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1. Introduction

The year 2025 marks the 100th anniversary of the

discovery of electron spin [1]. One of the most important

characteristics of electron spin is the g factor. This review

examines the g factor of charge carriers in semiconductors

and semiconductor nanostructures.

In papers on measuring the g factor of a free elec-

tron [2–5] it is defined as a positive coefficient

g0 = 2(1 + a) ≈ 2.002319 . . . , (1)

where, taking into account quantum electrodynamic cor-

rections, the coefficient a = α/(2π) + . . . , α is the fine

structure constant. The same sign of g0 for a free electron in

a vacuum is chosen in solid-state physics when studying the

change in the Landé factor, or gfactor, taking into account

the spin-orbit interaction. In this case, the magnetic and

mechanical moments, m and s, respectively, are related by

ratio

m = −g0µBs, (2)

µB is the Bohr magneton (positive value). Note that in

physics, g0 is sometimes considered to be a negative value;

see, for example, [6]. In this case, the minus sign is missing

from equation (2).
In this review, we adhere to the definitions (1) and (2).

Then the effect of the magnetic field B on the electron

spin in a two-fold spin-degenerate conduction band, or the

Zeeman effect, is described by the Hamiltonian

HZ =
1

2
g i jµBσi B j, (3)

where i, j are the Cartesian coordinates x , y, z , σi are the

Pauli spin matrices, g i j is the tensor of g factors. In bulk

cubic crystals, as well as in spherical quantum points grown

from composite materials with the cubic symmetry, there

is only one linearly independent component of the g factor

tensor:

g i j = gδi j, (4)

and the operator (3) takes the form gµBσ · B/2. In sym-

metric structures with a GaAs/GaAlAs quantum well

grown along the z ‖ [001] axis (point group D2d), there

are two linearly independent components gz z ≡ g‖ and

gxx = gyy ≡ g⊥. As the symmetry of the nanostructure

decreases, the number of linearly independent components

increases. In a quantum dot of complex shape, all

9 components g i j can be different.

In the next section, we present a variety of methods for

measuring the g factor. The second part of the review

focuses on the theory of the electron Zeeman effect in

bulk crystals (Section 3), two-dimensional heterostructures

(Section 4), and nanostructures with quantum dots (Sec-
tion 5). Section 6 examines the hole Zeeman effect.

The final Section 7 summarizes the results and outlines

future prospects.

2. Methods for measuring the g factor

A. Electron paramagnetic resonance (EPR)

Electron spin resonance was first discovered by E.K. Za-

voisky in 1944 on the crystal hydrate MnSO4 · 7H2O at a

frequency of an alternating magnetic field ν ≈ 10MHz [7].
He proceeded from the fact that the absorption of a high-

frequency field is proportional to the imaginary part of the
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Figure 1. (a) EPR spectrum ( f mw = 9.5GHz, T = 4.5K) of a bulk In0.53Ga0.47As crystal, recorded from the first derivative of the

resonant absorption line. (b) ODMR spectrum ( f mw = 24GHz, T = 1.6K), recorded from the magnetically induced circular polarization

of the exciton PL of a bulk In0.53Ga0.47As crystal. The inset shows the resonance after subtracting the linear background and approximating

it using a Lorentzian contour. Figure adapted from paper [11].

magnetic susceptibility [7]

χ′′ =
2ν2

0νν
′χ0

(ν2
0 − ν2)2 + 4ν2ν ′2

, (5)

where χ0 is the static magnetic susceptibility, ν0 is the

Larmor precession frequency, ν ′ is the damping. The

formula (5) describes the resonant response at the frequency
determined by the ratio

hν0 = ~ω0 = |g|µBB, (6)

where B is the magnetic field, and the coefficient g is

the g factor introduced in Section 1. Thus, measuring the

resonant frequency ν0 or ω0 allows one to unambiguously

determine the modulus of the g factor. Note that the EPR

spectrum is the dependence of the measured signal not only

on the frequency of the alternating field, but also on the

magnitude of the magnetic field causing the splitting of the

spin sublevels. Moreover, in the case of continuous wave

excitation, it is often not the resonant absorption line that is

recorded, but the derivative of this line. This allows for a

more accurate determination of the resonant magnetic field

value corresponding to the intersection of the first derivative

with the zero line, as well as the determination of the line

width by the distance between the maximum and minimum

points.

The experimental study of EPR in semiconductors was

initiated by J. Bemski [8]. Using microwave radiation at

frequencies of 9 and 24GHz, he discovered a feature in the

dependence of absorption on the external magnetic field,

determined by the resonant spin flip of free electrons at

the Fermi surface in n-type InSb samples with electron

concentrations from 2 · 1014 to 3 · 1015 cm−3. The deter-

mined modulus of the electron g factor varied from 50.7

to 48.8. Isaacson R.A. extended the concentration range to

3.6 · 1013−1.5 · 1016 cm−3 and measured the dependence of

the parameter |g| on the Fermi energy of [InSb] electrons,
which was in satisfactory agreement with the formula

derived in the k · p perturbation theory for semiconductors

with zinc blende structure [10], see details in Section 3.

B. Optically detected magnetic resonance
(ODMR)

The optically detected magnetic resonance (ODMR)
method is a combination of EPR and photoluminescence

(PL). This method records changes in the PL intensity

and polarization as a function of the microwave frequency

and/or an applied external magnetic field. This allows deter-

mination of the frequencies of resonant transitions between

spin sublevels of a charge carrier or exciton. Figure 1

shows the EPR (a) and ODMR (b) spectra measured

in the bulk semiconductor n-In0.53Ga0.47As solid solution

(n = 2 · 1015 cm−3) [11]. Spectrum (a) was measured

at a frequency ν = 9.5GHz at a temperature T = 4.5K

with the first derivative recorded. Figure 1, b presents

the dependence of the intensity difference Iσ− − Iσ+ of

the circularly polarized components of exciton PL on the

magnetic field. To record the spectrum (b), a microwave

field frequency ν = 24GHz was used, exciton luminescence

was excited nonresonantly by laser radiation at a wavelength

of 514 nm. The obtained values of (a) |g| = 4.0746 ± 0.005

related to free conduction band electrons or electrons bound

on a shallow donor and (b) |g| = 4.07± 0.02 related to
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electrons bound into an exciton, are practically identical.

This indicates that the g factor does not change when a free

conduction band electron is bound into an exciton.

Unlike EPR, optical detection of the electron resonance

does not require a large number of spins in the sample. Re-

liable measurement of the luminescence signal is sufficient,

provided that its intensity or polarization depends on the

spin polarization of electrons or excitons, which is changed

under the effect of a microwave field. In principle, it is

possible to observe ODMR on a single exciton. Therefore,

this method is in demand for studying the Zeeman effect in

semiconductor nanostructures, for example, in GaAs/AlAs

type I and II superlattices [12–14].

C. Spin-flip Raman scattering

During inelastic spin-flip scattering of light (spin-flip
Raman scattering) in an external magnetic field, the initial

and final states of the system differ in the spin states of

an electron, hole, or exciton. As a result, the energies of

the incident (~ω) and scattered (~ω′) photons differ by the

Zeeman splitting energy 1Z = |g|µBB : for scattering into

the Stokes (low-frequency) and anti-Stokes (high-frequency)
regions, the so-called Raman shift is ~(ω − ω′) = ±1Z,

respectively. This phenomenon was predicted by Yafet [15]
and first observed for free electrons in n-InSb [16] and for

bound electrons and holes in CdSe [17]. In addition to

single spin-flip scattering, it is possible to observe double

and triple scattering processes, in which the spin direction

changes for two or three electrons [18–21] and the Raman

shift is ±21Z or ±31Z .

