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We demonstrated an exact solution of the quantum Liouville equation for a model consisting of three identical
two-level atoms (qubits) A, B and C, and two independent resonators. Qubit A is assumed to be trapped in the
first ideal resonator, and the two remaining qubits B and C are trapped in the second high-Q resonator. All qubits
resonantly interact with the corresponding mode of the quantized thermal electromagnetic field of the resonator.
Entanglement is assumed between the qubits at the initial time. We focus our attention on biseparable and genuine
entangled W- and GHZ-type qubit states. Based on the exact solution, the Peres-Horodecki criterion (negativity)
and the fidelity are calculated. Using the specified entanglement criteria, the dynamics of two- and three-qubit
entanglement are analyzed for various resonator thermal field intensities, and a comparative analysis of the qubit
entanglement dynamics in the model under consideration is conducted with previously studied three-qubit models.
It is shown that qubits never transit to initial states during their evolution, which fundamentally distinguishes their
behavior from that of qubits in previously studied three-qubit models.
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Introduction

Entanglement or non-local quantum correlations between
two (or more) quantum subsystems is one of the strik-
ing traits of quantum mechanics compared with classical
mechanics. Recently, special attention has been paid to
the study of entangled states due to their fundamental role
in numerous applications such as quantum computing and
communications, density coding, cryptography, etc. [1]. The
most well-known entangled states, such as EPR states or
Bell states, can be obtained in systems consisting of a pair
of qubits. In recent years, such states for two-qubit systems
of various physical nature have been investigated in a huge
number of theoretical and experimental studies. In quantum
information processing, the two-qubit systems play special
role because all quantum algorithms can be expanded into
a minimal universal set of gates consisting of one-qubit and
two-qubit operations [2]. At the same time, the use of
multiparticle entangled states makes it possible to implement
more complex quantum algorithms, for example, to perform
quantum calculations using universal three-qubit Toffoli and
Fredkin gates [3,4], cluster states [5], to improve quantum
error correction schemes [6] and others.

Since no quantum system exists in isolation, the interac-
tion of entangled qubits with the environment leads to de-
coherence [7,8]. In systems used in quantum information
processing, the time required to perform operations with
qubits for any real-world quantum technology application
should be less than the decay time of the qubits quantum
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nonlocal correlations [9]. This creates serious problems
when using entanglement as an information resource. Under
these conditions, it becomes necessary to fully understand
the temporal dynamics of entanglement in multiqubit sys-
tems. To generate, maintain and control the entangled states
of atomic qubits, their interaction with the electromagnetic
fields of resonators is used [10-13]. In this regard, the
platforms of resonators quantum electrodynamics (RQED),
which are most convenient for experimental realization,
are the most adequate devices for a detailed study of
the dynamics of qubits interaction with electromagnetic
fields [10-13). Such platforms are themselves high-Q
microwave or optical resonators in which qubits of various
physical nature are embedded. For theoretical analysis
of the dynamics of cubits entanglement in RQED the
Jaynes—Cummings model (JCM) and its generalizations are
used, in particular, the multiqubit Tavis—Cummings model
(TCM) [14,15]. Difficulties in describing the dynamics of
TCM models increase significantly with a higher number
of qubits. Therefore, at present, special attention is paid to
the analysis of the three-qubit models. Three-qubit quantum
entangled states have been experimentally implemented in a
series of tests in systems of superconducting qubits, trapped
ions, and impurity spins [16-21]. The dynamics of qubits
entanglement in various single- and multiphoton extensions
of a three-qubit TCM for various initial states of qubits and
resonator fields has been discussed in a number of articles
(see reference in [22-25]).
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In this paper, we investigated the exact dynamics of
entanglement of three identical two-level atoms (qubits)
in a new version of a three-atom TCM consisting of an
atom trapped in an ideal single-mode resonator and two
atoms embedded in another single-mode ideal common
resonator. The atoms resonantly interact with the fields
of resonators via single-photon processes. We have found
an exact expression for the evolution operator of the
considered triatomic model. Based on the exact solution,
we investigated the dynamics of the considered quantum
model for the initial biseparable and genuine entangled
W- and GHZ-states of atoms, and thermal states as the
initial states of the resonator fields. Pairwise negativity and
fidelity were used as criteria for atomic entanglement. The
choice of thermal states of resonator fields is determined
by the presence of thermal photons in resonators of any
RQED platforms. Due to the interaction of atoms with
thermal fields of the resonators, Rabi oscillations of atoms
entanglement parameters are possible, as well as the sudden
death of atoms entanglement, ie., the disappearance of
entanglement at times shorter than the decoherence time.
Such effects can lead to errors when reading information
about the state of qubits. Therefore, the study of dynamics
of atoms thermal entanglement in triatomic models is of
undoubted interest for quantum computer science.

1. Description of a three-qubit model
and exact solution of the Liouville
quantum equation

Let’s describe the quantum model of interest. —We
consider three two-level atoms (qubits) A, B and C. A
qubit is trapped in the first ideal resonator, and B and C
qubits are trapped in a similar high-Q second resonator.
All three qubits resonantly interact with the corresponding
selected mode of their thermal quantum electromagnetic
field of the resonator through single-photon processes. For
simplicity, let’s assume that the interaction constants of the
qubits with the corresponding resonator field modes are
va =y = yc =y. The scheme of the considered model
is shown in Fig. 1.

