ p01 p12U11S
∗
55 + p01 p02U11

}

.

where the following notation is introduced

Ui1 ≡ Ui1(n1, n2, t),

Ui8 ≡ Ui8(n1 − 1, n2 − 2, t),

V10,10 ≡ V10,10(n2 − 2, t),

V66 ≡ V66(n1 − 1, t),

S22 ≡ S22(n1 − 1, t),

S55 ≡ S55(t)

with the appropriate numbers of photons n1 and n2

in resonators.

When studying the qubits entanglement dynamics in the

considered model for the biseparable and genuine entangled

W-type states, we will use the criterion of negativity of

pairs of qubits as a quantitative criterion of entanglement.

Negativity criterion of two qubits i and j may be expressed

as [27]:

ξi j = −2
∑

k

(λi j)
−
k , (18)

where λi j — are all possible negative eigenvalues of the two-

qubit density matrix ℘̂T
i j(t), on which a partial transpose

operation was performed with respect to the variables of

the first qubit. The two-qubit density matrix ℘̂T
i j(t) has the

following form for the initial biseparable states (10), (11)

and the initial W-states (12), (13):

℘̂T
i j(t)=









℘
i j

11 0 0 ℘
i j

32

0 ℘
i j

22 0 0

0 0 ℘
i j

33 0

℘
i j

23 0 0 ℘
i j

44









,









|+i,+ j〉
|+i,− j〉
|−i ,+ j〉
|−i,− j〉









←→









1

2

3

4









.

The negativity will be written as follows

ξi j =

√

(℘i j

44 −℘
i j

11)
2 + 4|℘i j

23|2 −℘
i j

11 −℘
i j

44.

As an example, we write down the elements of the two-

qubit density matrix (19), which are used to calculate the

negativity (18) in case of A and B qubits, for the initial state

of the qubits (12):

℘AB
11 =

∞
∑

n1=1

pn1

∞
∑

n2=1

pn2

{[

AU12 + BU13

][

AU∗
12 + BU∗

13

]

+
[

AU22 + BU23

][

AU∗
22 + BU∗

23

]

+ C2
[

|U14|2 + |U24|2
]}

+ p01

∞
∑

n2=1

pn2

{[

AU12 + BU13

][

AU∗
12 + BU∗

13

]

+
[

AU22 + BU23

][

AU∗
22 + BU∗

23

]}

+ p02

∞
∑

n1=1

pn1

{[

AV11 + BV12

][

AV ∗
11 + BV ∗

12

]

+ C2
[

|U14|2 + |U24|2
]}

+ p01 p02

[

AV11 + BV12

]

×
[

AV ∗
11 + BV ∗

12

]

,

℘AB
23 = C

{

∞
∑

n1=1

pn1

∞
∑

n2=1

pn2

[

(

AU32 + BU33

)

U∗
44

+
(

AU52 + BU53

)

U∗
64

]

+ p01

∞
∑

n2=1

pn2

[

(

AU32 + BU33

)

V ∗
77

+
(

AU52 + BU53

)

V ∗
87

]

+ p02

∞
∑

n1=1

pn1

[

(

AV21 + BV22

)

U44

+
(

AV31 + BV32

)

U64

]

+ p01 p02

[

(

AV21 + BV22

)

V ∗
77

+
(

AV31 + BV32

)

V ∗
87

]

}

,
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Figure 2. Negativity criterion εi j (γt) for i- and j-qubits versus reduced time γt for the initial state of qubits (10) in case α = π/4.

Intensity of thermal fields: n̄1 = n̄2 = 0.01 (black solid line), n̄1 = n̄2 = 0.2 (red dashed line), n̄1 = n̄2 = 0.5 (blue dotted line).

℘AB
44 =

∞
∑

n1=1

pn1

∞
∑

n2=1

pn2

{[

AU72 + BU73

][

AU∗
72 + BU∗

73

]

+
[

AU82 + BU83

][

AU∗
82 + BU∗

83

]

+ C2
[

|U74|2 + |U84|2
]}

+ p01

∞
∑

n2=1

pn2

{[

AU72 + BU73

][

AU∗
72 + BU∗

73

]

+
[

AU82 + BU83

][

AU∗
82 + BU∗

83

]

+ C2
[

|V97|2 + |V107|2
]}

+ p02

∞
∑

n1=1

pn1

{[

AV51 + BV52

][

AV ∗
51 + BV ∗

52

]

+
[

AV61 + BV62

][

AV ∗
61 + BV ∗

62

]

+ C2
[

|U74|2 + |U84|2
]}

+ p01 p02

{[

AV51 + BV52

][

AV ∗
51 + BV ∗

52

]

+
[

AV61 + BV62

]

×
[

AV ∗
61 + BV ∗

62

]

+ C2
[

|V97|2 + |V107|2
]}

,

where the following notation is introduced

Ui2(i3) ≡ Ui2(i3)(n1, n2 − 1, t),

Ui4 ≡ Ui4(n1 − 1, n2, t),

Vk1(k2) ≡ Vk1(k2)(n1, t),

V j7 ≡ V j7(n2, t)

with the appropriate number of n1 and n2 photons in

resonators (i = 1, 2, . . . 8, k = 1, 2, . . . 6, j = 1, 2, 3, 4).
The remaining elements of the two-qubit density matrix are

not given here to save space because these expressions are

too large.