In nanostructures, double electron spin flip scattering was,

for the first time, observed in CdSe colloidal nanoplatelets

(two-dimensional nanoplates) in paper [21]. Spin-flip

Raman scattering spectra (SFRS) for CdSe nanoplatelets

4monolayers thick are shown in Figure 2. The theory

of single and double electron spin flip Raman scattering

in semiconductor nanoplatelets is developed in paper [22].
Colloidal CdSe nanoplatelets, the thickness of which is

several monomolecular layers, and the lateral dimensions

are several tens of nanometers, can stand vertically on a

silicon substrate, lie horizontally on it, or be tilted at some

angle [21]. In [22] a microscopic theory is constructed

and the following selection rules are derived for Raman

scattering involving one (1e) and two (2e) electrons

I(1e) ∝ sin2 θ̃
∣∣(e∗ × e0

)
· c

∣∣2 , (7a)

I(2e) ∝ sin4 θ̃
∣∣e∗ · e0 − (e∗ · c)(e0 · c)

∣∣2 . (7b)

Here I(ne) (n = 1, 2) is the intensity of the secondary

radiation, e0 and e are the unit polarization vectors of the

primary and secondary beams (e∗ is the complex conjugate

of e), c is the unit vector in the direction of the normal to

the platelet, θ̃ is the angle between the vector c and the

direction of the effective magnetic field in the nanoplatelet(
g⊥B⊥ + g‖B‖

)
/g , where g‖ and g⊥ are the electron
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Figure 2. (a−c) Spin-flip Raman spectra of 4monolayer

thick CdSe nanoplatelets measured under resonant excitation

~ω = 2.497 eV, power densityP = 20Wcm−2, B = 5T and

T = 2K. (a) Spectra in Voigt geometry measured in co- (blue)
and cross- (red) linear polarizations. Faraday spectra measured in

co- and cross-linear polarizations [panel (b)] and in co- and cross-

circular polarizations [panel (c)]. Figure adapted from paper [21].

g factors for the longitudinal (B ‖ c) and transverse (B ⊥ c)
directions of the external magnetic field B. Here it is taken

into account that in the presence of anisotropy, g‖ 6= g⊥,

the magnitude of the Zeeman splitting is gµBB , where

g =
√

g2
⊥ sin2 θB + g2

‖ cos
2 θB (8)

and θB is the angle between the vectors c and B. The angles

θ̃ and θB are related by

sin2 θ̃ =
g2
⊥

g2
sin2 θB .

The scattering mechanism considered in deriving equa-

tions (7a), (7b) includes the absorption of a primary photon

with the excitation of an exciton in the platelet, the spin

flip of one or two localized resident electrons due to the

exchange interaction with the electron in the exciton, and

the emission of a secondary photon by the exciton. From

a comparison of the selection rules with experiment, it

was concluded that the nanoplatelets mainly lie on the

substrate or are located at a small angle to it. In the further

experimental studies [23] the dependence of the electron

g factor on the angle between the magnetic field direction

and the c axis in CdSe nanoplatelets was measured. This

dependence is well described by the expression (8), and

thus the anisotropy of the g factor was determined.

Spin-flip Raman scattering in semiconductor organo-

inorganic and inorganic perovskites was experimentally and

theoretically studied in papers [24–26]. In the lead halide

perovskite family, a universal dependence of the electron
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and hole g factors on the band gap was established,

while their anisotropy was determined in perovskites with

symmetry below cubic. The mechanism and feasibility of

observing exciton spin-flip scattering of light by an acoustic

phonon in cubic perovskites are discussed in paper [26].
The Raman shift is determined both by the total value and

half-value of exciton g factors.

D. Spectral resolution of exciton sublevels

The most direct way to determine the exciton g factor

is to observe the splitting of reflection, absorption, or

luminescence spectral lines in a magnetic field. One such

possibility arises in dilute magnetic semiconductors, or semi-

conductor solid solutions, in which some of the atoms in

one of the sublattices are replaced by paramagnetic impurity

atoms, such as Mn, Fe, or Co. An external magnetic field

induces a magnetic moment in the paramagnetic ions. The

s p-d exchange interaction of magnetic ions with electrons

and holes leads to a giant spin splitting of the charge carrier

states, which by far exceeds the Zeeman splitting in the

original nonmagnetic matrix. As a result, several separate

lines appear in the optical spectra, the amplitude of which

is polarization-dependent [27].
Another possibility can be realized in the case of narrow

exciton lines whose half-width is smaller than or comparable

to the Zeeman splitting of the exciton sublevels. This

possibility is illustrated in Figure 3, which shows the

magnetic-field splitting of the exciton PL spectrum (peak
X0) in a monomolecular WS2 [28]. When the magnetic

field direction is inverted, B z → −B z the spectral positions

of the circularly polarized luminescence peaks σ± swap.

E. Magnetic circular polarization of luminescence
(MCPL)

If the spin relaxation time between the Zeeman sublevels

of an exciton is shorter than or comparable to the lifetime

of the exciton or exciton complex, the spin sublevels in an

external magnetic field will be selectively populated, and the

PL will be circularly polarized, at least partially, even under

unpolarized or linearly polarized excitation conditions; see

review [29] for more details. This possibility is realized

in the emission spectrum of a trion in a WSe2 monolayer

(Figure 3,
”
Trion“ peak). As can be seen from the figure,

the exciton PL peaks coincide in intensity since the lifetime

τ0 of an exciton X0 is short compared to its spin relaxation

time τs . For the trion, the inverse relation τs < τ0 holds,

and the intensity of one of the circularly polarized PL

components significantly exceeds the other.

The advantage of the MCPL method is its relative sim-

plicity. In particular, it does not require spectral resolution

of the exciton Zeeman sublevels and can be applied to

a wide class of objects with broad spectral lines or PL

bands. In paper [30], scenarios for the MCPL formation

in an inhomogeneous ensemble of localized excitons are

theoretically studied in the case where the exciton g factor
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Figure 3. Photoluminescence spectra measured in σ+ (black)
and σ− (red) circular polarization in a WSe2 monolayer under

linearly polarized photoexcitation. Panel (b) shows experimental

curves in the absence of a magnetic field. The symbols X0 and

”
Trion“ denote the emission lines of the neutral exciton and the

negatively charged exciton X− (trion). The monolayer lies on a

SiO2/Si substrate. Figure adapted from paper [TMDC].

strongly depends on its energy. The MCPL method is one of

the main methods for determining the g factors of excitons

and trions in ensembles of colloidal nanostructures in which

the inhomogeneous PL line width does not allow direct

determination of the splitting of Zeeman sublevels [31–34].
At low temperatures, it is possible to determine the g factor

of a dark (spin-forbidden, optically inactive) exciton, as well
as the g factor of a heavy hole in a negatively charged

trion. In paper [34], using the MCPL method for CdSe

nanoplatelets, it was shown that the exchange interaction of

an exciton with surface-bound charge carriers or dangling

bonds significantly contributes to its Zeeman splitting and

controls not only the magnitude but also the sign of the

MCPL.

F. Hanle effect

Under the interband absorption of circularly polarized

light, the projection of the angular momentum of photons is

transferred to the excited electrons and holes. As a result,

the total average spin s0 of photoelectrons at the moment of

birth is nonzero. During its lifetime in the conduction band,

this spin experiences Larmor precession in a transverse

magnetic field B with the angular frequency �L = gµBB/~.