The Hamiltonian of interaction Hj, of the given model
can be represented in standard approximations in the
following form:

Hp =Ty (6, a1+06, aj+64 ar+oy a;+6idar+ocdy),
(1)
where classical notations for the quantum optics
6" =|+)i(—|and 6;” = |—=);; (+| are introduced — raising
and lowering operators in i-th qubit (i = A, B, C), a;(az)
and a (a5 ) — are operators of the annihilation and creation
of photons in the mode of the first (second) resonator.
Before investigating the interaction of A, B, and C
qubits with the corresponding modes of the resonator
thermal fields, we study the system dynamics for the Fock
initial states of the resonator fields, i.e. for states with a

certain number of particles. To find the wave function at
subsequent time points ¢ > 0 in the case of the Fock states
of the resonator fields, it is convenient to introduce a new
parameter N to determine the basis of the Hilbert space
where the system evolution will take place. This parameter
is introduced as follows: N = N1 + N,, where

Ny — 0, ifng, =n =0,
YT\ ifng, =0.n > 1orn, = 1,0y >0,

0, ifng,,. =ny =0,
1, ifng..=1,n=0o0rng,, . =0n=1,

1,n,>1,

N, =
2, ifng..=2,n>0o0rn,, =

orng, . =0,n>2,

where n,, — number of excited qubits in the first resonator,
Ngyic = Mg, + Mg, — number of excited qubits in the second
resonator, nj(ny) — number of photons in the mode of the
first (second) resonator. Therefore, the parameter N may
take the following values: 0, 1, 2 and 3.

If the parameter takes the value N = 3, then the evolution
of the system state vector takes place in an 8-dimensional
Hilbert space, and it is convenient to represent this basic set
in the following form:

|+9 +9 +9 ni, n2>, |+9 +9 —, Ny, n2+1>,
|+, R +, nl,n2+1>9 |_9 +9 +9 n1+1, n2>9
|+, R _,nl,n2+2>,|_, +, _,n1+19n2+1>,

|—, — +.n+1,n+ 1>, |—, — —.n+1,n +2>.

(2)
Here and further in our work, we will use a simpli-
fied mathematical notation for the ket vectors of the
subsystem of three qubits |x,y,z) = |xa, Y5, 2c) = |Xa)
® |yp) ®|zc) and for the ket vectors of the com-
plete system |x,y, z, ni, n2) = |xa, ¥, 2¢, 11, N2) = |x4)
® yp) ®|zc) @ |m) ® |n2), where x;,y;,z; = +i, —i. In
case of N = 2, there are two sets of basis vectors due to dif-
ferences in the evolution of different qubits in the resonators.
Either the following set of parameters Ny =1, Ny, =1 is
possible that is, when the evolution of the state vector
occurs in a 6-dimensional Hilbert space:

|+, +, —, ny, 0)3 |+’ ) +’ ni, 0>,
|+’ —, —, N1, 1>, |_, +, — N + 1, 0)3
|_’ ) +’n1+1, 0>,|_, R} _,n1+1’ 1>’ (3)

either a set of parameters N; = 0, N, =2, and then the
evolution of the state vector occurs in a 4-dimensional
Hilbert space:

|_’ +’ +’ 0’ n2>7 |_7 +7 ) 0’ ny + 1>’
|_7 ) +7 0’ n2+1>’ T T T 07 n2+2>. (4)
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Resonator 1 Resonator 2

Figure 1. Configuration of the studied model. Here w. — resonator frequency, w, = w. — transition frequency in the qubit between

the excited |+) and ground |—) levels.

In case of N = 1 two sets of the basic vectors exist. Or
Ny =1,N, =0, and then it is convenient to represent the
set of basis vectors in the following form:

|+, ) _’n1’0>’ |_’ T T n1+1>’ (5)

Or N1 =0, N, =1, and then it is convenient to represent
the set of basis vectors in the following form:
|_’ +’ ) 0’ 0> |

- +,0,0), |-, —, —,0,1). (6)

In case of N = 3, we have obtained an exact solution to
the nonstationary Schrodinger equation in the basic set (2)
for the studied model with the interaction Hamiltonian (1).
We provide an exact compact solution as an evolution
operator U in the basic set (2) as:

Un U Uz Uy Us Uses Upp U
Uy Unp Uy Uy Us Uy Uy U
Ui Usy Uss Usg Uss Use Usy Usg
Usn Usp Uss Uss Uss Uss Uy Usg
Usi Usy Usy Uss Uss Usq Usy Usg
Usi Usx Uss Usa Uss Uss Us7 Uss
Un Up U U Upis U Upp Usp
Usi Usy Uss Uss Ugs Use Uy Uss

<
I

[+, +, +, n1, n2)
|+, +, —, n,np + 1)
|+, —, +,n1, na+ 1)
|—, +,4+,n+1, n2>
|+, —, —, ni, n2 +2)
|—, +,—,n+1,n+ 1>
|—, — +,n+1,n+ 1>
|—, — — . n+1,n —|—2>

where the elements of the evolution
Uij = Uij(nm,na,t) are specified by the

operator
following
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expressions:

cos (yt\/4n2+6) [n2+2+(n2+1) cos (ytx/4n2+6)]
2n,+3 ’
ifny =4n, + 5

Un =
2(n2+2) cos(yt/n1+1)+(na+1)[cos(y0rt)+cos(p0;1)]
4ny+6 ’

else

cos?(ytv/ny+3/2) cos(yty/4ny+6),
1[2cos (pty/ni+1) + cos (pt6;) + cos (pt6)] , else

cos(yt\/4nz +6) [n2+1+(n2+2) cos (}/l\/4ﬂ2+6)]
2n,+3

2(na+1) cos (yt\/nl +1 ) +(n2+2)[cos(pr6;)+cos(y161)]
4ny,+6

2‘\/—% sin (2pt\/4n; +6), ifn =4n +5

~ g\ sy [01(4n2 + 6 — a) sin (p6a1)

