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This review is devoted to the mechanisms of Auger recombination in semiconductor nanoheterostructures.
A distinctive feature of nanoheterostructures is the strong spatial heterogeneity attributable to the existence of
heteroboundary. Heteroboundaries have a fundamental effect on the amount of energy and on the behavior of charge
carrier wave functions in quantum-dimensional heterostructures and, as shown in this review, significantly affect the
macroscopic properties of semiconductor nanostructures. The presence of a heterogeneous boundary affects the
electron-electron (hole-hole) interaction in quantum structures, and this effect is fundamental. The heteroboundary
removes the restrictions imposed on interelectronic collision processes by the laws of conservation of energy and
momentum, which leads to the appearance of thresholdless, temperature-weakly dependent Auger recombination
channels. This review studies the main mechanisms of Auger recombination of nonequilibrium charge carriers
in semiconductor heterostructures with quantum wells (Part 1), quantum filaments, and quantum dots (Part 2).
It is shown that there are three fundamentally different Auger recombination mechanisms: thresholdless, quasi-
threshold, and threshold. The rate of the thresholdless process is weakly dependent on temperature. The threshold
energy of the quasi-threshold process significantly depends on the width of the quantum well and is close to zero
for narrow quantum wells. It is shown that thresholdless and quasi-threshold Auger processes prevail in narrow
quantum wells, while thresholdless and quasi-threshold Auger processes prevail in wide quantum wells. A critical
width of the quantum well has been found at which the quasi-threshold Auger recombination channel transforms
into a three-dimensional threshold Auger process. The influence of phonons on Auger recombination processes in
quantum wells is also analyzed. It is shown that for narrow quantum wells, the Auger process involving phonons
becomes resonant, which leads to an increase in the Auger recombination coefficient involving phonons. The
effect of relaxation processes on Auger recombination mechanisms in homogeneous semiconductors is considered
separately. It is shown that taking into account relaxation processes leads to the removal of the energy threshold

for Auger recombination processes.
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1. Introduction

The processes of recombination of nonequilibrium carri-
ers in semiconductors can be of two types: 1) processes
of radiative recombination and 2) processes of nonradiative
recombination. If photon emission occurs during interband
recombination of an electron-hole pair, then radiative recom-
bination takes place, otherwise electron-hole recombination
is nonradiative. There is a large number of different
mechanisms of nonradiative recombination in semiconduc-
tors [1]: recombination through impurities and defects in the
crystal lattice, multiphonon emission, surface recombination,
Auger recombination, etc. At high levels of excitation
of nonequilibrium charge carriers, the main process of
nonradiative recombination in semiconductors is the Auger
process [1,2]. In the case of Auger recombination (AR), the
energy of the recombining electron-hole pair is transferred
to a third carrier (electron or hole), which, absorbing the
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energy transferred to it, transits into a highly excited state.
In semiconductors, this phenomenon was called the Auger
process by analogy with the well-known Auger effect in
atoms, discovered by Pierre Auger in 1925 [3].

Auger recombination processes in semiconductors are
usually classified according to which energy zones the
initial and final states of the particles involved in the
recombination process belong to. The following Auger
recombination processes are distinguished in homogeneous
semiconductors [1,4]: CHCC, CLCC, CHHS, CHHL, etc..
The letters C, H, L, and S denote the states of electrons in
the conduction band, heavy and light holes in the valence
band, and holes in the spin-split band, respectively. For
example, in the CHCC process (Figure 1,a), as a result
of the Coulomb interaction of two electrons, one of them
recombines with a heavy hole, and the other absorbs the
energy transferred to it and transits into a highly excited
state in the conduction band. In the CHHS process
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Figure 1. Scheme of electron and hole transitions during Auger
recombination: ¢ — transitions with energy transfer to an electron
(CHCC processes), b — transitions with energy transfer to a hole
during its transition to a spin-orbitally split zone (CHCC process).
Here Ago is the energy of the spin-orbit coupling; ,,1“ and ,,2° are
the initial states of the particles; ,,3* and ,,4“ are the final states.