The spin dynamics of the optically spin-oriented electrons is

described by the kinetic equation

ds

dt
+

s

T
+ s×�L = Gs , (9)
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where T is the spin lifetime determined by the lifetime and

spin relaxation time of the photoelectron:

1

T
=

1

τ0
+

1

τs

, (10)

Gs — is the generation rate of electron spins. In what

follows, we will assume that Gs ‖ z , B ⊥ z . For simplicity,

we neglect in (9) the effect of the interaction of the electron

spin with the fluctuating spin of the main lattice nuclei.

Under steady-state excitation conditions, when Gs ‖ z

is time-independent and ds/dt = 0, the equation for the

average spin S = s/N of one photoexcited electron (N is

the steady-state number of photoexcited electrons) coincides
with equation(9) for s, in which Gs should be replaced by

Gs/N. In this case, we obtain for the projection of S onto

the z axis

Sz (B⊥) =
Sz (0)

1 + (�LT )2
,

where Sz (0) is the projection onto the z axis of the average

spin per electron generated under constant (CW) circularly

polarized excitation in zero magnetic field:

Sz (0) =
s z (0)

N
=

T

τ0

Gsz

N
=

τs

τs + τ0

Gsz

N
. (11)

Taking into account the relationship between the selection

rules for generation and radiative recombination, the degree

of circular polarization of PL is described by the Lorentzian

Pcirc(B) =
Iσ+ − Iσ−

Iσ+ + Iσ−
=

Pcirc(0)

1 + (B/B1/2)2
, (12)

where B1/2 = ~/(|g|µBT ). While deriving expression (12),
it was assumed that spin relaxation of the photoholes is

very fast and they are unpolarized. Depolarization of PL

in a transverse magnetic field is called the Hanle effect.

Measuring the dependence Pcirc(B) allows one to find the

product |g|T . In this case, the condition for observing the

Hanle effect is opposite to the condition for observing the

MCPL the spin relaxation time of the photoexcited electron

τs should not be too small compared to its lifetime τ0.

Note that, strictly speaking, the spin relaxation time τs ,

which appears in the ratio T/τ0 in the expression (11)
for the average spin in zero magnetic field, and the time

τs , which determines the effective magnetic field B1/2, may

differ. They correspond to the longitudinal and transverse

(or spin coherence) spin relaxation times, respectively. In an

ensemble of quasi-particles, the spin coherence time is

determined by the spin dephasing caused by the spread of

parameters. Figure 1 in [35] and Figure 2 in [36] can serve

as examples of Hanle effect observations.

G. Spin beats

To describe the spin dynamics of electrons excited by

a short circularly polarized pulse, we must set Gs = 0

in equation (9), but take into account the time derivative
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Figure 4. Kerr rotation as a function of time in a 10 nm thick

GaAs/AlxGa1−xAs quantum well in a magnetic field of 1 TK.

The black line shows the experimental data, the thick gray line

corresponds to the results of the approximation according to equa-

tion (13) with parameters �L = 23.4GHz and T2 = τs = 880 ps.

The inset shows the Zeeman splitting (left scale) and the spin

beat frequency �L (right scale) as functions of the magnetic field.

T = 1.6K. The figure is adapted from the paper [39].

ds/dt 6= 0 and introduce initial conditions for the total

average spin s0 and the number of photoexcited electrons

N0. For the spin component along the z axis, beats appear

in a transverse magnetic field at the Larmor precession

frequency:

s z (t) = e−t/T2 cos (�Lt)s0,z , Sz (t) = e−t/τs cos (�Lt)S0,z ,

(13)
where S0,z = s0,z /N0, and the time T2 is determined by the

lifetime τ and the spin coherence time τs .

Currently, a very sensitive and efficient
”
pump–probe“

method is used to detect spin beats. An incident pump

pulse is circularly polarized and is followed by a pulse

of test linearly polarized light, delayed by t . Due to the

spin Kerr effect, the plane of polarization of the test pulse

reflected from the sample is rotated by an angle δθ ∝ s z (t),
the magnitude of which is measured by a polarization-

sensitive balanced detector. More details on this method

can be found in the review [37] and in Chapter 15 of the

collective monograph [38].
Figure 4 illustrates the electron spin beats observed in a

GaAs/AlxGa1−xAs quantum well [39]. They allow one to

determine with high accuracy the value of the transverse

electron g factor |g⊥| = 0.26 ± 0.005. In this case, the

lifetime of resident electrons in the quantum well is assumed

to be infinite, and the spin lifetime T2 is determined by

the spin coherence time. The values of the longitudinal

electron g factor |g‖| in a quantum well can be determined

Physics of the Solid State, 2025, Vol. 67, No. 11
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by recording spin beats in a magnetic field inclined to

the well growth axis [39]. Note that in an ensemble of

randomly oriented two-dimensional colloidal nanoplatelets,

the measured Kerr rotation signal is always determined by

the magnitude of the transverse electron g factor, and the

presence of its anisotropy makes only a small contribution

to spin dephasing, accelerating the attenuation of the signal

amplitude [23,40]. Moreover, in an ensemble of randomly

oriented nanocrystals, it is also possible to observe spin

beats in a magnetic field parallel to the direction of the

light beam propagation (Faraday geometry) [41].

H. Anticrossing of exciton sublevels

We illustrate the exciton sublevel anticrossing method

using the example of an exciton X0
e-hh formed from an

electron in the conduction band with spin s = ±1/2

and a heavy hole with internal angular momentum pro-

jection j = ±3/2 [29]. Of the four exciton states

|s, j〉 = | ± 1/2,±3/2〉, two states with a total angular

momentum projection m = s + j = ±1 are optically active

(light), while states with m = ±2 are inactive (dark).
In structures with reduced C2v symmetry, the dependencies

of the exciton sublevel energies on the magnetic field B ‖ z

are described by the expressions [29,42]

E1,2 = E0 +
1

2

(
δ0 ±

√
δ22 + (ge − ghh)2µ2

BB2
z

)
,

E3,4 = E0 +
1

2

(
−δ0 ±

√
δ21 + (ge + ghh)2µ2

B B2
z

)
. (14)

Here E0 is the exciton excitation energy without taking into

account the exchange interaction and at B z = 0, ge and

ghh are the longitudinal g factors of the electron and hole,

δ0, δ1 and δ2 are the exchange splitting constants, usually

δ0 ≫ δ1, δ2. Pairs of sublevels 1, 2 and 3, 4 represent bright

and dark exciton states split by the anisotropic exchange

interaction and the magnetic field. In this case, the lifetime

of the bright exciton states is shorter, since both radiative

and nonradiative processes of exciton recombination con-

tribute to it. In a magnetic field, excitons 1 and 2 emit

elliptically polarized photons with opposite signs of circular

polarization.

At ge + ghh > ge − ghh, sublevel 3 intersects sublevels 1

and 2 with increasing field B z at some values of Bcr,1 and

Bcr,2. Any additional small local reduction in symmetry

leads to the mixing of states 3 and 1 (or 2) in the vicinity

of the critical field point Bcr,1 (Bcr,2), so that both mixed

states become bright and their lifetime exceeds the lifetime

of the bright state 2 (or 1). As a result, the exciton

PL intensity increases and it becomes partially circularly

polarized. This effect was observed experimentally, in

particular, on GaAs/AlAs superlattices in papers [12–14],
and the theory was constructed in [42].

I. Electron spin fluctuations (spin noise)

Even in the absence of any average spin orientation in a

sample with N electrons, a fluctuation spin s z of the order of
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Experimental parameters are shown in the panel. The figure is

adapted from the paper [49].

