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1. Introduction

Quantum dots are unique objects whose physical prop-
erties can be manipulated by changing their geometrical
sizes, the component compositions, and their geometrical
shapes. By their properties, QDs, in various aspects, are
identical to real atoms, due to a fully quantized spectrum
of charge carriers. This enables the application of various
quantum-mechanical methods for describing real atomic
systems, clarifying the peculiarities of physical processes
in QDs [1-7]. The QD interaction with various types of
radiation can provide important information about the speci-
ficity of the zone structure construction of the investigated
compounds and the possibility of their application as active
functional media in the new generation of semiconductor
devices [8-11]. The greater the geometrical complexity of
the QD, the more geometrical parameters characterize its
energy spectrum. Therefore, the flexible manipulation of
the energy spectrum can be performed in such systems,
allowing the system to be tuned to predetermined physical
characteristics, such as the resonant frequencies of interband
and intraband absorptions, as well as current parameters,
among others [12-14]. Unlike real atoms, the interaction
of QD with external electromagnetic radiation can induce
the optical transitions within the conduction band or in the
valence band, so between the levels of the conduction and
valence bands. As the energy spectra of both electrons and
holes are very sensitive to the change of QD geometrical
parameters, it is clear that the resonant frequencies of the
corresponding transitions will strongly depend on the above-
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mentioned parameters of QD as well [15-17]. One of the
interesting optical effects identified in QDs is connected with
the specific character of long-wave intraband absorption
in QDs with parabolic confinement, containing a pair-
interacting gas of charge carriers. In the articles [18-20],
it has been shown that the resonant frequencies of the
long-wave transitions in such systems don’t depend on
the number of particles, hence on the interaction between
them. The given statement is named after the generalized
Kohn theorem and is a generalization of the original Kohn
theorem [21], which states that the cyclotron resonance of
long-wave radiation in a pair- interacting gas of charged
particles in an axial magnetic field doesn’t depend on the
interaction between those particles. In the works [22-25],
it has been shown that the generalized Kohn theorem is
realized in QDs with lens-shaped and ellipsoidal geometries
of strongly oblate and strongly prolate shapes. The
theoretical justification of that statement is based on the
possibility of adiabatic description of the electron or hole
gas behavior in the ellipsoidal or the lens-shaped QDs
with strongly oblate or prolate geometries. Based on the
adiabatic method, it was shown that the slow subsystem is
confined by the parabolic effective confining potential, and
the magnitude of the interaction potential energy between
the particles of a gas depends only on the modulus of
the distance between them. The calculations that were
carried out for the case of the plano-convex lens-shaped
Ge/Si QD containing pair-interacting heavy hole gas gave
good coincidence with experimental results [25]. It has
been shown that the energy of the resonant transitions
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corresponds to the terahertz range of radiation. In recent
work [26] has been investigated the possibility of realization
of the generalized Kohn theorem in the fully asymmetric
QD when all the semiaxes are not equal to each other,
in particular, the possibility of implementation of the two-
dimensional Moshinsky model [27-29] for the analytical
description of the long-wave absorption in the mentioned
system has been shown. It should be mentioned that
the application of an axial magnetic field can become an
additional mechanism for the manipulation of the resonant
frequencies of long-wave transitions.

This paper is a logical conclusion to the previous articles
and aims to investigate:

e the influence of the magnetic field on the long-wave
absorption in the strongly oblate asymmetric ellipsoidal QD,

e the implementation of the exactly solvable Johnson-
Payne model for the analytical description of the heavy hole
gas behavior in the strongly oblate QD with the circular
cross-section in the presence of an axial magnetic field, and
the demonstration of the generalized Kohn theorem in the
considered system.

2. Theory

Consider a strongly oblate asymmetric ellipsoidal quan-
tum dot (SOAEQD) containing a few-particle heavy hole gas
in the presence of an axial homogeneous magnetic field B.
The strong oblateness is defined by the following inequal-
ities: c¢/a < 1, ¢/b < 1, where a, b, ¢ are semiaxes of
the ellipsoid in the OX, OY and OZ directions, respectively
(Figure 1).