+60:(4ny + 6 + a) sin (p011)], else

—%ﬁ [n2 4+ 2+ (n2 + 1) cos (ytr/4n; + 6)]
X sin(yt\/ 4n) + 6), ifny =4n, + 5

2(2n 3) {2(”2 +2)sin(yty/ng +1) — (np + 1)

% ((-)lﬁl sm(y02t);92ﬁ2 sin(p0:1) ):| , else

if ny=4ny+5

, if nj=4n,+5

Uss=

, else

Uy =

Uy =

— 33 [+ 14 (n2 +2) cos (pry/4ny +6)]
x sin(yt\/4ny +6), ifn; =4ny+5
S — [2(112 + Dsin(pry/m + 1) — (n2 + 2)

y (olﬁl sin ) 0 sin ) )} , else

Uss =

—% cos(ptv/4ny+6) sinz(yt\/n2+3/2),
ifny=4n, +5
Usi =

% [cos(yO11) + cos(p0at)

—2cos(yty/ny +1)], else
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—\/—% sin®(pty/4ny + 6), ifng =4ny + 5

Us1 =
1 ny+1
2V 216

AVt 00D sin(pry/Any 1 6) sin’(yi/ny + 372),
ifny =4n, +5
i/ (n2+1)(n2+2)
i/t 1)(nat2) (2(22;253? {2 sin(yty/n; + 1) +
_ (a+ny+1) sin(p6;1)
01v/n+1

— cos(ptv/Any + 6) sin” (p1v/my + 3/2)

ifny =4n, +5

i {cos(y@lt) + cos(p0at) — 2cos(pty/ng + 1)},

else

—;\/——m sin(2yt\/4n; + 6),

(cos(pOit) — cos(yOat)), else

(a—ny—1) sin(y0at)

0,v/n1+1
}, else

U, =

—_

ifny=4n, +5
Usy =

gz i [01(4ny + 6 — @) sin (y6ur)
+ 02(4ny + 6 + a) sin (pO11)], eclse
—2icos® (yry/ny +3/2) sin (ytv/ny +3/2) ,

ifny =4n, +5
|:2Sln()/l‘\/n1 +1)+

+ (n1+a+1) sin(y61)
01vn+1

Usz = (n1—a+1) sin(y6,t)

0,/n1+1
}, else

isin®(pt/ny + 3/2) sin (p1+/4n; + 6)
ifng=4n, +5
(a—ny—1) sin(y0at)

}‘[2Sin(yt\/n1+1)—|— =Dl
_ (atm+1) sin(y@lr)} else

Up =

01vn1+1

\/—ﬁ sin’(ytv/dn; + 6),

[cos(pOit) — cos(yBat)], else,

ifng=4n, +5

where the following notations are provided to save the
space:

01 =T+n +4n+Q, 0,=+/T+n +4n, — Q,

Q=2a, a=+2(n+1)2n+3),

x =/ lm + 1)

~dny — 5)2 [49 +4n? — 10Q

+n1(44 + 24n; — 4Q) + 4na(9 + na — Q) |,

69
Bi1 = —169 — 4n} + = Q= 4mm (55 + 9ny — 4Q)

+ 4n? <—24 — 14ny + % Q) +9n(—29 + 4Q)

11 Q
+4n2<—41+79+n2<3—9)>,

29
Br=171 —4n1 - 79+2n1(4n2+9)

— 2n2(—46 — 141/12 + 7R + I’le)

+n1 (75 — 8Q + 4na2(25 + Tny — 2Q)),
and between the elements of the evolution operator U;; the

following ratios are valid:

Upp =Uy = Uz = Uszg = Uss = Ugy = Ugy = Uy,

Un = Usz = Usg = Uy,

Uis = Us1 = U7 = Uy1 = Uzg = Usa = Usp = Ug,
Uy7 = Usg = Usz = Upa,

Uzs = Usy = Uss = Usz = Usg = Uge = Uzs = Usy,
Uis = Us1 = Uss = Usy,

Ups = Usy = Usg = Ugs = Usg = Ugs = Us7 = Uys,
Uze = Usy = Us7 = Uz, Uis = Us; = Usg = Usg,
Uis = Uy1, Usg = Ugs, Upz = Usp = Us7 = Use,

Ul = Uss, Uss = Uss.

In case of N = 2 the evolution operator V was obtained in
the basic sets (3), (4):

V=

Vit Vi Viz Vis Vis Vi
Vor Vo Va3 Vo Vos Vg
Vai Vaa Vi3 Vi Vis Vi
Var Var Va3 Vaa Vas Ve
Vs1 Vsa Vsz Vsg Vss Vsg
Ver Voo Ves Vea Ves Vs 0 0 O 0
0 0 0 0 0 0 Vi Vi Vi Vip
0 0 0 0 0 0 Vs Vis Vi Vioio

S oo OO
[N eNeNeNe]
[N eNeNeNe]
e NeNeNeNe]

|+7 +7 —, ny, 0>
|+7 ) +7 ny, 0>
|+9 —, —, N1, 1>
|—, +, —, n +1,0)
|_9 ) +9 ni + 19 0>
|_7 ) _7n1+17 1> ’ (8)
|_7 +7 +7 0’ n2>
|_7 +7 ) 0’ nyp + 1>
|_9 ) +9 0, ny + 1>
|_9 T T 0, ny + 2>
where the elements of the evolution operator
Vij =Vij(ni, 1) (i,j=1,...6), Vie = Viu(na, t)
(k,1=1,...10):
cos?(pt/+/2) cos(v/2pt), ifn =1
Vii =