√
N is expected to exist due to the randomly directed spins

of individual electrons. Therefore, similarly to the situation

in the
”
pump–probe“ method, the probe linearly polarized

light experiences a rotation of the plane of polarization by an

angle θ ∝ s z (t) when passing through the sample without

any pumping. In a transverse magnetic field, a peak in

the spin noise spectrum appears at the Larmor precession

frequency �L, determined by the electron g factor, see

e. g. [43–45].
Experiments on measuring stochastic fluctuations of

electron spins were first performed by Aleksandrov and

Zapasskii (1981), who used optical Faraday rotation to

detect spin fluctuations in a gas of sodium atoms [46].
A similar optical method for measuring electron spin noise

in condensed matter was demonstrated, in particular, in

doped n-GaAs by M. Oestreich and his colleagues [47], see
also [48]. Figure 5 shows the spin noise spectrum measured

in a single 20 nm wide GaAs/AlAs quantum well placed in

a microcavity [49].
At equilibrium, by virtue of the Callen–Welton fluctua-

tion-dissipation theorem [50], the spectrum of fluctuations

of the rotation angle θ is proportional to the imaginary

part of the magnetic susceptibility χ′′ in equation (5) [43].
Thus, there is a direct connection between the EPR and

the spin noise method. A physical connection of these two

phenomena with the spin-flip Raman scattering and spin

beats (13) can also be established [51].

3. Electron g factor in bulk
semiconductors

Experimental values of the g factor of the electron in

the conduction band of direct-gap semiconductors A3B5 or

A2B6 with a zinc blende structure vary within the range

from −51.3 in InSb and −14.8 in InAs to −0.44 in GaAs
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and 1.9 in ZnTe. This wide range is well described by the

formula called the Laura Roth formula [10]

g = g0 −
4

3

|pcv |2
m0

1

Eg(Eg + 1)
. (15)

Here g0 is the free electron g factor ((1), Eg is the band

gap energy, 1 is the spin-orbit energy splitting of the

valence band, m0 is the electron mass in vacuum, pcv is

the interband matrix element of the momentum operator.

The formula is obtained using the k · p perturbation theory

method taking into account k · p admixture of states from

the Ŵ8 and Ŵ7 valence subbands to the states of the Ŵ6

conduction band.

The formula (15) is analyzed in detail in the pa-

pers [52,53] and Chapter 11 of the collective mono-

graph [54]. The analysis shows that the typical value of

the interband interaction energy Ep = 2|pcv |2/m0 [55,56]
(or P2 in the notations of [53]) is very similar for most

binary compounds A3B5 or A2B6, in contrast to the wide

scatter of Eg and 1. values. Therefore, for estimates, Ep

can be set as a constant with a value of 20 eV, and the

values of Eg and 1 can be taken from optical experiments.

A more accurate calculation involves determining the energy

Ep from k · p formula for the effective mass m∗ when

the value of this mass is found, for example, from the

cyclotron resonance experiment. Finally, for even better

agreement between theory and experiment, a small constant

contribution g rb can be added to the right-hand side of the

equation (15), taking into account the k · p contribution of

remote bands to the electron g factor. We emphasize that

the second term in (15), due to the spin-orbit interaction

in the valence band, plays an important role and makes

the main contribution to g . This contribution is greater,

the greater the spin-orbit splitting 1 and the smaller the

band gap Eg are, and, for many semiconductors, leads to

a change in the sign of the electron g factor. For ex-

ample, g(CdTe) = −1.66 at 1 = 0.82 eV and Eg = 1.6 eV,

g(GaAs) = −0.44 at 1 = 0.34 eV and Eg = 1.52 eV,

g(CdSe) = 0.68 at 1 = 0.42 eV and Eg = 1.8 eV, and

g(InP) = 1.2 at 1 = 0.108 eV and Eg = 1.42 eV (see ref-

erences in [75]).

Recently, the Roth formula has been used to calculate

the g factor of holes in the valence band of lead-halide

perovskites APbX3 (A — Cs, methylammonium MA,

formamidine FA; X — Cl, Br, I) [24]. Compared to GaAs-

type semiconductors, the bands in these cubic symmetry

materials are inverted: the valence band R+
6 (analog of

the Ŵ6 band) is simple, and the conduction band consists

of two subbands R−
6 and R−

8 (analogs of the Ŵ7 and

Ŵ8 subbands) with a negative spin-orbit splitting 1. The

absolute value of the spin-orbit splitting in lead halide

perovskites is of the order of 1.5 eV, and the band gap can

vary from 1.0 eV to 3.5 eV depending on the composition.

Accordingly, the hole g factor varies in the range from −3

to +1.5 [24].

4. Electron g factor in quantum wells
and other two-dimensional systems

The electron g factor in a quantum well structure was

first calculated in [57], see also [58–60]. The calculation

was carried out within the Kane model, which accurately

takes into account the k · p mixing of the Ŵ6, Ŵ7 and Ŵ8

bands. The electron wave function is sought in the form

9 = u 1
2
(z ) ↑ S + u− 1

2
(z ) ↓ S

+
∑

i=x ,y,z

(
v i ; 1

2
(z ) ↑ Ri + v i ;− 1

2
(z ) ↓ Ri

)
, (16)

where S(r) and Ri(r) = X ,Y, Z are the orbital Bloch

functions at the bottom of the conduction band and the

top of the valence band, constructed neglecting the spin-

orbit interaction, ↑ and ↓ are the spin columns, u±1/2

and v i ;±1/2 are smooth envelope functions. A three-

layer heterostructure is considered, consisting of a layer

of material A (well) placed between semi-infinite layers of

the barrier B, with the z ‖ [001] axis being perpendicular

to the plane of the interfaces. The smooth envelopes,

represented as two-component columns u and v i , satisfy

the normalization condition
∫

dr(u†u + v† · v) = 1

and equations

Eu = −iPk̂ · v,
(

E + Eg +
1

3

)
v = iPk̂u + i

1

3
σ × v. (18)

Here P = i~pcv/m0 = ~
2〈S|∇z |Z〉/m0, k̂ = −i∇. The pa-

rameters Eg , 1 and Pare different for materials A and B,

the electron energy E is measured from the bottom of the

conduction band of the corresponding material. Unlike a

bulk crystal, to find the electron states in a heterostructure,

it is necessary to introduce boundary conditions at the

interfaces. In [57] the boundary conditions were used

(
u
± 1

2

)

z=−0
=

(
u
± 1

2

)

z=+0
,

(
Pvz ;± 1

2

)

z=−0
=

(
Pvz ;± 1

2

)

z=+0
, (19)

where z = ±0 are the limiting right and left sides of the

interface between two materials. When PA = PB , these con-

ditions transform into the Suris boundary conditions [61].
This approximation corresponds to a small spread of the

Kane energy Ep = 2m0P2/~2.

There are several equivalent procedures for calculating

the transverse and longitudinal g factors g⊥ and g‖, here

we follow paper [60]. The transverse g factor was calculated

using the formula

1

2
µBσi,ss ′g i jB j =

1

2
g0µBηi ;ss ′B j + Vss ′, (20)
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Figure 6. Experimental results on the transverse electron g factor measured in a GaAs/AlxGa1−xAs quantum well structure as a function

of the well width. (a) Data for three samples A (x = 0.35), B (x = 0.3) and C (x = 0.27) [62]. Dashed and solid lines show the results

of theoretical calculations in the single-band approximation and in the Kane model from [57]. (b) Data for x = 0.3 given in the paper [63]
from the papers [62] (open squares), [63] (black circles) and [64] (open circles), the dotted line is the results of the theoretical calculation

from paper [57].

where

Vss ′ = −i
e

c~

∫
P

[
(Av+

s )us ′ − u+
s (Avs ′)

]
dr,

ηi ;ss ′ = 〈e1, s |σi |e1, s ′〉, (21)

the states |e1, s〉 are the solution us(z ), vs (z ) of equa-

tions (18) with a given spin direction: us(z ) 6= 0,

u−s(z ) ≡ 0.