We suppose that the confining potential is described in
the framework of the infinite-deep-walls model:
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The interparticle interaction is assumed to be dependent
only on the mutual distance between the particles:
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The Hamiltonian of the considered system has the following
form:
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(3)
where u = 0.39my is the heavy hole effective mass in
Ge/Si [23].
Turn to the consideration of the given system in
the framework of the adiabatic approximation. As was
shown in the papers [22-24], the wave function of
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Figure 1. Strongly oblate asymmetric ellipsoidal Ge/Si QD.

the system can be presented in the form of the prod-
uct of wave functions, describing the fast subsystem
Ye(z1; (x1,91), - - -» 2w (xn, yn)) and the slow subsystem

Ys(X1s oo, XN Yo - - o5 YN)-
W(ry,....ry) =Pz (1, y1), - 2 (v, yw)
X Ps(Xis oo s XNV, oo YN)- (4)

According to the article [26], the wave function and the
energy of the fast subsystem, which parametrically depend
on the coordinates of the slow subsystem, have these forms:
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Based on the adiabatic approach, similar to [26], it can
be shown that the slow subsystem is described with the
two-dimensional many-particle Schrodinger equation of the
form:

N
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where
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is the cyclotron resonance frequency,
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with Q,(1) = ah/2uac, and Q,(1) = @h/2ubc [26]. It
is assumed that the interaction between particles has a
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two-dimensional character, as the size quantization in the
axial direction is significantly stronger compared to the
interparticle interaction energy, which allows the following
identity:

| MN
3 Z Zv|r,—rj

i=1,i#1 j=1

> > vllei—pil), (7)
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where p;(j) = /(xi —x;)? + (x; —y;)%
The two-dimensional Hamiltonian will be written in the
following form:

HzD:H(%D"’Vnan(Pp---,PN)- (8)

F. Peeters, T. Chakraborty, and A. Madhav have shown
that the non-interacting part of the Hamiltonian in the
equation (6) can be exactly diagonalized and presented via
the creation and annihilation operators, which are defined
through these relations [18,19):
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where 2 = (Ho12/20)' (0] , — Q) + 0] 12,
with eigenfrequencies w > presented below:

1
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F. Peeters also has shown that between these operators
and the two-dimensional non- interacting Hamiltonian H3ZP
the interparticle interaction energy V2P and the Hamlltoman
of the interacting system H?P the following commutation
relations take place:

[H3P, Af)] = +ho AT,
Vil Af,] =0, (11)
[H?P, A)] = [H3P + Vial, AT, = £ho1 24T,

Suppose the long-wave radiation falls on the system.
In that case, the interaction of the particles with the
electromagnetic field of incident radiation is described by
the term H’, which is added to the total Hamiltonian as a
perturbation and is given by the following relation:

H' = —cE(t) Zpi
N N
= —eFge ' <00592xi + sinGZyi>
i=1 i=1

—eNEge ™' (X cos 0 + Y sin 0), (12)
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in the dipole  approximation, where E(r) =
= Eoy(cos 0, sinf)e " is the electric field vector of
the incident radiation, 6 — the angle between the OX
axis and E(¢) and X(Y) = (1/N) Zl  Xi(yi) — the center
of mass coordinates. Using the creation and annihilation
operators Afz, shown above, the operator H' will be
written in this form:

H = —eEoei“"{‘gl cosG{(Al_ —|—AIL) — ; (Az_ —|—A;)]
2

+ézs1n6{( —Af) - Z; &(Ay —A;)} }’
(13)
where

X =g (a7 + 4D - 2 4y +49)],

V—gltr-an-2aus -an]. e
with the following designations: & = 1/[2u; (w3 — @?)],
& =01(Q2 — 03)/Rimw. (0} —w?)], and &=
x (Q2 — w})/[@1(22 — ®3)]. From (13) follows that the
action of the operator H' on the states described by the
non-interacting Hamiltonian H2P, as well as the Hamiltonian
considering the pair-interaction, leads to the transitions with
the same resonant frequencies in both cases, equal to w;, ;.

Thus, the long-wave intraband transitions for the pair-
interacting heavy-hole gas are realized in the considered
system, the resonant frequencies of which have a oneparticle
character and don’t depend on the number N of particles.
This assertion is the generalized Kohn theorem.