L [2cos(pt/ni+1)+ cos(yast)+ cos(yait)] , else
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cos?(v2pt), ifn =1

L lcos(yant) + cos(yant)], else

— cos(v/2pt) sin’ (yt/\/E) , ifn; =1

Vi3 =

Vo=
1 [cos(yaat)+ cos(yart)—2cos(yty/ny + 1)] , else
—isin(2v/2y1)/2V2, ifn =1
Ve = & i [(Van—2VaFTv2) sin(yean)
31 = 1[ yry s
(\/§n1+2\/m+1+\/§) sin(ya;t) |
o dayv/n+1 }’ else
—2icos® (yt/v2) sin(yt/V2), ifn; =1
. . n—+/2(m+1)+1) si
Vi = —i[zsln(]}t i+ 1 1)+ ( 1=/ (a;j/r%) sin(yaat)
(n1+\/2(n1+1)+1) sin(yait)
+ pRV/TesT }, else
isin®(pt/v/2) sin(v/2y1), ifn; =1
. 2(ni+1)—n;—1) si
Vs = A—iPsin(yt /—nl T 1)+ (\/ <1+a>2\/nllﬁ) sin(yaat)
(\/2(n1+1)+n1+1) sin(yait) |
— RVTES] } else

—Lsin(2v2pt), ifn; =1

)
Vir = 4 |: (\/2(n1+1)—n1—1) sin(yayt)
63 1 2av/n1+1
(\/2(n1+1)+n1+1) sin(ya;r)
B 2a;v/m+1

ny + 2+ (na + 1) cos(ytv/4ny + 6)
2ny + 3

. 1 .
Vg7 = —i :’122—:_ G sin(yr+/4ny + 6),
2y/(n2 + 1) (nz + 2) sin*(yty/nz + 3/2)

} , else

Vo7 =

bl

V = - b
10.7 21y + 3
Vgg = cos?(pry/na + 3/2), Vog = — sinz(yt\/nz +3/2),
sin(yt\/4n2 + 6)
108 = ——F——,
2
ny+2 - 4
ny+ 14 (np+2) cos(yt\/4n2 + 6)
Vio,10 = ,

2ny + 3

and the following ratios between the elements of the
evolution operator are true:

Vit = Var = Vag = Vss, Vipg = Va1 = Vias = Vsy,
V31 = Vizs = V32 = Va3 = Vs = Vsg = Viag = Vi,
Va1 = Via = Vas = Vsp, V51 = Vis = Viap = Vg,
Vo1 = Vie = Vaz = Vg = Vs3 = V35 = Vo = Ve,
Vg1 = Vs = Vo7 = Va9, Vio.s = Vs.10 = V10,9 = V9,10,
Vs = Ves, Vo3 = Vie, V7,10 = Vio7,

Technical Physics, 2026, Vol. 71, No. 5

Vgg = Voo,  Vog = Vgo,

where the following variables are introduced:

a = \/3—|—n1+2\/2(n1 —|—1),
a = \/3—|—n1 —2y/2(m +1).

If N =1 the evolution operator S was obtained in the
basic sets (5), (6)

St Si2 O 0 0
. So1 S» 0 0 0 |—, -, —,n + 1,0>
S=| O 0 S33 S S35, |—,—|—, -0
0 0 Su Sas Sss = = +.0,
0 0 Ss3 Ss4 Sss 0

|+, — —, N1, 0>

0)
0)
= = 1)

s T o YUy

©)
where the elements of the evolution operator §;; are
specified by the following expressions:

Su(nl, l‘) = COS(}/’Z‘\/ n + 1),

So1(ny, t) = —isin(yt/n; + 1),
S33(1) = cos?(y1/V/2), Su(t) = —sin®(yt/V2),
Ss3(t) = —isin(V2p1)/V/2, Sss(t) = cos(V2pt),

given the ratios: Sll = Szz, 512 = 521, S43 = S34, S33 = S44,
S35 = S45 = S53 = Ss4.

If N = 0 no system evolution occurs. Thus, thanks to the
evolution operators (7)—(9) we can find the wave function
of the complete system [t,,,,, (¢)) three qubits + two modes
of the resonator fields* at subsequent time points ¢ for any
initial state of the qubits [1)(0))4pc as follows:

Vs (1) = O([$(O))anc © [m) @ [m) )

where Q one of the evolution operators (7)—(9).

Note that the evolution operator of the considered system
can be initially represented as a tensor product of the
evolution operators of two subsystems. However, the
approach used to write the full evolution operator makes it
easier to calculate the entanglement criteria for the thermal
fields of resonators.

Let’s consider only the initial states of the two types
of qubits. In the first case at the initial moment of
time # = 0 the atoms are prepared in such a biseparable
state, that A and B are in the entangled Bell state
cosa|+, —) +sina|—, +), and atom C is either in excited
state |+), or in the ground state |—) (7/2 > @ > 0 — pa-
rameter stetting the initial degree of entanglement between
A and B qubits). Then the initial state vector of the three
qubits in this case will be written as follows:

[%1(0))apc = cosal+, —, =) +sina|—, +, —),  (10)

[12(0))apc = cosal|+, —, +) + sina|—, +, +). (11)
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In the second case, the atoms are initially prepared in
genuine entangled W-type states

[W1(0)Yapc = cos O]+, +, —) +sinOsingp|+, —, +)
+ sin 6 cos p|—, +, +), (12)
[W2(0))apc = cosB|—, —, +) + sinOsinp|—, +, —)
+ sinf cos |+, —, —), (13)
or GHZ-type state

|G(0))apc = cos ¥+, +, +) + sind|—, —, —), (14)

where 0, @ and ¥ — parameters in the range (0, 77/2),
specifying the initial state of entanglement of A, B and C
qubits.

