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A thermodynamically consistent approach to modeling macroscopic

solidification of binary systems
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A thermodynamically consistent macroscopic model of solidification of a binary system is hereby proposed. This
model is based on the description of the evolution of the volume fraction as an advective quantity with a source. The
system of equations is derived from the total entropy functional, thereby ensuring consistency between heat transfer,
diffusion, and phase transformation. Numerical simulation for the Al-Mg system demonstrated congruence with
the experimental DTA curve, thereby substantiating the model’s viability for macroscale depiction and prediction of

solidification processes.
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Numerical simulation of solidification processes on
macroscopic  scales relies predominantly on quasi-
equilibrium approaches of the 1980s [1]. Prediction of phase
composition and material properties remains heuristic to a
great extent, and the use of computational thermodynamics
potential [2] is limited. Hence it follows that the objective
of the study is to develop and study a thermodynamically
consistent macroscopic model of solidification of a binary
two-phase system in the framework of dissipative thermo-
dynamics, which is conceptually close to the phase field
approach [3,4] and suitable for calculation of macroobjects.

We consider isothermal solidification of a binary two-
phase system. For simplification, we assume that density
doesn’t change during phase transition and the process
runs at a constant pressure, which implies that there are
no convective flows (and consequently shrinkage) and
mechanical stresses.

We introduce a concept of the order parameter ¢(r, 7)
expressed as a volume fraction of a phase that occupies
a point in space. Volume fraction interval is limited to
@ €[0;1], and the intermediate values correspond to a
physical two-phase mixture, unlike classical phase field
approaches [3]. @ =1 and ¢ = 0 are hereinafter referred
to as full filling with a solid phase (S) and a liquid phase
(L), respectively.

To clarify a physical and mathematical basis, we consider
an idealized system with pre-defined thermal and solutal
undercooling. Solid volume fraction grows at a constant
rate proportional to the thermodynamic motive force; the
@ profile uniformly moves, absorbing a higher-energy phase
(parallel transfer). Adjacent cells are directly interconnected:
crystallite (dendrites) grow into them and implement the
transfer.
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Advection equation with a source can serve as an obvious
mathematical formulation of such idealized process

¢=-V-Vo+0, (1)

where V is the rate of volume filling with the solid phase,
rather than a classical rate associated with the convective
transfer. The proposed equation already considers two
growth mechanisms: crystallite growth into adjacent cells
(profile transfer) and local growth/dissolution driven by the
source Q.

To derive equations of non-isothermal solidification pro-
cess relaxation, we write the total system entropy functional
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where g% and g’ are bulk densities of Gibbs energy of the
solid phase (S) and liquid phase (L), respectively. Function
arguments are hereinafter omitted for brevity.

To account for heat transfer, we use the heat conservation
law (enthalpy) where the density of enthalpy # is expressed
through the Gibbs energy density.
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Expanding expression (2) and substituting corresponding
summands into the derivative of § with respect to time,

we get
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where Ag = g% — g%, and u® and u* are chemical potentials
defined as partial derivatives of Gibbs energy densities with
respect to corresponding molar fractions.
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A component conservation law is formulated in the
same way. As the impurity is redistributed between
phases during the phase transition, a mean molar fraction
(x) = pxs+ (1 — @)x, is retained, rather than separate
Xs, xr. Separating by phases [4,5], we have

(st = —Ax(p@((p) -V 'JS —R,

(1 -, =—-MxpO(—¢) =V -J. +R,

where Ax = xg — xz, ©(¢) is the Heaviside function. Such
partition implies that the total diffusion flux is a sum
of fluxes in each of the phases: Jp = Js + Jy; ,kinetic*
contribution of o ¢ is present in both equations and is
localized by the Heaviside function in the growing phase
(impurity trapping by the ,,oncoming phase“); a dissipative
source R responsible for interphase impurity exchange is
introduced Their sum gives the initial conservation law

]
§<x> = —V 'JD.

Substituting the derived equations into (3), applying
Gauss’s theorem to divergence terms, omitting the surface
integral, replacing ¢ from kinetic equation (1), we get an
expression for the rate of change of the total entropy
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where AQ = g5 — gl — u®// (xs —x;) is the thermody-
namic source depending on the phase transition direction,
and u¢// is the effective chemical potential (see [5,6]).
Following the non-equilibrium thermodynamics princi-
ples [7] and requiring an increase in the entropy bulk
contribution, we get linear Onsager relations for fluxes
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where My > 0, My > 0, MBS’L} >0,Mg >0, M7 > 0 are
mobilities. The obtained expressions have direct physical
interpretation. Contributions of V and Q to the change of
volume fraction are proportional to deviation from the phase
equilibrium AS. Dissipative source R is defined by the
difference of chemical potentials and, consequently, is also
proportional to deviation from the diffusion equilibrium.
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Using the freedom in choosing mobilities and maintaining
dissipativity, we replace

MyT,

MV _> —7
Vol

My — MoT. (1 — @), MTW — K,

M3, — Myp, M — M5(1— @), Mg — MrT.0(1 — ),

where T, is the normalizing temperature, |V¢| is the
absolute value of the volume fraction profile gradient, « is
the thermal conductivity coefficient (replacement reduces Jr
to Fourier’s law); ¢ and (1 — ¢) localize the contribution
by phases and zero the sources beyond their determination
region.