Maksym and Chakraborty in [30] have investigated the
model of a two-dimensional parabolic QD, containing a pair-
interacting electron gas in the presence of an axial magnetic
field. Based on numerical modeling, they have constructed
an energy diagram for the considered system at various
values of the magnetic field and the number of particles. It is
clear that the many-particle Hamiltonian with the Coulomb
term of interparticle interaction is not exactly solvable;
therefore, it is investigated numerically. On the other hand,
N.F. Johnson and M.C. Payne have shown that, in the
presence of a magnetic field, an exact analytical solution
for the energy expression of a pair-interacting charged gas
localized in a circular two-dimensional parabolic well can be
found. It is assumed in that case that Hooke’s law describes
the pair-interaction between the particles [31]:

2D 1 2
Vit (01 p;) =2Vo — EHQ oloi — (15)
where Vp and Q¢ are positive parameters and are defined
by comparing of V2P (p;, p;) with the Coulomb potential.

The mentioned case will correspond to the model of
the strongly oblate ellipsoidal QD with the circular cross-
section, when for the semiaxes a and b we have this relation:
a = b. In turn, for the frequencies 2, and €2, one obtains:
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Table 1. Center of mass (ny", ny") and relative (ny”, ny") motion energy levels changing in magnetic field for N = 5 particles gas,

Qo = 8.5- 10" s~ interaction parameter and a = b = 5ap, ¢ = lag

State Center of Mass (in meV) Relative (in meV)
Without Field Field (0.5T) Without Field Field (0.5T)
1 (0, 1) =16.237 (1, 0) = 1.7740 (0, 1) =46.897 (1,0)=2.1352
2 (1, 0)=16.237 (2, 0)=3.5481 (1, 0) =46.897 (2, 0)=4.2704
3 (0, 2)=32475 (3, 0)=5.3221 (0, 2)=93.793 (3, 0)=6.4051
4 (1, 1)=32475 (0, 1)=148.62 (1, 1)=93.793 (0, 1)=1030.0
5 (2, 0)=32475 (1, 1)=150.39 (2, 0)=93.793 (1,1)=10322
6 (1,2)=48712 (2,1)=152.16 (1, 2) = 140.69 (2, 1)=10343
7 (2,1)=48.712 (0, 2) =297.23 (2, 1)=140.69 (0, 2) =2060.1
8 (0, 3)=48.712 (1,2)=299.01 (0, 3) =140.69 (1, 2)=2062.2
9 (3,0)=48.712 (0, 3)=445.84 (3, 0) =140.69 (0, 3) =3090.1

Q=Q, =Q, =ah/2uac [26]. Tt should be noted that
this model is related to the Moshinsky atom [27], where,
similarly, pair-interacting particles localized in a parabolic
quantum well, described by Hooke’s law, are considered.
So the twodimensional N — particle Hamiltonian will be
written as:

ZIP ?

HJP:2 sz'i' pwg (B

N N
+ZZ int pnp/

i=1 j=1

> ZLZ,, (16)

where 0}(B) = Q2 + w?/4.
Performing the calculations presented in the article [31],
one obtains the system’s energy spectrum:

E=E +NA1h[a)o(B) - %} —|—NA2h[a)0(B) + %}
# Xfan(o=5) +an(o+ )]
where  Eo = hao(B) + (N — Dho + N(N — 1)V, (1712

the ground state energy with o = [®f(B) — NQz}l/2

Na,(ay)» @ij(Bij) are positive integers.

The resonant frequencies (w)(B) £ w./2) of the system’s
center of mass transitions and the frequencies wy(z) obtained
above for the asymmetric case, coincide with each other
(wo(B) & w:/2 = wy(y)) in the case of the circular cross
section (a = b) of QD. Using the following values for
material parameters: @ = b = Sap, ¢ = lag, ag = 2nm,
U =0.394my, and the value B =0.1T for the magnetic
field, the performed calculations for wy(;), yield these
numerical values w; = 46 - 102571 and w, = 46 - 1012571,

Thus, indicating that the eigenfrequencies w)(,) indeed fall
in the mid-infrared region of the electromagnetic spectrum.

