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Exact solution of the contact boundary value problem for a waveguide
structure made of nonlinear and inhomogeneous optical media
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A model of a waveguide structure made of a gradient medium with a refraction index decreasing in accordance
with a generalized hyperbolic profile, which is in contact with a nonlinear medium with its permittivity varying
abruptly as a function of intensity of the electric field, is proposed. The corresponding conjugation boundary value
problem is formulated, and its exact solution characterizing a nonlinear surface wave is obtained. It is demonstrated
that the wave characteristics may be controlled by varying the optical characteristics of the medium.
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The identification of new patterns of propagation of sur-
face waves in inhomogeneous optical media [1] (including
nonlinear ones [2]) based on mathematical modeling is an
important fundamental and applied task [3]. The possibility
of finding exact solutions in an explicit analytical form to
conjugation boundary value problems within the existing
models of waveguide structures is especially important [4].
This possibility rests on the choice of a profile of spa-
tial dependence of the refraction index and a shape of
nonlinear response of the medium that allow one to find
exact solutions of the stationary wave equation (Helmholtz
equation) [5].

In the present study, we consider a specific dependence of
permittivity that decreases with distance from the surface of
an optically inhomogeneous medium (gradient medium [6]).
A new exact solution of the Helmholtz equation with
variable coefficients is found for this dependence. A given
refraction index profile, which determines the permittivity
of non-magnetic materials used widely in photonics [7] and
bioengineering [8], may be obtained by injecting ions of
specially selected impurities [7] or by laser lithography [9].
The obtained exact solution is used to find a solution to the
conjugation boundary value problem in analytical modeling
of the propagation of surface waves along a flat surface
of a gradient medium in contact with a nonlinear optical
medium. A simple model of a nonlinear medium, which
was proposed in [10] and used for analytical description of
nonlinear surface waves [11] and nonlinear waveguides [12],
is proposed as a form of nonlinear response for finding the
exact solution.

Let us set axis Ox to be perpendicular to flat interface of
media x = 0 and axis Oy. Half-space x > 0 is occupied by a
medium with an inhomogeneous refraction index, and half-
space x < 0 is occupied by a nonlinear medium. Only trans-
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verse waves with electric field strength vector E = (0, Ey, 0)
are considered; E, (x,z) = u(x)e'*2=) k = 2m/2 is the
wave number, 1 is the wavelength, n = ck/w is the effective
refraction index, w is the frequency, and ¢ is the speed of
light in vacuum. Transverse profile of electric field strength
u(x) is determined from the scalar equation of waveguide
theory [5]:

u”(x) + {s(x,|u|) - nz}kzu(x) =0, (1)
where €(x,|u|) is the permittivity of the entire medium,
which may be presented as

e(olul) = {“(")’

en([ul),

x > 0,

(2)

x < 0.

The inhomogeneity of profile (2) is modeled by a
dependence on the coordinate perpendicular to the contact
surface of the media:

€l
x+h

e
(x + 1)

(3)

en(x) =eo+
where eg 1, and & are the profile parameters. This profile
shape is a generalization of profiles considered in [13] (at
eo =e2 =0) and in [14] (at ep = ¢; = 0). The nonlinear

response of the medium in (2) is characterized by a step
nonlinearity model

81’
en(lul) = {82

where u; is the threshold field strength at which the
permittivity switches abruptly from one constant value ¢
to another ¢, [11].

lu| < uy,

(4)

|u| > uy,
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Combining (1)—(4), one may obtain equations

L)z —n2> kzuL(x) =0,x>0,

(5)

oy (6) + (e2—=n* )k Pua (x) =0, |u] > uy, —x; <x <0, (6)

e
u'L’(x)—i—(eo—i-x—l—i—

uly(x) + (e1 — nz)kzulN(x) =0, |ul <us,x < —x5, (7)

where up(x), won(|u|), and wujn(|u|) are the transverse
profiles of electric field strength in the corresponding regions
of gradient and nonlinear media; x; is the boundary
separating the region with |u| > u, and € =&, from the
region with |u| <u, and € =¢; (ie, the field at this
boundary matches the threshold field: u = uy). It is assumed
in the step nonlinearity model that a near-surface layer with
its optical properties differing from those of the rest of the
medium forms near the interface. This layer has a variable
thickness x, that depends on the optical characteristics of
the media and the field amplitude.