Using the explicit form of the evolution opera-
tors (7)—(9), we have found exact solutions of the
quantum Schrodinger equation for the initial states of
qubits (10)—(14) and various Fock states of resonator fields.
As an example, we give an explicit form of the time
wave function [t,,,,(¢)) for the biseparable initial state of
qubits (10):

1) Case ny =n, =0 (Sil = Sil(O, t), Siz = Si3(l‘))1
[Y0u0,(1)) = cos@[Suil+, =, =, 0,0) + Sat|—, —, —, 1,0)]

+ Slna|:S33|_7 +7 ) 0’ 0> + S43|_’ ) +’ 07 0>
+ Sl =, = = 0.1)].

2) Casen; =0,np =1 (VU = Vij(O, l))l

[Y0,1, (1)) = cosa[V13|+, +,—,0,0) + Vas|+, —, +,0,0)
+ V33|+9 T T 0, 1> + V43|_9 +9 ) 1’ 0>

+ V53|_9 ) +9 1’ 0> + V63|_9 T T 1’ 1>:|

+sina | V|-, +, +, 0, 0) + Vgg|—, +, —, 0, 1)

+ V98|_9 ) +9 0, 1> + V10,8|_9 T T 0, 2>i| .

3) Case n; > 1,
Vij=Vij(m = 1,0)):

n, =20 (Sij =8ij(m, 1),

|wn102(t)> = COSa[Sl]|+, —, —, N1, 0>

+S21|_7 —, —, N1 + 1’ 0>]
+sina[V14|+, +, = m=1,0)+Vau|+, —, +,n1—1,0)
+Vaal+, — = m = 1L, 1) + Vag| =, +, —. 1, 0)

+ V54|_’ R +, ni, 0> + V64|_9 —, T, N1, 1>i| .

4) Case ng > 1, ny = 1

Uij = Uij(m = 1,0,1)):

(Vij = Vij(n1, 1),

1, (1)) = cosa[v13|+, = n1, 0) + Vag 4, —, +, 11, 0)
+ Va4, —, —, n1, 1) + Vaz|—, +, —, n1 + 1, 0)
+ Vs3|—, — +,m1 + 1,0) + Ve3|—, —, —, n1 + 1, 1>}
+sina |Ug|+, +, +, n1—1, 0) + Upg|+, +, —, n1—1, 1)

+ Usg|+, —, +, ni—1, 1)+Uss|—, +, +, n1, 0)

+ U56|+7 — —, N1 — 1’ 2> + U66|_7 +7 —, ny, 1>
+ Usg|—, —, +, n1, 1) + Usg|—, —, —, ni, 2>}

5) Case n; =0,
Vij=Vij(na = 1,0)):

n>2 (Uj;=U;0,n—21),

[Yo,n, (2)) = cosa[U15|+, +,+,0,n, — 2)

+ Uss|+, +, —, 0, np — 1) + Uss|+, —, +, 0, np — 1)

+ Uss|—, +, +, 1, np — 2) + Uss|+, —, —, 0, n3)

+ Uss|— +, — L,np — 1) + Uss|—, —, +, L, mp — 1)

+ Uss|—, —, —, 1, n2>} + sina[v78|—, +,4+,0,n,— 1)
+ Vsg|—, +, —, 0, n2) + Vog|—, —, +, 0, n2)
+ Vios|— — —, 0,12 + 1>}.

6) Case m>1, m>2
Us = Ui(n1 — 1, ny — 1,1)):

(L]i5 = L]i5(nl’ ny — 2’ t):

|¢n1n2 (l‘)> = cosa [U15|—|—, +, +,ny, ny — 2>

+ Uss|+, +, —,ni,ma — 1) + Uss|+, —, +, n1,n — 1)
+ Uss|—, +, +,n1 + 1, n0 — 2) + Uss|+, —, —, n1, na)

+ U65|_7 +7 —, N + 17 ny — 1>
+ Uss|—, —, 4+, n1 + 1, np—1) + Uss|—, —, —, n1+1, na)
+sina U16|+, +,+,n1—1,np — 1>

+U26|+7 +7 — n1 — 1,”2>+U36|+, ) +’ ny — 1’ n2>
+U46|_7 +7 +7n17n2_1>+U56|+7 T T nl_la n2+1>
+ U66|_7 +7 —, ni, n2> + U76|_7 ) +7 ni, n2>

+ U86|_9 —, —, N1, N2 + 1> .
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Having solved the problem of searching for the wave
function |1),,,,(¢)) at subsequent time points ¢ > 0 for the
Fock states of resonator fields, we can proceed to determine
the time density matrix of the considered model for the ini-
tial states of qubits (10)—(14) in case of initial single-mode
thermal states of the resonator fields, the density matrix of
which is expressed by the formula: ©r,(0) = >°, py, |n) (ml,
where [ =1,2. Here, the statistical weights p,, are
expressed by the following formula: p,, =)'/ (7, + 1)" !,
where 77; — is the average number of thermal photons in the
corresponding resonator, which is determined by the stan-
dard Bose—Einstein formula 72; = (exp[hw./kpT;] — 1)~
Here kg — Boltzmann constant, 7; — temperature of the
appropriate resonator.