Turn to the character of the center of mass energy levels.
At B = 0 the system will be described in the framework of
the two-dimensional circular oscillator. As is known, such a
system possesses the hidden symmetry and is characterized
by the SU(2) symmetry group [32]. As a result, the energy
levels are degenerated, with the order of degeneracy:

G(N) =N +1, (18)

when N = Na, +Na,. If we introduce the states of
the first three excited levels N =1, 2, 3 then for the
corresponding values of energy, we’ll obtain the results
presented in Table 1. The states (1,0) and (0, 1) are
double degenerated, and 16.237meV energy corresponds
to them. The states (2, 0), (0, 2), and (1, 1) are three times
degenerated, and the energy value 32.475 meV corresponds
to them. Finally, the states (1, 2), (2, 1), (3, 0), and (0, 3)
are degenerated four times, with corresponding to them
48.712meV energy value. As can be seen in Table 1.
The application of a magnetic field significantly alters the
order of placement of levels. For example, the states (1, 0),
(2, 0), (3, 0) are significantly going down, which is a direct
consequence of the magnetic field (see the (17) formula),
when Np, =1;2;3, Na, =0 and the cyclotron energy
gives a negative contribution. In turn, the states (0, 1),
(0, 2), and (0, 3) are significantly rising, which also follows
from (17), when the contribution of the energy hw,./2 is
already positive. It should be noted that such behavior is
typical for the Fock-Darwin levels. Thus, the magnetic field
removes the system’s hidden symmetry, as well as creates
the new order of placement of energy levels.
For the wave function of the system, one obtains [31]:

= (AN (A [T@H)™ )P wo. (19)

i<j
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Here Wy is the wave function of the ground state and is
defined by the following relation:

Nuwy(B)

\If() = Co €xp |:— o

(X? + Yz)]

w
X exp {— s (7 + y;zj)}, (20)

2Nh “—
i<j
where Cy is the normalization constant, (X, Y) are the cen-
ter of mass coordinates, and (x; ;,y;;) — the coordinates
of the relative motion of particles.

The operators in the above expressions Aj (A7) and
ai*j(bi*j) describe the center of mass and the relative motion
transitions, respectively. Aj (A;) and a;;(b;;) are complex
conjugates of the above-presented ones. The expressions of
those operators are presented below [31]:

ey e R )

1 12

L (1 | | |

A _(4N,ufw)0(3)> [Nuwo(B)(x +iY) F z(PXizPY)],
+ 1\

aij:<W) {Hw(xzzi Fiyij) Filpeij F zpy,,-j)}, P4

1" . . .
b= (m) [:“w(xij Tiyij) Filpeij* le.ij)]
(21)
It should be noted that these operators satisfy rather
complicated commutation relations given in [31].

3. Results

Before we discuss the results, we note that the case
of the strongly oblate ellipsoidal QD made of Ge/Si has
been considered. For the numerical simulation, we took
the dot material as Ge,Si;_, solid solution with Ge about
60%. The material parameters which have been used
in the calculations are the following: hole effective mass
U = 0.394my where my is the free electron mass, dielectric
constant ¢, = 14.4 and Bohr radius ag = 2nm. In the
interaction potential (15) we considered, we have two main
interaction parameters, V, and €2y by adjusting which we
can control the interaction strength. In this case, we
fixed the value of the first parameter Vy in accordance
with the article (31) and varied the second parameter Qo
by numerically equating this interaction potential to the
Coulomb ones. It is clear that the parameter €2 strongly
depends on the interparticle distance, and for example, for
an interparticle distance of 4n, Vo = 10meV, A2y = 6 meV,
and Qo +8.5- 102571,