(Figure 1,b), a heavy hole recombines with an electron,
and the second heavy hole transits into the spin-split zone
as a result of the Coulomb interaction.

The Auger recombination process is threshold in most
cases in homogeneous semiconductors, and the Auger
recombination rate G varies exponentially with tempera-
ture [1]. It should be emphasized that this statement is
valid for the case when the AR process is considered in
the framework of the first-order theory of perturbation by
electron-electron (hole-hole) interaction. At high excitation
levels, due to electron-electron (hole-hole) scattering pro-
cesses, AR becomes a thresholdless process, since relaxation
processes remove the restrictions imposed by the laws of
conservation of energy and momentum at AR. In a bulk
semiconductor, relaxation processes play the same role
as heteroboundary in semiconductor heterostructures [5]!
(see Appendix 1). The effect of relaxation processes on
the Auger recombination mechanism was first considered
in Ref [5]. It is shown in this paper that the effects of
charge carrier relaxation on carriers change not only the
value of the Auger recombination coefficient, but also its
dependence on temperature.

In addition, the thresholdless case is represented by the
processes of Auger recombination with the transition of
a hole into a spin-split band in semiconductors, where
the magnitude of the spin-orbit splitting Ay, is close to
the band gap E,. This takes place in InAs and GaSb
semiconductors and CdHgTe-based heterostructures. In
this case, the Auger process has a ,resonant“ character,

1 Appendices 1, 11, and 1II are presented in the 2nd part of the article.
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and the recombination rate does not have an exponential
dependence on temperature.

It should be noted that in lead chalcogenides (PbS,
PbSe, and PbTe) with a linear dispersion law, Auger
recombination is suppressed due to failure to comply with
the law of conservation of energy and momentum in such a
process.

Let us briefly consider the nature of the formation
of the Auger recombination threshold in homogeneous
semiconductors using the example of the CHCC process
(Figure 1,a). In the case of such a recombination process,
two fundamental conservation laws of quasi-momentum and
energy must be fulfilled:

ki +ky = ks + ky, (1)

E1 + E; = E5 + Ey. (2)

Here ki, k, and E;, E, are quasi-momenta and energies
of particles in the initial states ,,1“ and ,2°; k;, ki
and E3, E4 are quasi-momenta and energies in the final
states ,,3“ and ,4“. A quasi-momentum is in many ways
similar to the ordinary momentum of a particle. At the
same time, there is a significant difference between them
because the quasi-momentum is a value determined only
with accuracy to the constant vector of the inverse lattice
hb. The momentum values p = hk, which differ by this
amount 7ib, are physically equivalent [6]. The requirement
of simultaneous implementation of conservation laws (1)
and (2) means that the total kinetic energy of the electrons
L1 and ,,2“ and the hole ,4° in the initial state must
exceed a certain threshold value Ey [1]. Consequently,
in a homogeneous straight-band semiconductor, in the
framework of the 1st order of perturbation theory for
electron-electron coupling, the Auger recombination process
is threshold, and its rate contains an exponential dependence
on temperature G  exp(—Ew/T), where Ey, = 2m,/myE,,
m, 1s the effective mass of an electron, my, is the effective
mass of a heavy hole, T is a temperature in energy units. An
algorithm for calculating the threshold energy for the Auger
recombination process is given in [1], that takes into account
the nonparabolic dispersion law for an excited electron. It is
interesting to note that the ,,2“ multiplier in the expression
for Ey, appears due to the ,Dirac* energy spectrum for an
excited electron, i.e., the nonparabolicity of the dispersion
law. This will be described in detail in the next paragraph.

In the first works on Auger recombination in homoge-
neous semiconductors, the overlap integrals between the
states of electrons and holes were considered as constants,
the values of which were estimated from various simplified
models ([7], etc.). The correct calculation of overlap
integrals for Auger processes based on the Kane model was
performed for the first time in Refs. [8-10]. The correct
expression for the Auger recombination rate of the CHCC
process was obtained for the first time in Ref. [10] in the
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framework of the Kane model:

453
mee*h
Gip = 6V 275 eK_O (E§/2T1/2m;/2m,31/2)—1

X exp (— 2me Ey > (3)

mh7

where k is the static dielectric constant.