To generalize the results for the case of resonators
thermal fields, it is necessary to solve the quantum Liouville
equation.

d9aBcrF (1)
Jt

ie. find the density matrix of the full system Qapcrr (7).
Knowing the explicit form of [t,,,,(f)) wave functions at
subsequent ¢ > 0 time points in case of the Fock states
of resonator fields, the density matrix can be calculated as
follows:

ih = [Hiu $a8crn (1)), (15)

Z Z pﬂlpﬂzhpnlnz ><¢ﬂ1ﬂ2( )| (16)

nl—Onz 0

For the states (10), (13), (14) the full density matrix will
be written as follows :

Z Z Py P [niny () (s (1)

ni= 1n2 2

50ABCF1F2

QaBCEE (1

=+ po, Z Pn, |¢01n2 (t)> <¢01ﬂ2 (t)|

n=2

+ p1, Z Pnm |¢n112(f)><¢n112(f)|

n1:1

=+ po, Z |¢n102 I/)nloz( )l + p()lp12|l/)()112(l)><1/)0112(l)|

Vl]l

+ Po,Po [%0,0, (1)) (%0,0, (2)],
and for the states (11), (12) it is written as

Z Z Py P [y () (Wyny (1)

ni= 1n2 1

$aBCRE (t

=+ Po, Z Pny |¢01ﬂ2 (t)><¢01ﬂ2 (t)|

n2:1

+po, Z Pny |wn102 (t)><wn102 (l)|+p01p02 |¢0102 (t)><¢0102 (t)|

n1:1
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Thus, using solutions for the Fock states of resonator
fields, labor-intensity calculations can be used to generalize
the results to the case of resonator fields thermal states (16)
and solve the quantum Liouville equation (15).

To study the evolution of the subsystem of qubits, we
need to calculate reduced three- and two-qubit density ma-
trices, which are related to the full density matrix (16) using
the operation of taking a trace over the variables of all fields
and/or qubits as follows: ©apc(t) = Trr Trr,Oascrr (1),
i;(t) = Tri Qapc(t) respectively. Here, the indices have the
following values: i, j,k = A, B,C and i # j # k is fulfilled.

2. Selection of entanglement criteria
for the investigated model
and their calculation

In this paper, we analyze three-qubit and two-qubit en-
tanglements in detail. To study the three-qubit entanglement
of initial states (12)—(14), as a criterion we use the fidelity
®, which is expressed as follows [26]:

O(1) = Tr(gasc(0)ac(t)). (17)

Thus, the fidelity ® shows how much the three-qubit state at
any given time ¢ > 0 coincides with the original three-qubit
state. In the case of biseparable initial states (10), (11), the
fidelity @ is not informative. We omit the detailed output
of expressions for the fidelity (17) through the elements
of the three-qubit density matrix gapc to save space and
immediately provide the final expressions for the initial
states (12)—(14):

® = A% + B33 + C%pas + 2ABRegr;
+ 2AC Regy4 + 2BCReg34,

D = C?ss + B g6 + A2077 + 2ACRe ps7

—+ 2ABRC§O67 + ZBCRCQSG,

® = cos? V1) + sin® D ggg + 2 cos V) sin ¥ Regqs,

respectively. Here, the variables A = cos6, B = sin0sin @,
C =sinfcos@ are introduced. As an example, we write
down the elements of the three-qubit density matrix Qapc,
which are used in calculating the fidelity ®, for the state
(14):

oo oo oo oo
P1r= Sin2 ﬁz Z pnlpn2|U18|2+COSZ ﬁz Z Pni Pny |U11 |2’

n1:1n2:2 n1:0n2:0
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oo o0

Ps8= ) D PuiPm [C05219|U81|2 + Sinsz“'z}

n1:1 n2:2

oo

+ po, Z DPny cos? 19|U81|2 + sin2 19‘/10,10

n2:2

e _ .
+ p1, Z Pny COS2 19|U81|2 + sin2 19|V66|2

n1:1

+ po, Z Dn, cos? 19|U81|2 + sin® 19|522|2

Vl1:1

+ po, P1, [COS2 19|U81|2 + sin2 19|S55|2}

+ Po, Po, {cos2 ?Usy |2 + sin? ﬁ},

oo o0 oo
P18 = cosV sinl‘/‘{z Z Pm Pn,UnUgg + po, Z PnUni
Vl1:1 n2:2 n2:2

o0 o0
X Vio,10 + P1, Z P U1Ves + po, Z Pn U118y

n1:1 n1:1

+ po,P1,U11S55 + Poll’ozUu}-

where the following notation is introduced
Uit = Uit (n1, np, 1),
Us =Ug(n —1,n —2,1),
V10,10 = Vio,10(n2 — 2, 1),
Voo = Ves(n1 — 1, 1),
S =Sn(m —1,1),

Sss = Ss5(t)

with the appropriate numbers of photons n; and ny
in resonators.

When studying the qubits entanglement dynamics in the
considered model for the biseparable and genuine entangled
W-type states, we will use the criterion of negativity of
pairs of qubits as a quantitative criterion of entanglement.
Negativity criterion of two qubits i and j may be expressed
as [27]:

&Gij=-2 Z(lij)k_’ (18)
k

where 1;; — are all possible negative eigenvalues of the two-
qubit density matrix ¢];(¢), on which a partial transpose
operation was performed with respect to the variables of
the first qubit. The two-qubit density matrix @Tj (t) has the

following form for the initial biseparable states (10), (11)
and the initial W-states (12), (13):

o 0 0 ©h\ (4 +) 1
R 0 o5 0 0 |+i, —j) 2
T (1 — 22 is 7
()= i s —
;1) (,) 0 3 (l) |—i, +j) 3
5o 0 0 |=ir =) 4