To find the component g⊥, one can take the vector

potential A in the gauge (0,−Bx z , 0) or (By z , 0, 0).
Equation (20) is also applicable for calculating electron

g factors in quantum wires and quantum dots. In [59], to
find the longitudinal g factor in a quantum well of width L,

the component gz z was calculated in a quantum wire with

a rectangular cross section 2b × L with edges perpendicular

to the z and x axes and in the gauge A = (0, B z x , 0), and
then the limiting value of gz z was found at b → ∞.

Figure 6, a and b present experimental data from [62–64]
on the measurements of the electron transverse g factor in

a GaAs/AlxGa1−xAs quantum well structure as a function

of the well width. In addition to the experimental data,

the authors also presented theoretical curves calculated in

paper [57]. It is evident that good agreement was achieved

between theory and experiment.

In paper [57], a noticeable anisotropy of the electron

g factors in a quantum well was predicted, the curves g⊥

and g‖ in Figure 6, a [62]. This anisotropy was experi-

mentally observed in a number of studies, see [39,65,66].
In paper [67], it was theoretically shown that the longitudi-

nal component of the electron g factor is more sensitive

to the application of an external electric field than the

transverse one.

The Zeeman effect manifests itself in a peculiar

way in monolayers of transition metal dichalcogenides

MX2 [28,68,69]. In these two-dimensional materials of

extremely thin thickness, the bottom of the conduction

band and the top of the valence band are located at the

vertices of the K± hexagonal Brillouin zone. Moreover,

the electron and hole states at these points are spin-split

already in zero magnetic field. By g factors we mean the

parameters g
↓K−

c,v = g
↑K+
c,v , describing shifts of the charge

carrier energy at the lower spin sublevel in the K+ and

K− valleys, which are linear in the external magnetic field.

It was shown that the main contribution to the exciton

g factor gX 0 = ge − gv comes from the remote bands:

the upper conduction band c + 2 and the lower valence

band v − 3 (in notations of [28,68], see Figures 3, 4 and

Table 1 in [68]). Good agreement with experimental data

for the WSe2 monolayer was obtained in calculations by the

density functional method (DFT) [69] for the g factor of

bright (gDFT = −4.0, gexp = −4.1) and dark (gDFT = 10.1,

gexp = 9.4) excitons.

5. Electron g factor in quantum dots and
nanocrystals

The size dependence of the g factor of an electron

localized in quantum dots and nanocrystals (NCs) was

studied in papers [41,58,59,70–76]. In papers [58,59],
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Figure is from Ref. [59].

equation (20) was also applied to calculate the g factors

in quantum wires and quantum dots. In spherical quantum

dots, the conduction band component of the electron

envelope wave function in the ground state can be sought in

the form us(r) = Y00 f (r)cs , where cs (s = ±1/2) describes
the spin states, Y00 = 1/

√
4π is the spherical harmonic of

the angular moment l = 0, and f (r) is the real radial wave

function [59,70]. As a result, the g factor of an electron

in a quantum dot with the spherical boundary between two

materials A and B at r = R is described by

g − g0 = [gA(E) − g0]wA + [gB(E) − g0]wB

+ [gB(E) − gA(E)]wsurf, (22)

wA,B =

∫

A,B

f 2(r)r2dr, wsurf = f 2(R)
4πR3

3
.

The first two terms on the right-hand side of equation (22)
describe the volume contributions of regions A and B, tak-

ing into account the energy-dependent g factors gA,B(E)
according to

g(E) = g0 −
2Ep

3

1

(Eg + E)(Eg + E + 1)
. (23)

Note that wA + wB < 1 due to the normalization con-

dition (17). The third term on the right-hand side of

equation (22) describes the interface contribution. Equa-

tion (22) can be adapted to calculate the electron g factor in

cylindrical quantum wires as well as the transverse g factor

in quantum wells.

Figure 7 shows the size dependencies of the electron

g factor in spherical quantum dots, cylindrical quantum

wires, and quantum wells calculated in paper [59]. In the

limit of large radii R, the g factor values tend to the

bulk value gA. For better agreement, the value g rb,

corresponding to the contribution of remote bands in the

bulk semiconductor gA, was added to g .

In spherical semiconductor NCs dispersed in a glass

matrix or synthesized in a colloidal solution, the potential

barriers at the surface are often high enough to be

impermeable for the electron density, which corresponds

to the zero probability density flux, Jτ (R) = 0, across

the spherical boundary. Equation (22) can be applied to

calculate the size dependence of the electron g factor in

NCs made of material A by setting gB(E) ≡ g0.

When the boundary condition f (R) = 0 is applied, the

interface (or surface) contribution to the electron g factor

vanishes. However, the condition f (R) = 0 is not the only

possible one that guarantees Jτ (R) = 0 for an impenetrable

barrier. The point is that the valence band component

v(R) ∝ d f /dr 6= 0. In paper [70], general boundary

conditions were proposed that guarantee Jτ (R) = 0 and

are characterized by the surface parameter Ae . The

parameter Ae has the dimension of length and characterizes

the surface layer. In this case, the surface contribution

gsurf 6= 0 and its value as well as the size dependence of

the electron g factor as a whole, depend on the value of
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equation (22) for the CdSe parameters from [75]. (b) Comparison of the results of calculation using equation (22) with the results of

calculation in the tight-binding model [72] for different materials with the same band parameters [75].

Ae . Modeling of the dependence of the electron g factor

at the lowest quantum confinement level on the radius of

colloidal CdSe NCs, which was measured in [41] using

the Faraday rotation signal in the pump–probe method,

allowed the authors to determine the optimal value of the

surface parameter Ae = −0.06 nm [41,70]. The presence of

a surface contribution to the electron magnetic moment is

caused by additional spin-orbit interaction in the conduction

band induced by the admixture of valence band states and

the presence of a spherical boundary.

The value of A e determined in [41,70] is additional

to the set of CdSe bulk parameters used in calculations:

Ep, Eg , 1, gsurf. Later, additional studies of the size

dependence of the electron g factor in CdSe NCs were

carried out. The measurement results from various studies

are collected in [77] and shown by symbols in Figure 8, a.

It is seen that the g factor g1of an electron at the lowest

quantum confinement energy level (ground state) is well

described by equation (22) with gsurf = 0 for the CdSe

parameters used in [75]. The nature of the second g factor

g2 with a larger value experimentally observed in the

pump–probe method is not precisely known. Since the

first observation in [41], various hypotheses have been

put forward and tested. In particular, it was shown

experimentally [78] and theoretically [77] that g2 cannot be

attributed to the exciton g factor. Moreover, it was shown

theoretically [40] that even in the presence of anisotropy,

g‖ 6= g⊥, in wurtzite or spheroidal NCs, with their arbitrary

orientation in the ensemble, the observed Larmor precession

frequency is always determined by the transverse g factor

g⊥. Currently, it is assumed that the value of g2 corresponds

to an electron additionally localized near the surface [77,78].
The nature of such localization, however, remains unclear.

It is interesting to note that while both electron g factors, g1

and g2, were observed in colloidal CdSe NCs, only g2 was

observed in CdSe NCs in a glass matrix, both in the pump–
probe method in [77] and the spin-flip Raman scattering

experiment in a recent work [79].
Figure 8, b shows a comparison of the dependencies of

the electron g factor at the lowest quantum confinement

level on the NC radius calculated in the tight-binding

method in [72] and according to equation (22), for different
materials with the same band parameters in both approaches

and for gsurf = 0 [75]. Evidently, the calculation using the

eight-band k · p model is in good agreement with the results

of atomistic calculations.