In Figure 2, the center of mass energy dependencies
on the geometrical parameters (semi-axes a and c) of the
QD, as well as the magnitude of the magnetic fieldB, are
presented. Figure 2, a shows the dependencies of the center
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of mass energy on the magnetic field and the small semi-
axis ¢ of QD, for state Npo, = 1, Na, = 0)and fixed semi-
axis a = 5c(c = ap). As one can see in the figure, the
increase of B leads to the decrease of the energy values,
which corresponds to the energy spectrum (17), for the
(1, 0) state. At the same time, Ecy decreases with the
increase of parameter although at B = 0T, this dependence
is more pronounced compared to the case when B =1T.
Figure 2, b presents the same dependencies as Figure 2, a for
the state (0, 1) at fixed semi-axis a = 5c. Again, referring to
expression (17), one can see that the energy should almost
linearly increase with the magnetic field, which is the case.
At the same time, this dependence is more pronounced
compared to the one with the semi-axis However, the small
decrement of energy values can be seen with the increasing
parameter ¢. The dependencies in Figure 2, ¢ are obtained
for the state (1, 0), in the absence of B. As can be seen
from the figure, energy decreases with the increase in both
parameters a and c¢. At the same time, one can also notice
that the dependence is stronger in the case of the small
semi-axis ¢ which is a consequence of the weakening of
the size quantization regime in the axial direction. The
latter circumstance leads to a sharp decrease in energy
values. Figure 2,d is obtained for the same dependencies as
Figure 2, c, but already in the presence of an axial magnetic
field B equal to ).5T. It can be noticed here that the overall
energy values are smaller than those in Figure 2,c. This is
explained by the fact that for the state (1, 0), in the presence
of a magnetic field, the energy decreases by the amount
huw./2 as can be seen in the relation (17). Nevertheless,
the energy values are also decreasing with the increase of
geometrical parameters, similar to Figure 2, c.

In Figure 3, the relative motion energy dependencies on
the magnetic field B particles’ number N as well as the inter-
particle interaction parameter €2y for the fixed geometrical
parameters (¢ = b = S5ag, ¢ = ap) are shown. Figure 3,a
presents the relative motion energy dependencies on B
and N for the state (1, 0) and fixed interaction parameter
Qo equal to 8.5-102s~!. From the term describing the
relative motion in the formula (17), one can see that for
the state (1, 0), the energy values should decrease with the
increase of the magnetic field, which is actually observed
in the figure. On the other hand, the energy increases with
N, which is explained by the contribution of each particle
to the increase of the system’s total energy. The same
dependencies are shown in Figure 3,5 for the state (0, 1).
Unlike Figure 3,a, the energy increases with the increase
of the magnetic field, which is also in correspondence
with (17). In this case, similar to Figure 3,a, the increase
of N leads to an increase in energy values. Furthermore,
it can be noticed here that the particles’ number N has a
greater influence on the energy states than B. In Figure 3, ¢
are presented the dependencies of E on the magnetic field
B and the interaction parameter €2 for the state (0, 1), at
a fixed number of particles (N = 5). It can be seen from
the figure that the increase in 2 only slightly decreases the
energy values, unlike the magnetic field, with the increase
of which E increases almost linearly. For the same (0, 1)
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Figure 2. Hole gas center of mass motion energy dependencies from (a) — magnetic field B and semi-axis ¢ for (1, 0) state and a = 5¢
semi-axis, (b) — magnetic field B and semi-axis ¢ for (0, 1) state and a = 5¢ semi-axis, (¢) — a and ¢ semi-axes for (1, 0) state and
without magnetic field, (d) — a and ¢ semi-axes for (1, 0) state and B = 0.5 T magnetic field.

state the dependencies of E. on €2y and the particles’
number N for the constant magnetic field (B = 0.5T) are
shown in Figure 3,d. Similar to Figure 3, cc the influence
of the interaction parameter €2¢ on relative motion energy
states are negligibly small. At the same time, the increase of
N leads to a sharp increase in the values of the relative
motion energies. All the presented dependencies follow
from the expression (17), obtained for the energy spectrum.

In Figure 4, the relative motion energy diagrams are
shown for two cases, when B =0T and B = 0.5T at fixed
interaction parameter Qo = 8.5-10'?s~!. The following
three states are chosen: (0, 1), (1, 1), (2, 1). As one can
notice, in the case of B = 0T, both the distances between
the energy levels and their absolute values increase with
the increase of particles’ number N in the system, as each
particle contributes to the increase of the system’s total
energy. However, in the case of a non-zero magnetic
field, the distances between energy levels decrease, as can
be seen from expression (17), which indicates that the
magnetic field acts differently on the states presented in the
figure. Here again, independently of the distances between
the levels, the absolute values of energy increase with N the
reason for which is the same as in the case with zero field.