The negativity will be written as follows

& =\ ol — )7 + 4l P — ] — i

As an example, we write down the elements of the two-
qubit density matrix (19), which are used to calculate the
negativity (18) in case of A and B qubits, for the initial state
of the qubits (12):

oI = Z P Z Pnz{ [AU12 + BU13} {AUI*Z + BUf%}

Vl1:1 VLz:l

+ [AUzz + BUB} [AUZ*Z + BU2*3} +c? [|U14|2 + |U24|2} }

+ o, pun{ [AU + BU] [AUL + BUY

VLz:l

+ [AUzz + BUB} [AUZ*Z + BU2*3} }

+ po, Z Pny { [AVII + BV12} [AVI*I + Bvl*z}

VLl:l
+C? [|U14|2 + |U24|2} } + po, Po, {AVII + BV12}
X [Avl*1 n BVl*z},

Phy =C { > bw Y Pm [(A032 +BU3)Uj,

n1:1 Vl2:1

+ (AUs; + BU53)U6*4} + Do, Z Dy {(AU32 + BUs3) V4

n2:1

+ (AUsz + BUs3) Vi | + po, > puy | (Va1 + BV22)Use
n1:1
+ (AV31 + BV32) U64} + po, Po, {(AV21 + Bsz)V7*7

+ (AV31 + BV32) Vg*7} },
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E4B(Y0)

8 10 12 14
vt

Figure 2. Negativity criterion ¢&;;(yt) for i- and j-qubits versus reduced time pt for the initial state of qubits (10) in case a = z/4.
Intensity of thermal fields: 7; = /i = 0.01 (black solid line), /iy = i, = 0.2 (red dashed line), i; = /i = 0.5 (blue dotted line).

pﬁf = Z Pny Z pnz{ |:AU72 + BU73:| |:AU7*2 + BU7*3}

n1:1 Vl2:1
+ [aU + BUG| [AUg, + BUG | + (10l + U] }
+po, Y pu{ [AUR + BUR| [aU5, + BUS|

n2:1
+ [AUs + BU | [aUg, + BUG| + €[ Ivor P + Vion?] }
+p0, > pu { [Avﬂ + BVSQ} [Av;} + ng;}

n1:1
+ [AVM + BVM} {Avg; + BV&} +c? [|U74|2 + |Ug4|2} }
+ po.pos{ [AVs1 + BVs2| [V + BV + [AVer + BV
X |AVe + BVgy] + €| Vor P + i },

where the following notation is introduced
Uniiz) = Uy (n, ny — 1, 1),
Vitwz) = Vinga)(m, 1),

Vj7 = Vj7(n2, l‘)

Technical Physics, 2026, Vol. 71, No. 5

with the appropriate number of n; and n, photons in
resonators (i =1,2,...8, k=1,2,...6, j=1,2,3,4).
The remaining elements of the two-qubit density matrix are
not given here to save space because these expressions are
too large.

3. Results of computational modelling
and discussion

Figure 2 shows the dynamics of &;(yr) negativity
criterion for different pairs of i and j qubits from p¢
scalable time for different values of the average number of
thermal photons in both resonators provided 7y = i, for
the initial biseparable three-qubit state (10). All graphs
are plotted provided that A and B qubits are at the initial
moment of time # = 0 in the maximally entangled Bell state
(&4a8(0) = 1), ie. the initial entanglement parameter is set
to @ = m/4. It is clearly seen from Fig. 2,a that the initial
Bell entanglement quickly collapses even at sufficiently low
field intensities of resonators (i; — 0 and 7, — 0), since
negativity never assumes its initial value during evolution
(&ap(t) # 1) and, moreover, negativity regularly assumes
zero values, which means about the presence of the parasitic
effect of sudden death of entanglement. The qubits A and C
and B and C at the initial moment of time were in the non-
entangled state, which is fully agreeable with Fig. 2,5, c.
However, in the process of evolution, thermal fields of the
resonators induce entanglement of varying degrees between
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Figure 3. Similar in Fig. 2, but for the initial state of qubits (11) in case a = /4.

these pairs of qubits. This effect was predicted earlier for
the two-qubit systems. The A and B qubits have the most
stable entanglement with respect to the thermal fields of the
resonators, since even for a relatively large average number
of thermal photons 77; = i1, = 0.5, entanglement is observed
at some time intervals. On the contrary, the qubits B and C
are slightly entangled during evolution, since the pairwise
negativity does not exceed &pc(yt) < 0.04 over the entire
time interval, which is a rather interesting result.

In Fig. 3, we plot the curves similar to those shown
in Fig. 2, but for a biseparable three-qubit state (11). In
general, the results for the state (11) coincide with the
conclusions for the biseparable state (10), but there are a
number of fundamental differences. First, the entanglement
between B and C qubits is not induced even for the vacuum
resonator fields, i.e. in case of n; =ny; = 0. Second, the
degree of entanglement between pairs of A and B and A
and C qubits at subsequent ¢ > 0 time points for the
initial biseparable state (11) is much less than the degree
of pairwise entanglement for the biseparable state (10).
Third, higher intensity of resonators thermal fields 71y, 71»
significantly reduces the maximum degree of entanglement
of qubits much faster in the case of a biseparable state of
qubits (11). Thus, the initial state of the qubits (11) is
extremely sensitive to the thermal noise of resonators. Note
that the above conclusions for biseparable states (10), (11)
are quite different from the results for the model with three
qubits in a common resonator, which we studied earlier
in [25].