3. Results of computational modelling
and discussion

Figure 2 shows the dynamics of ξi j(γt) negativity

criterion for different pairs of i and j qubits from γt

scalable time for different values of the average number of

thermal photons in both resonators provided n̄1 = n̄2 for

the initial biseparable three-qubit state (10). All graphs

are plotted provided that A and B qubits are at the initial

moment of time t = 0 in the maximally entangled Bell state

(ξAB(0) = 1), i.e. the initial entanglement parameter is set

to α = π/4. It is clearly seen from Fig. 2, a that the initial

Bell entanglement quickly collapses even at sufficiently low

field intensities of resonators (n̄1 → 0 and n̄2 → 0), since
negativity never assumes its initial value during evolution

(ξAB(t) 6= 1) and, moreover, negativity regularly assumes

zero values, which means about the presence of the parasitic

effect of sudden death of entanglement. The qubits A and C

and B and C at the initial moment of time were in the non-

entangled state, which is fully agreeable with Fig. 2, b, c.

However, in the process of evolution, thermal fields of the

resonators induce entanglement of varying degrees between
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Figure 3. Similar in Fig. 2, but for the initial state of qubits (11) in case α = π/4.

these pairs of qubits. This effect was predicted earlier for

the two-qubit systems. The A and B qubits have the most

stable entanglement with respect to the thermal fields of the

resonators, since even for a relatively large average number

of thermal photons n̄1 = n̄2 = 0.5, entanglement is observed

at some time intervals. On the contrary, the qubits B and C

are slightly entangled during evolution, since the pairwise

negativity does not exceed ξBC(γt) ≤ 0.04 over the entire

time interval, which is a rather interesting result.

In Fig. 3, we plot the curves similar to those shown

in Fig. 2, but for a biseparable three-qubit state (11). In

general, the results for the state (11) coincide with the

conclusions for the biseparable state (10), but there are a

number of fundamental differences. First, the entanglement

between B and C qubits is not induced even for the vacuum

resonator fields, i.e. in case of n1 = n2 = 0. Second, the

degree of entanglement between pairs of A and B and A

and C qubits at subsequent t > 0 time points for the

initial biseparable state (11) is much less than the degree

of pairwise entanglement for the biseparable state (10).
Third, higher intensity of resonators thermal fields n̄1, n̄2

significantly reduces the maximum degree of entanglement

of qubits much faster in the case of a biseparable state of

qubits (11). Thus, the initial state of the qubits (11) is

extremely sensitive to the thermal noise of resonators. Note

that the above conclusions for biseparable states (10), (11)
are quite different from the results for the model with three

qubits in a common resonator, which we studied earlier

in [25].
In Fig. 4, 5 we demonstrate the results of computational

modeling for the negativity criterion ξAB or ξAC (a), ξBC (b)
and fidelity 8 depending on the reduced time γt for the

genuine entangled three-qubit W-state (12) and (13) in case

θ = arccos(1/
√
3), ϕ = π/4. These initial entanglement

parameters θ and ϕ were selected because at the spec-

ified values, the W-states (12) and (13) enter the most

symmetrical state, i.e. for all pairs of qubits, the negativity

criterion takes a value equal to ξi j(0) = (
√
5− 1)/3. The

graphs clearly show that higher intensities of the resonators’

thermal fields n̄1 and n̄2 result in a significant decrease in

the maximum degree of pairwise entanglement of qubits for

both W-states. It should be emphasized that the reduction in

the degree of pairwise entanglement of qubits occurs much

faster in this model than with three qubits in a common

resonator [25]. Moreover, in this model, the fildeity 8

never returns to its initial value (8(γt) 6= 1) for both W-

states (12), (13) even in case of resonators’ vacuum fields

n̄1 → 0, n̄2 → 0 which is fundamentally different from the

three-qubit models studied earlier [22–25]. An interesting

result is also that the pairwise entanglement of B and C

qubits in case of W-state (12) may exceed at some time the

initial value of the negativity criterion ξBC ≥ (
√
5− 1)/3,

which is not observed for the second W-state (13). It is

also worth noting that for a given pair of B and C qubits, at

any intensity of thermal fields of resonators n̄1 and n̄2, the

regions with the effect of sudden death of entanglement are

much smaller for the second W-state (13) than for the first

W-state (12).
Finally, in Fig. 6, we demonstrate the fildeity 8 versus

scaled time γt for different intensities of thermal fields of

resonators n̄1 and n̄2 for the initial GHZ state (14) in case

of ϑ = π/4. As for W-states (12)−(13), the resonators

thermal noise significantly reduces the maximum value of

the fildeity 8 and, moreover, three qubits at subsequent

time points t never return to the initial GHZ state (14)
even in case of vacuum fields of resonators n̄1 → 0, n̄2 → 0.