The combined energy diagrams of both the center of
mass states and the relative motion states are presented
in Figure 5, for different values of particles’ number
N, and the interaction constant €. Figure 5,a shows
the relative motion energy level (0, 1) with those of the
system’s center of mass, for the interacting two-particle
system in the presence of an axial magnetic field equal
to B=0.1T and interaction constant Q2 = 8.5- 102571,
while in Figure 5,b, N =4 at the same values of B and
Q. Comparing Figure 5,a and Figure 5,b, we can see
that with the increase in particles’ number N in the system,
the value of the relative motion energy for the state (0, 1)
increases. It is already mentioned earlier that the increase in
N causes an increase in the relative motion energy values,
which is the case. At the same time, the difference between
the center of mass energy values remains unchanged with
respect to that in Figure 5,a. In the case of the non-
interacting system of four particles under an axial magnetic
field, shown in Figure 5,c¢, the (0, 1) state value slightly
increases. This takes place due to the elimination of the
interaction parameter Q¢ from the (17) formula. However,
here also the difference between the center of mass energy
levels is equal to those in the cases of 5,a and 5,b5. The
conclusion that can be made, thus, is that the center of

Semiconductors, 2025, Vol. 59, No. 9
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Figure 3. Hole gas relative motion energy dependencies for a = b = 5Sap and ¢ = ap geometry from (a) — magnetic field B and
particles number N for (1, 0) state and interaction parameter Qo = 8.5-10'2s~!, (») — magnetic field B and particles number N for
(0, 1) state and interaction parameter Qo = 8.5-10'2s™!, (¢) — magnetic field B and interaction parameter € for particles number
N =5 and (0, 1) state, (d) — interaction parameter Qo and particles number N for magnetic field B = 0.5T and (0, 1) state.

B=0T B=05T  \_¢
0.24
I AE,, =14.38 meV
0.20 | - . —_—
0.16 i N=4 AE =52.35 meV AE . = 16.55 meV
> AE, =471meV —— — o
() L
Fol N=2 —
oy N=2 —_—  AE =11.46 meV 20
FAE,., =28.37 meV
0.08 | e —_—
- - Qy=28.5 1012 g1
0.04 —_—

Figure 4. Hole gas relative motion 3-levels energy diagrams for B = 0 and B = 0.5 T different magnetic fields and N = {2, 4, 6} different
numbers of particles in QD for constant interparticle interaction frequency 8.5 - 102571,
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Figure 5. Hole gas total energy diagrams where one levels of
relative motion correspond to a family of levels of the center of
mass (black lines) for (a) — particle number N = 2, magnetic field
B =0.1T and interaction parameter Qo = 8.5-10%s~!, (b) —
particle number N = 4, magnetic field B = 0.1T and interaction
parameter Qo = 8.5-10'%s™!, (¢) — particle number N = 4,
magnetic field B = 0.1 T and without interaction.

mass transitions are independent of both the number N
in the system and the interaction between them. This
phenomenon is evidence of the fulfillment of the generalized
Kohn theorem in the considered system.

4. Conclusion

Summarizing, the following can be said: that the general-
ized Kohn theorem can be realized in the asymmetric and
circular symmetrical strongly oblate ellipsoidal QDs in the
presence of an axial magnetic field. The calculations based

on the adiabatic method show that in the case of a strongly
oblate asymmetric ellipsoidal Ge/Si QD, containing heavy
hole gas, the slow subsystem is described in the framework
of a pair-interacting gas, localized in the asymmetric two-
dimensional parabolic well with the frequencies €2, and
;. At the same time, the resonant frequencies of
the long-wave transitions between the hole gas center of
mass levels are characterized by both the two-dimensional
confining potential frequencies and the cyclotron frequency
conditioned by the magnetic field. In the case of the
ellipsoidal QD with circular symmetry, when Q, = €,
the oscillator interaction approximation between the holes
can be used. In that case, the problem is reduced to
describing the behavior of the hole gas with oscillator pair-
interaction, localized in a two-dimensional circular parabolic
well, in the presence of an axial magnetic field. Johnson
and Payne showed that such a problem is exactly solvable.
Based on that, the energy diagrams of the hole gas are
constructed, and the realization of the generalized Kohn
theorem is demonstrated in the explicit form in that system.
Besides that, the resonant frequencies for QDs with both the
asymmetric and circular symmetry can be manipulated by
the change of their geometrical parameters. The numerical
estimations indicate that the resonant frequencies of the
long-wave transitions fall within the terahertz region. In
particular, for a = b = 5¢, ¢ = ap, and B =0.1T for the
resonant frequency wres one obtains 46 - 101251
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