In the recent paper [76], an extension of the Roth

formula was proposed for calculating the dependence of

the electron g factor on the NC radius within the second-

order perturbation theory, taking into account the interaction

of the electron in the ground state with the quantum-

confined states of holes in the valence subbands Ŵ8 and

Ŵ7. The interaction not only with the ground but also

with the excited states of holes becomes possible due to

the allowance for the complex structure of the valence

band within the six-band Luttinger Hamiltonian [80]. The

calculations [76] were carried out for CuCl NCs in which

1 < 0. Nevertheless, the developed generalization is also

applicable for semiconductors with 1 > 0.

Interestingly, that despite more than forty years of

research of CuCl NCs in a glass matrix, which gave a start

to the history of quantum dots [81], the size dependence of
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the electron g factor has remained largely unexplored until

recently. In recent magneto-optical studies of CuCl NCs in

a glass matrix, the Larmor frequency (obtained from the

ellipticity signal in the pump–probe method) and the Stokes

shift energy in spin-flip Raman scattering were measured

as functions of the excitation energy and, thus, of the NC

radius [76]. It is unknown, however, to the g factor of which

resident charge carrier (electron or hole) or exciton the

observed dependence corresponds. The CuCl nanocrystals

were not intentionally doped, and resident carriers of both

types could be created during photocharging. The measured

g factor is close in order of magnitude to the electron

g factor in bulk CuCl, the value of which 2.03 > 2 is

due to the negative value of the spin-orbit splitting of the

valence band, 1 < 0. The contribution of the valence band

to the electron g factor is parametrically small because of

the large value of Eg and decreases with increasing electron

quantum confinement energy. Thus, both the Roth formula

and the refined theory predict a decrease in the g factor

of the electron with decreasing NC radius, whereas in

the experiment an increase of the g factor with increasing

energy is observed [76].

6. Hole g factor

The valence band of elementary semiconductors Si, Ge

(diamond structure, Oh symmetry) and A3B5 and A2B6

group semiconductors (zinc-blende structure, Td cubic

symmetry) is formed from atomic p-orbitals and it is

characterized by the orbital angular moment I = 1. Spin-

orbit interaction leads to splitting of the complex valence

band into the upper Ŵ+
8 subband (or Ŵ8 in the case of Td

symmetry) and the spin-orbit split-off Ŵ+
7 subband (or Ŵ7).

The hole state at the top of the valence subband Ŵ+
8 or Ŵ8

is fourfold degenerate, and the effective hole Hamiltonian

has the form of a matrix of dimension 4×4. The Zeeman

Hamiltonian for holes in such a band, first proposed

by J.M. Luttinger in 1956 [80], is characterized by two

constants and has the form [82,83]

Ĥ
(Ŵ8)
Z = 2µB

[
kJB + q

(
J3

x Bx + J3
y By + J3

z B z

)]
, (24)

where J i (i = x , y, z ) are matrices of angular momentum

J = 3/2. Constants with opposite signs ̹ = −k and q = −q

are often used in the literature following paper [80].

The dimensionless parameter ̹ and the Luttinger pa-

rameters γ1, γ2, γ3 were calculated within the framework

of k · p perturbation theory in papers [10,84]. Each

of them was expressed as a linear combination of four

parameters F, G, H1, H2, contributions to which are made,

respectively, by the bands Ŵ−
2 , Ŵ

−
12, Ŵ

−
15, Ŵ

−
25 in the Oh group

or Ŵ1, Ŵ3, Ŵ5, Ŵ4 in Td group. Since even in the thirty-

zone k · p model the Ŵ−
25 or Ŵ4 zone is absent [84,85], the

parameter H2 can be safely set equal to zero. By inverting

the relation between the parameters γ1, γ2, γ3 and F, G, H1,

we can express the coefficient ̹ in terms of the Luttinger

parameters [86]:

̹ = −k = −1

3
(2 + γ1 − 2γ2 − 3γ3) . (25)

Note that taking into account only bands with the Ŵ1

and Ŵ5 symmetry in k · p method results in the relation

γ1 = 3γ3 − γ2 − 1 and simplification of the expression (25).
̹ = γ2 − 1

3
.

The second magnetic Luttinger parameter q = −q de-

scribes the anisotropy of the Zeeman effect allowed by the

cubic symmetry of the Oh or Td point groups. In the k · p
theory, it arises only due to the spin-orbit admixture of states

from remote bands to the states of Ŵ8 valence subband, and

can usually be neglected [87,88]. In this case, the Zeeman

splitting of the hole does not depend on the direction of the

magnetic field and can be described by an isotropic effective

Hamiltonian

Ĥ
(Ŵ8)
Z = −2̹µB JB. (26)

The quantum-confined states of a hole in a nanostruc-

ture differ significantly from those in the bulk crystal.

For spherically symmetric structures and in the isotropic

approximation for the Luttinger Hamiltonian (γ2 = γ3 ≡ γ),
a good quantum number is the hole total momentum

J = J + l, where l = r× k is the hole dimensionless

orbital momentum; r and k are the radius vector and wave

vector of the hole, respectively. In this case, the Zeeman

splitting of the hole is also independent of the external

magnetic field direction, and it can be described by the

isotropic effective Hamiltonian [89,90]

Ĥ
sph
Z = −g

sph
h µB JB. (27)

For a hole localized in a structure of uniaxial symmetry,

the only conserved quantum number is the projection of

total moment J onto the structure z axis In this case, for

the direction of the magnetic field along or perpendicular to

the z axis, the Zeeman splitting 1EM = EM − E−M of heavy

(M ≡ Jz = ±3/2) and light (M = ±1/2) holes is described
by effective g factors depending on |M|. In particular, the

longitudinal g factor (for a magnetic field along the z axis)
is defined as

g
‖
|M| = − 1EM

2MµB B
. (28)

The definitions of the hole g factor according to (27)
and (28) are often used in the physics of colloidal nanocrys-

tals [75,86,89,90]. Note, however, that the definition of

the hole g factor with the opposite sign is often used,

see, e.g., [87,91–93]. Moreover, for structures with a large

energy splitting between heavy and light hole states, such

as quantum wells, the Zeeman splitting of heavy holes is

often defined as 1E3/2 = E+3/2 − E−3/2 = ghhµBB z , where

ghh = −3g
‖
3/2 [91]. All these definitions of the hole g factor

are used to describe the same dependence of the hole

Zeeman splitting in the magnetic field, but one should be

careful when comparing the values of the hole g factors

given in different literature sources.
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For a hole confined in a nanostructure, states with

different angular moment projections onto the magnetic field

direction are mixed, resulting in a significant renormalization

of the Zeeman contribution (26) to the g factor of the

localized hole. In addition, for localized holes, another,

orbital, contribution to the Hamiltonian in an external

magnetic field appears. The perturbation describing this

contribution can be obtained by replacing the hole wave

vector k in the Luttinger Hamiltonian for the hole kinetic

energy k− e
c
A, where A is the vector potential of the

external magnetic field, and by keeping the terms linear

in the magnetic field. This perturbation is given explicitly in

papers [75,86]. The resulting Zeeman splitting of a localized

hole depends significantly on the shape of the nanostructure.