Introduction of |V¢| makes it possible to represent the
LHfilling rate” as a product of a normal component and unit
normal vector

T.
V=My 7A9n =V,n.

Expanding the divergence in the expressions for diffusion
fluxes and neglecting o« VT for simplicity, we relate ML{)S’L}
with the corresponding diffusion constants D152}, obtaining
,classical“ Fick’s law for different phases
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In the final version, an equation of thermal conductivity
with sources (difference of enthalpy densities — latent
heat release during crystallization and thermal effect from
a change of impurity concentration due to diffusion and
exchange between phases) is added to the equation of
volume fraction evolution and pair equations for molar
fractions in phases

s L
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For basic model verification, numerical simulation was
performed with evaluation of the thermal effect of phase
transition and comparison with the experimental differential
thermal analysis (DTA) curve. As one-dimensional problem
in the region x € [x, x2] was considered as trial statement:
temperature at one end decreased at a constant rate, the
opposite end of the interval is heat insulated, temperature
at the ,,cold“ boundary was taken as the reference.

To improve calculation feasibility, experimental molar
Gibbs energies of the Al-Mg system were used (8],
and the molar volume required for dimension matching
was calculated using the data from [9]. An aluminum-
enriched region (x(s;; — molar fractions of Mg), where
the FCC phase and liquid phase interact, was considered.
Experimental functions for D{$!} from [10] were used.
Other simulation parameters are listed in the table. My,
My and My were selected manually using the data from a
particular experiment.
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Numerical simulation parameters

Parameter Designation Value

Thermal conductivity, W/(m - K) K 120
Level transfer mobility, m*/(J - s) My 3.1071

Bulk growth mobility, m*/(J - s) My 10~12

Impurity redistribution mobility, m*/(J - s) Mg 1071
Spatial interval, m X1 — X2 0-1072

Dimensional parameter of space, m L 103

Normalization temperature, K T 900

Dimensionless space step A& 0.01

Dimensionless time step At 10-¢

For numeric solution, the system of equations was
reduced to a dimensionless form and solved by the
method of finite differences. Volume fraction equation
was integrated by a semi-implicit sweep method using
Godunov’s scheme; diffusion equation was integrated in an
implicit conservative form with regularization (&,,, = 1079)
to prevent division by zero; thermal conductivity equation
was integrated by a semi-implicit sweep method. The Heav-
iside function was approximated by a smoothed hyperbolic
tangent: ©(¢) = 0.5(1 + tanh(¢/¢e)), smearing parameter
eo = 107° - max(|@|).

Initial and boundary conditions were set as follows:

@(x,0) =107,

(p('xl’t) = 1’ @I(x% t) :09

x{S,L} (x, 0) = 00748,
T(x,0) = 905K,

x{{S,L} (x1,1) = x/{S,L} (x2,1) =0,
T(x1,1) = 905K—20K/min - £,
TI()CQ, t) =0.

Figure 1 shows distributions at the heat release peak
time. Profile @ moves to the opposite boundary of the
region, which corresponds to directional growth of the solid
phase and to release of supercooling. Molar fractions
in phase tend to equilibrium values corresponding to the
liquidus and solidus lines. Temperature profile shows heat
accumulation in the right-hand part of the region due to
crystallite intergrowth.

Figure 2 shows the experimental DTA curve from [11]
(input data were provided by the authors) and the calculated
dependence of AT between the sample boundaries on the
,»cold“ end temperature. Simulation shows both qualitative
and quantitative agreements with experiment; despite the
difference in conditions, the curves are in agreement.

This work proposes a thermodynamically consistent
macroscopic model of binary system solidification based on
description of the behavior of the phase volume fraction
@ as an advective quantity with a source. Derivation of
a system of equations from the total entropy functional
ensured internal consistency of the model and linked the
impurity redistribution and heat transfer processes to the
phase composition evolution. The given statement implies
the description of diffusion solidification in the stationary
melt (without convection), which limits the scope of

the model to problems without substantial hydrodynamic
effects. Consideration of natural convection and related
processes will require introduction of additional convective
contributions and modification of the ¢ field evolution
equation, which is seen as the future research area.

The numerical simulation has proved the physical relia-
bility of the approach and demonstrated good coincidence
with the experimental DTA curve both in shape and typical
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Figure 1. o(x,1), (x), x(sry(x, 1), T(x, 1) field profiles of
the Al-Mg system at time corresponding to the region of
maximum AT.
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Figure 2. Experimental and computational profiles of thermo-
gram AT (T) for Aloy sMgy s alloy at a cooling rate of 20 K/min.

scales. Further adjustment of numerical experiment and
optimization of My, My and My taking into account their
temperature and concentration dependence on the basis of
advanced experiment will make it possible to improve the
accuracy of prediction and extend the model to problems
with complex geometry and thermal kinetics, thus forming
the basis for a new class of macroscopic solidification
models in the non-equilibrium thermodynamics framework.
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