In Fig. 4, 5 we demonstrate the results of computational
modeling for the negativity criterion 55 or ¢ (a), €pc (D)
and fidelity ® depending on the reduced time pr for the
genuine entangled three-qubit W-state (12) and (13) in case
0 = arccos(1/ \/5), @ =m/4. These initial entanglement
parameters 0 and ¢ were selected because at the spec-
ified values, the W-states (12) and (13) enter the most
symmetrical state, i.e. for all pairs of qubits, the negativity
criterion takes a value equal to &;(0) = (v/5—1)/3. The
graphs clearly show that higher intensities of the resonators’
thermal fields 77; and 7, result in a significant decrease in
the maximum degree of pairwise entanglement of qubits for

both W-states. It should be emphasized that the reduction in
the degree of pairwise entanglement of qubits occurs much
faster in this model than with three qubits in a common
resonator [25]. Moreover, in this model, the fildeity ®
never returns to its initial value (®(yr) # 1) for both W-
states (12), (13) even in case of resonators’ vacuum fields
fiy — 0, 71y — 0 which is fundamentally different from the
three-qubit models studied earlier [22-25]. An interesting
result is also that the pairwise entanglement of B and C
qubits in case of W-state (12) may exceed at some time the
initial value of the negativity criterion &gc > (\/§ -1)/3,
which is not observed for the second W-state (13). It is
also worth noting that for a given pair of B and C qubits, at
any intensity of thermal fields of resonators 7; and 7, the
regions with the effect of sudden death of entanglement are
much smaller for the second W-state (13) than for the first
W-state (12).

Finally, in Fig. 6, we demonstrate the fildeity ® versus
scaled time pt for different intensities of thermal fields of
resonators 7y and 7i, for the initial GHZ state (14) in case
of ® =m/4. As for W-states (12)—(13), the resonators
thermal noise significantly reduces the maximum value of
the fildeity ® and, moreover, three qubits at subsequent
time points ¢ never return to the initial GHZ state (14)
even in case of vacuum fields of resonators 71y — 0, i, — 0.
Calculations show that the pairwise negativity &;; in case
of GHZ state (14) has zero values over the entire time
interval at any intensity of thermal fields of resonators
iy and 7. Additional computer modeling also shows
that all of the above conclusions are valid for the initial
states (10)—(14) at different initial entanglement parameters
a, 0, ¢ and ¥. Note the rather complex behavior of the
entanglement parameters &;;, ® for all initial three-qubit
states (10)—(14) at any resonator intensities 77; and 7,
which does not allow for a detailed analysis of the behavior
of the negativity criterion &;; and the fildeity @ for vacuum
resonator fields. This result is fundamentally different
from the results we obtained for other types of three-qubit
models [22-25]. This is explained by the different dynamics
of A qubit in the first resonator and B and C qubits in
the second resonator. The mentioned dynamics of qubits
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Epc(yD)

D(y1)

Figure 4. Dependence of the negativity criterion &;;(y¢) for i and j-qubits and fidelity ® of three qubits on the reduced time yr for
the initial state of qubits (12) in case of @ = arccos(1/v/3), = /4. Intensity of thermal fields: 7i; = i, = 0.01 (black solid line),
iy = fi; = 0.2 (red dashed line), i; = i, = 0.5 (blue dotted line).

T T T T T L L L e T

D(y?)
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Figure 5. Similar, in Fig. 4, but for the initial state of qubits (13) in case 6 = arccos(1/v/3), ¢ = 7/4.
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D(y7)

Figure 6. Fidelity ® versus reduced time ypr for the initial state
of qubits (14) in case of ¥ = /4. Intensity of thermal fields:
iy = fi; = 0.01 (black solid line), 71; = i, = 0.2 (red dashed line),
i1 =iz = 0.5 (blue dotted line).

in case of vacuum fields of resonators n; = n, =0 can
be studied by analyzing the population inversion of one
W; =g, — b, qubit, determined through the elements of
the corresponding one-qubit density matrix ¢;, and the time
wave function [t,,,,(t)). A detailed analysis of population
inversion dynamics in case of vacuum fields of resonators
n; = ny = 0 due to their bulkiness will be presented in our

next paper.

Conclusion

Thus, in our work we found an exact expression for the
evolution operator for a new three-particle model consisting
of one Jaynes-Cummings qubit and two Tavis-Cummings
qubits trapped in independent ideal high-Q resonators
and resonantly interacting with the corresponding selected
quantum modes of these resonators. With its help, an exact
solution of the quantum Liouville equation was found for
the thermal states of resonator fields and various states of
qubits: biseparable and genuine entangled W- and GHZ-
states. Using reduced qubit density matrices, we calculated
two entanglement parameters: the pairwise negativity &;;
and the fidelity ®. As a result, we have shown that qubits
in the process of evolution do not return to their initial
states at any intensity of thermal fields of resonators 7
and fip, which fundamentally distinguishes the behavior
of the studied model from the behavior of the previously
considered three-qubit models [22-25]. For qubits trapped
in various resonators and initially being in the entangled
state, the effect of sudden death and recovery of pairwise
entanglement occurs throughout the entire time of evolution
for a fairly wide range of thermal intensities 7; and 7.
However, a significant deviation of thermal fields intensities
of 77 and 7, resonators from the vacuum states rather
quickly leads to complete decoherence of entanglement for
all pairs of qubits and to the absence of any recovery
of pairwise entanglement of qubits. At the same time,

in the previously studied three-qubit models [22-25], the
maximum degree of pairwise entanglement of qubits and the
fidelity in time for the same values of resonator field intensi-
ties declined much slower. We also note a significantly more
complex temporal behavior of the entanglement parameters
in comparison with the previously considered three-qubit
models, even for the vacuum fields of resonators 71y — 0,
i, — 0, which does not allow for a detailed analysis of the
qubits dynamics and the calculation of the oscillation period
of Rabi oscillations in an analytical form. Overall, this study
significantly improves our understanding of the key features
of the qubit entanglement dynamics in the considered three-
particle model.
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