Equations (5)—(7) are supplemented by a natural set
of boundary conjugation conditions (following from the
requirement of continuity of field components)

ur(+0) = uan(=0),  uz(+0) = uyy(=0),  (8)
uy (x5 +0) = un(—x; — 0) = uy,
oy (= +0) = uiy(—x; = 0), 9)
and conditions at infinity: wuy(x) — 0, uy(x) — 0 at
|x| — oc.

Thus, the mathematical formulation of the model of a
waveguide structure made of nonlinear and inhomogeneous
contacting optical media is reduced to conjugation boundary
value problem (5)—(9).

The solution of the Helmholtz equation with variable
coefficients (5), which is bounded at the origin and at
infinity, may be written as

ur(x) = upmWy (Znok(x + h)), (10)

where W,, is the Whittaker function, ny = /n? — ey,
u=-eik/2ny, v =+/1—4k%e,/2, and constant ugr, is
determined from the boundary conditions. Solution (10)
exists at n? > e and k2 > 1/4e,.

The general solution of Eq. (6) at n? < &, may be written
as

upn (x) = uppm Cos(pz(x —xm)), (11)

where p3 = (e, —n?)k? and constants uy, and x, are
determined from the boundary conditions.

A solution of Eq. (7) bounded at infinity exists at n* > ¢y,
and it may be written as

uin(x) = upe™, (12)

where ¢ = (n* — ¢1)k? and constant uy,, is determined

from the boundary conditions.

Inserting solutions (10)—(12) into boundary conditions
(8) and (9), one may obtain an exact solution to conjugation
boundary value problem (5)—(9) in an explicit form

s 1/2
P37
Pytag

u(x) = u, 2 1/2
1+ p—% cos(pz(x — xm)),—x‘Y <x <0,
2

Wi (2n0k(x+1))
Wy,u (2}’[[)](}1)

,x >0,

(13)
where .
Xm = — arctg(q—G>, (14)
p2 P2
1
X5 = —arctg(ﬂ) — Xms (15)
p2 P2
k 2 W,u+1 ,,(ZnOkh)
=—(ng—e1/2) — ————. 16

The obtained solution (13) characterizes a nonlinear
surface wave propagating along a flat interface between
a gradient medium with permittivity profile (3) and a
nonlinear medium with step nonlinearity (4). Its char-
acteristic profiles are shown in the figure. The effective
refraction index is a free parameter in this model and is not
related by a dispersion equation to the system parameters.
This implies that a nonlinear surface wave specified by
solution (13) may be excited at a continuously varying
effective refraction index within the range of permissible
values max(eo, €1) < n? < &, which, in turn, is determined
by the angle of incidence of a laser beam exciting the
surface wave. It was found that an increase in effective
refraction index leads to an increase in wave intensity, an
expansion of the near-surface layer (an increase in thickness
x5, which is given by expression (15)), and a reduction
in depth of field localization in the gradient medium (see
panel a in the figure). Therefore, it is possible to alter
certain characteristics of a nonlinear surface wave, such as
its amplitude and localization width near the surface, by
varying the angle of incidence during experiments. When
parameter & of the gradient profile of permittivity increases,
a significant change in the transverse field profile is also
observed (see panel b in the figure). In this case, the
maximum intensity of the nonlinear surface wave shifts
from the near-surface layer of the nonlinear medium to the
gradient one. The near-surface layer also expands, but the
rate of this process decreases with an increase in A, and x;
eventually ceases to increase with A.

Thus, we obtained an exact solution to the conjugation
boundary value problem that characterizes a nonlinear
surface wave propagating along a gradient medium with a
refraction index decreasing in accordance with a generalized
hyperbolic profile, which is in contact with a nonlinear
medium with its permittivity varying abruptly as a function
of intensity of the electric field. The possibility of controlling
the characteristics of a surface wave by varying the optical
characteristics of the medium was demonstrated.
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Transverse profile of the electric field strength of a nonlinear surface wave (13) at e¢g = —0.1, ¢ = 1.5, e2 = 0.2, & = 0.05, & = 0.1,

&=5k=05a—h=1,n=13{)and 1.5 (2); b —n=1.3,h=0.1 (1) and 3 (2) (in arbitrary units).
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