In a spherically or cubically symmetric system, at zero

magnetic field, the ground state of a hole from the Ŵ8

valence subband is fourfold degenerate. Within the isotropic

approximation, the wave function of the lowest-energy even

state of a hole with total angular moment J = 3/2, which

is in most cases the ground state, has the form [94,95]

9M = 2
∑

l=0,2

(−1)l−3/2+M(i)lRl(r)

×
∑

m+µ=M

(
l 3/2 J

m µ −M

)
Yl,muµ. (29)

Here Ylm are spherical harmonics [96,97],
(

i k l
m n p

)
are

Wigner’s 3 j symbols, uµ are Bloch functions in Ŵ8 valence

subband with the spin projection µ on the z axis [82],
Rl(r) are the hole radial wave functions, their specific form

depends on the type of localizing or quantum confining

potential and band structure parameters. In paper [98], an
expression for the hole ground state g factor in the case of

a hole localized on a shallow acceptor was obtained. We

present this expression in the form valid for a hole localized

in any spherically symmetric potential, including spherical

core/shell heterostructures [75]:

g
sph
h = 2̹ +

4

5
I

g

1 +
4

5
I

g

2(γ1 − 2γ − 2̹), (30)

I
g

1 =
1

2

∫
r3dr

(
R2

dR0

dr
− R0

dR2

dr
− 3

r
R0R2

)
,

I
g

2 =

∫
r2dr R2

2.

Here γ = (2γ2 + 3γ3)/5 corresponds to the isotropic

approximation for the Luttinger Hamiltonian. The expres-

sion (30) allows one to calculate the isotropic g factor of

a hole after finding the radial wave functions in a given

spherically symmetric potential. In this case, the g factor

g
sph
h calculated by equation (30) is independent of the

localization region size. This is a general property of the

four-band Luttinger model: the hole g factor calculated

within this model depends only on the symmetry and type

of the localizing potential, but not on the linear dimensions

of the localization region [99].

The minimal Hamiltonian that allows one to describe

the size dependence of the hole g factor is a six-band

Hamiltonian that simultaneously takes into account the

states in the valence subbands Ŵ+
8 and Ŵ+

7 (or Ŵ8 and

Ŵ7) [75,82,92]. As a matter of fact, the four-band model

describes well only states with small wave vectors k near

the top of the valence band Ŵ8. However, as the size of the

localization region decreases, e. g., the size of a nanocrystal,

the hole size-quantization energy Eh and values of the wave

vectors kh in the hole wave function increase. At energies

Eh comparable to the spin-orbit splitting of the valence band

1, the admixture of states from the spin-split subband Ŵ7 to

states from the upper subband Ŵ8 becomes significant and

results in a size dependence of the hole g factor. In this

case, a sum of the hole spin-orbit and Zeeman Hamiltonians,

involving contributions of both valence subbands, has the

form [80]:

Ĥso + Ĥ
(Ŵ8+Ŵ7)
Z = −2

3
1(sI) + g0µB(sB) − (1 + 3̹)µB(IB).

(31)
Here s = σ/2, I = (Ix , Iy , Iz ), Iα are the angular mo-

ment I = 1 matrices of dimension 3× 3, the first term

describes the spin-orbit interaction, the second term is the

spin contribution to the Zeeman splitting, similar to the

contribution for electrons ((3), and the third term is the

contribution of the internal orbital moment. In paper [75],
the expression (30) for the g factor describing the splitting

of a hole with a total angular momentum J = 3/2, where

J = s + I + l, is generalized for a six-band model with the

positive spin-orbit splitting 1 > 0. A similar expression

for the hole g factor describing the splitting of a doubly

degenerate hole state with J = 1/2 (for negative 1 < 0,

when the Ŵ7 subband is at the top of the valence band) is

given in paper [76].
Figure 9 shows an example of calculation of the depen-

dence of the hole g factor on the linear size of a nanocrystal

of spherical, panel (a, b), or cube, panel (c), shape [75].
For spherical nanocrystals, two types of localizing potentials

are considered: a box-like potential with an infinitely high

barrier and a smooth parabolic potential. All the panels

of Figure 9 show a significant size dependence of the

hole ground state g factor, which appears from different

kinds of admixture of states from the spin-orbit split-off

valence subband. Moreover, the smaller the value of 1

(for example, in InP 1 ≈ 0.1 eV), the larger the nanocrystal

sizes at which asymptotic values valid for hole states with

quantum-size energies much smaller than 1 are achieved.

Interestingly, the asymptotic values of g factors of the holes

localized in large spherical and cube nanocrystals lie around

a value of −1 [73,75]. For other nanostructures, such as

quantum wires, quantum wells, and planar nanocrystals, the

dependence of the g factor on the band parameters and the

type of the localizing potential is more significant, even up

to a change of sign [73].

For a hole confined in a semiconductor nanostructure, in

addition to the isotropic contribution to the g factor, there is
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Figure 9. Dependence of the hole g factor on the linear size of a spherical nanocrystal (a, b) with a box-like infinite potential (solid
curves) and a smooth parabolic potential (dash-and-dot curves), as well as a cube nanocrystal (c) with a box-like potential. The numbers

in brackets indicate rows in Table I of paper [75], where the parameters of the six-band Hamiltonian for CdSe and InP are listed. The

numbers next to the curves indicate the asymptotic values of the hole g factor in large-size NCs which can be calculated within the

framework of the four-band Luttinger Hamiltonian. Figure is from Ref. [75].

also an anisotropic contribution, the symmetry of which is

determined by the symmetry of the system. In general, the

Zeeman effect can be described by second- and fourth-rank

tensors

Ĥcube
Z = −gh

αβJαBβ − 2µB QαβγδJαJβJγBδ, (32)

where the tensor Qαβγδ is symmetric with respect to the

permutations of the first three indices. In the maximally

low-symmetry structure (point group C1) it has 30 linearly

independent components. Since the sum of the squares

J2
x + J2

y + J2
z for states with a given J is the identity

matrix J(J + 1), 21 linearly independent components of

the tensor Q remain with the tensor Q being renormalized.

In a structure with the symmetry point group Oh or Td , the

first tensor is diagonal: gh
αβ = gh

z zδαβ , and the contribution of

the fourth-rank tensor is reduced to a linear combination of

the matrices JB and
∑

α J
3
αBα . Then the expression (32)

is reduced to [82,86,100]

Ĥcube
Z = −ghµB (JB) − 2QeffµB

(
J3

x Bx + J3
y By + J3

z B z

)
.

(33)
In addition to the small crystallographic contribution ∝ q,

the
”
source“ of the cubic anisotropy can also be the

cubic anisotropy of the hole dispersion characterized by the

parameter (γ2 − γ3)/γ , and the shape of the nanostructure.

In this case, even for a spherically symmetric nanocrystal,

the parameter gh, which describes the isotropic contribution,

differs from the parameter g
sph
h of the isotropic model (30),

since it contains a correction due to the cubic perturba-

tion ∝ (γ2 − γ3)/γ .

In paper [86] it was shown that the cubically-symmetric

contributions to the hole g factor (parameter Qeff), associ-
ated with the valence band warping in spherical and cube

nanocrystals, as well as those associated with the shape in

cube nanocrystals grown along one of the crystallographic

axes of the crystal, can be comparable with the isotropic part

proportional to ∝ gh. Previously, a similar and comparable

in magnitude contribution to Qeff caused by the valence

band warping was obtained in paper [100] for a hole bound

on an acceptor in cubic semiconductors.