Calculations show that the pairwise negativity ξi j in case

of GHZ state (14) has zero values over the entire time

interval at any intensity of thermal fields of resonators

n̄1 and n̄2. Additional computer modeling also shows

that all of the above conclusions are valid for the initial

states (10)−(14) at different initial entanglement parameters

α, θ, ϕ and ϑ . Note the rather complex behavior of the

entanglement parameters ξi j , 8 for all initial three-qubit

states (10)−(14) at any resonator intensities n̄1 and n̄2,

which does not allow for a detailed analysis of the behavior

of the negativity criterion ξi j and the fildeity 8 for vacuum

resonator fields. This result is fundamentally different

from the results we obtained for other types of three-qubit

models [22–25]. This is explained by the different dynamics

of A qubit in the first resonator and B and C qubits in

the second resonator. The mentioned dynamics of qubits
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Figure 4. Dependence of the negativity criterion εi j (γt) for i and j-qubits and fidelity 8 of three qubits on the reduced time γt for

the initial state of qubits (12) in case of θ = arccos(1/
√
3), ϕ = π/4. Intensity of thermal fields: n̄1 = n̄2 = 0.01 (black solid line),

n̄1 = n̄2 = 0.2 (red dashed line), n̄1 = n̄2 = 0.5 (blue dotted line).
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Figure 5. Similar, in Fig. 4, but for the initial state of qubits (13) in case θ = arccos(1/
√
3), ϕ = π/4.
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Figure 6. Fidelity 8 versus reduced time γt for the initial state

of qubits (14) in case of ϑ = π/4. Intensity of thermal fields:

n̄1 = n̄2 = 0.01 (black solid line), n̄1 = n̄2 = 0.2 (red dashed line),
n̄1 = n̄2 = 0.5 (blue dotted line).

in case of vacuum fields of resonators n1 = n2 = 0 can

be studied by analyzing the population inversion of one

W j =℘
j

11 −℘
j

22 qubit, determined through the elements of

the corresponding one-qubit density matrix ℘̂j , and the time

wave function |ψn1n2(t)〉. A detailed analysis of population

inversion dynamics in case of vacuum fields of resonators

n1 = n2 = 0 due to their bulkiness will be presented in our

next paper.

Conclusion

Thus, in our work we found an exact expression for the

evolution operator for a new three-particle model consisting

of one Jaynes-Cummings qubit and two Tavis-Cummings

qubits trapped in independent ideal high-Q resonators

and resonantly interacting with the corresponding selected

quantum modes of these resonators. With its help, an exact

solution of the quantum Liouville equation was found for

the thermal states of resonator fields and various states of

qubits: biseparable and genuine entangled W- and GHZ-

states. Using reduced qubit density matrices, we calculated

two entanglement parameters: the pairwise negativity ξi j

and the fidelity 8. As a result, we have shown that qubits

in the process of evolution do not return to their initial

states at any intensity of thermal fields of resonators n̄1

and n̄2, which fundamentally distinguishes the behavior

of the studied model from the behavior of the previously

considered three-qubit models [22–25]. For qubits trapped

in various resonators and initially being in the entangled

state, the effect of sudden death and recovery of pairwise

entanglement occurs throughout the entire time of evolution

for a fairly wide range of thermal intensities n̄1 and n̄2.

However, a significant deviation of thermal fields intensities

of n̄1 and n̄2 resonators from the vacuum states rather

quickly leads to complete decoherence of entanglement for

all pairs of qubits and to the absence of any recovery

of pairwise entanglement of qubits. At the same time,

in the previously studied three-qubit models [22–25], the

maximum degree of pairwise entanglement of qubits and the

fidelity in time for the same values of resonator field intensi-

ties declined much slower. We also note a significantly more

complex temporal behavior of the entanglement parameters

in comparison with the previously considered three-qubit

models, even for the vacuum fields of resonators n̄1 → 0,

n̄2 → 0, which does not allow for a detailed analysis of the

qubits dynamics and the calculation of the oscillation period

of Rabi oscillations in an analytical form. Overall, this study

significantly improves our understanding of the key features

of the qubit entanglement dynamics in the considered three-

particle model.
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