Figure 10 illustrates the effect of the cubic symmetry on

the hole g factor in spherical and cube CdSe nanocrystals

from paper [86]. Panel (a) shows the constant-energy

surfaces of bulk heavy and light holes in the (a) plane at

kz = 0, where the z axis is directed along one of the crystal-

lographic axes 〈100〉; see, for example, equation(24.13a) in

the book [82]. Panels (b) and (c) show the surfaces of con-

stant Zeeman splitting, see, for example, equations (39.21a)
and (39.21b) in book [82], for hole states in spherical

and cube nanocrystals with a box-like potential. The

solid curves are calculated taking into account the valence

band warping, while the dotted curves correspond to the

spherical approximation for the Luttinger Hamiltonian. It is

evident that in spherical nanocrystals (panel (b), the curves

calculated in the spherical approximation for the Luttinger

Hamiltonian are circular, while the cubic anisotropy appears

when the valence band warping is taken into account. For

cube nanocrystals, panel (c), anisotropy already exists even

when using the isotropic approximation for the Luttinger

Hamiltonian. As shown in paper [86] the contributions to

Qeff determined by the nanocrystal shape and the valence
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Figure 10. (a) Constant energy surfaces of free heavy holes (blue curves) and light holes (red curves) in the (kx , ky ) plane at

kz = 0 in the bulk crystal, (b) and (c) surfaces of constant Zeeman splitting for the states of heavy (blue curves) and light (red
curves) holes calculated for spherical and cube nanocrystals with a box-like potential. The calculation is performed for the CdSe

parameters: γ1 = 2.52, γ2 = 0.65, γ3 = 0.95, the dotted curves correspond to the isotropic approximation for the Luttinger Hamiltonian

with γ2 = γ3 = 0.83. The figure is adapted from the paper [86].

band warping can be comparable and have the same or

opposite signs, depending on the material band parameters.

In the presence of additional uniaxial anisotropy, as for

example along the zaxis, which coincides with the [001]
crystallographic direction (point group D4h or D2d), the z

and x , y axes become nonequivalent. In this case, the states

of heavy and light holes are already split in zero magnetic

field. The effective Hamiltonian (33) takes the form

Ĥeff
Z = − µB

[
g⊥(Jx Bx + Jy By) + g‖Jz B z

]

− 2µB

[
Qeff

⊥ (J3
x Bx + J3

y By ) + Qeff
‖ J3

z B z

+ Q̃
(
Bx

{
Jx , J

2
z

}
s
+ By

{
Jy ,J

2
z

}
s

)]
, (34)

where {A,B}s = 1
2
(AB + BA).

Note that in paper [86] the last term with the parameter

Q̃ was omitted. In weak magnetic fields, when the splitting

of the heavy (|M| = 3/2) and light (|M| = 1/2) holes in

zero field is larger than the Zeeman splitting, instead of the

parameters g⊥, g‖, Qeff
⊥ and Qeff

‖ and Q̃ it is convenient to

define the other four parameters

g
‖
3/2 = g‖ +

9

2
Qeff

‖ , g
‖
1/2 = g‖ +

1

2
Qeff

‖ ,

g⊥
3/2 = Qeff

⊥ , g⊥
1/2 = 2(g⊥ + Q̃) + 10Qeff

⊥ , (35)

having the meaning of longitudinal and transverse g factors

of heavy and light holes. A similar situation is realized

in quantum wells or quantum wires. In this case, if other

effects are not taken into account, the Zeeman splittings

of both heavy and light holes will be axially symmetric in

the plane of the structure and depend only on the angle θ

between the direction of the magnetic field and the z axis

of the structure z [86]:

|1EM | = 2|M|µB

√
(g

‖
|M|B z )2 + (g⊥

|M|B⊥)2, (36)

where B⊥ =
√

B2
x + B2

y = B sin θ. One can see from

equation (35) that the contributions of the parameters g⊥

and Q̃ are indistinguishable. Moreover, the transverse

g factor of a heavy hole in a structure with the strong light-

to-heavy hole splitting is non-zero only due to the cubic

contribution Qeff
⊥ , which allows one to determine the latter

experimentally or by performing numerical calculations. For

example, in paper [101] the value of Qeff
⊥ was experimentally

measured in cylindrical InGaAs quantum dots and its origin

due to the valence band warping was demonstrated. With a

further reduction in symmetry, e.g., to the point group C2v ,

additional contributions may appear, for example, from the

interface mixing of heavy and light holes [102].
In quantum well structures, the states of heavy and

light holes are strongly split in a zero magnetic field.

In this case, the heavy-hole g factor is normalized by the

admixture of light-hole states due to the finite width of the

quantum well. The results of consistent calculations within

the eight-band Hamiltonian, taking into account both the

conduction band and the entire valence band, for finite-

thickness quantum wells and for superlattices based on

A3B5 and A2B6 semiconductors are presented in paper [91].
As noted above, in quantum wells, the Zeeman splitting of

hole states, unlike in spherically symmetric structures, is

substantially anisotropic. For example, when the magnetic

field is directed in the plane of the interfaces of a narrow

quantum well, in which the mixing of heavy and light holes

in a zero field can be neglected, the Zeeman splitting of a

heavy hole is not equal to zero only due to the anisotropic

part of the g factor tensor.

In thin quantum wells grown along the z axis, the dif-

ference between the gz z ≡ g
‖
3/2 component of the g factor

tensor of a two-dimensional heavy hole and the g factor

of a bulk hole 2̹ can be calculated in the second order

of perturbation theory. The relevant perturbation is the

operator proportional to the z component of the momentum
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operator ∝ p̂z [103], which corresponds to magnetically

induced mixing of the ground state of the heavy hole with

the excited states of the light hole. In quasi-two-dimensional

nanoplatelets or highly oblate quantum dots, the in-plane

anisotropy of the structure has a significant effect on the

mixing of states and, thus, on the hole g factor [75,99]. The
effect of mixing of heavy and light hole states on the hole

g factor was experimentally demonstrated in paper [104]. It
was shown there that the application of an external electric

field that affects the shape of the hole wave function to

a structure with SiGe nanocrystals results in a significant

modulation of the hole g factor. The effect of the hole

state mixing on the components gxx = gyy = g⊥
1/2 of the

light hole g factor tensor in quantum wells was studied in

paper [105].

In calculations, the dependence of the hole ground state

g factor on the structure parameters turns out to be

smooth. However, the same cannot be said about the

g factor of excited states. This is related to the mixing

of a particular excited state with other states and possible

resonances induced by changing the structure parameters.

This effect was studied in papers [106] and [107] for the

light hole g factor in quantum wells. It was shown that

in this case the g factor can reach very large values as

the ground subband of a light hole lh1 approaches the

excited subband of a heavy hole hh2. The experimental

data presented in [107] confirm this theoretical prediction.

Moreover, for excited states, the role of the band structure

parameterization and, for example, the effects of hole state

mixing at interfaces [102], arising from symmetry reduction,

significantly increases.

7. Conclusion

The Landé factor, or g factor of electrons, holes, and

excitons, is a key fundamental parameter in spin physics.

This review successively examines various experimental

methods for measuring the electron g factor in bulk

semiconductors and semiconductor nanostructures. The

following sections present methods for calculating the

electron and hole g factors and relate them to the band

structure parameters of semiconductors. Methods for

studying the Zeeman effect, developed for semiconductors

with diamond-like, zinc-blende, and wurtzite structures, are

actively applied to investigations of new materials, such as

semiconductor perovskites, transition metal dichalcogenides,

etc. Analysis of experimental data based on developed

theoretical models helps to correctly determine the g factor,

for example, in inhomogeneous ensembles of localized

excitons [30,32,34]. At the same time, a number of

experimental results, such as the size dependencies of the

electron g factor in CdSe [77] and CuCl [76] nanocrystals
or of the hole g factor in perovskite nanocrystals [108,109],
cannot be explained by currently developed theoretical

models. This may stimulate the search for new unaccounted

physical effects hidden behind the observed discrepancies.
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