It is shown in this paper that the overlap integrals are
zero within the framework of the simplest two-band model,
as discussed in Ref. [7]. Thus, it is necessary to use the Kane
multi-zone model to calculate the Auger recombination
rate. The Kane model for homogeneous semiconductors
is described in many textbooks [1].

This review is devoted to the mechanisms of Auger re-
combination in semiconductor nanoheterostructures. A dis-
tinctive feature of nanoheterostructures, as already noted
above, is the strong spatial heterogeneity caused by the
existence of heterogeneous boundaries. Heteroboundaries
have a fundamental effect on the amount of energy and
on the behavior of the wave functions of charge carriers in
quantum-dimensional heterostructures. The heteroboundary
removes the restrictions imposed on interelectronic collision
processes by the laws of conservation of energy and
momentum, which leads to the appearance of thresholdless,
temperature-weakly dependent Auger recombination chan-
nels.

The monograph of reputable experts in the field of
physics of AR processes [1] notes that calculating the proba-
bility of AR in homogeneous semiconductors is a difficult
task. This is primarily due to the need to calculate the
overlap integrals of the Bloch amplitudes related to different
bands. As it turned out, calculating the probability of AR
in semiconductor nanostructures is an even more difficult
task. As noted above, the heterostructures are spatially
heterogeneous. We have a qualitatively different semi-
conductor environment. In nanostructures, the spectrum
and wave functions of charge carriers change qualitatively
and quantitatively, and the problem of boundary conditions
for wave functions arises. In this review, we wanted
to draw attention to fundamental aspects concerning the
mechanisms of AR in nanoheterostructures. We present
a detailed microscopic analysis of the AR mechanisms in
quantum wells, quantum filaments, and quantum dots. The
details of calculating the spectra, wave functions, and matrix
elements of the Coulomb interaction between particles are
described, taking into account the spatial symmetry of
the problem. This style of presentation of the material
makes the review useful for experimentalists, young, novice
scientists and specialists working in the field of physics
of semiconductor nanostructures. We do not pretend to
provide a full review of publications on this topic. At the
end of the list of references, we cite several publications on
AR that use the ideology of this review to solve specific
problems.

2. The influence of spatial heterogeneity
of the heterogeneous boundary on the
mechanisms of Auger recombination.
New Auger recombination mechanism
in semiconductor heterostructures

Currently, the main objects of research in semiconductor
physics are heterostructures such as single heterobarriers,
quantum wells, quantum filaments, quantum dots, superlat-
tices, etc. A distinctive feature of such structures, as already
noted above, is the strong spatial heterogeneity caused
by the existence of heteroboudaries. Previously, it was
believed that the efficiency of nonradiative Auger processes
in heterostructures corresponds to the usual bulk Auger
processes [11,12]. As will be shown below, the presence
of heterogeneous boundaries qualitatively and quantitatively
affects the processes of electron-electron (hole-hole) inter-
action in semiconductor quantum structures.

This section describes a new mechanism of Auger
recombination of the bulk states, the so-called thresholdless
Auger process. The rate of such a thresholdless process
has a power-law dependence on temperature, and the
process itself is the dominant mechanism of nonradia-
tive recombination of nonequilibrium charge carriers in
heterostructures and in nanometer-sized structures (see
sec. 3,4,5). Let’s give a qualitative interpretation of the
new Auger recombination mechanism [13].

1. Auger recombination processes constraints related to
the law of conservation of momentum are lifted if at least
one of the quasi-particles (an electron, for certainty) is
located near a heterogeneous boundary or in the region
of sub-barrier motion. The wave function of the quasi-
particles in this region is a wave packet with different
quasi-momentum values, among which there are momenta
corresponding to the final momentum of the excited Auger
electron.

2. The transfer of energy from a recombining electron-
hole pair to a fast Auger electron has a resonant character.
The electron receives the momentum necessary for the
transition to the final highly excited state from interaction
with the heterogeneous boundary, but not from interaction
with another electron. At the same time, there is no
law of conservation of momentum in the matrix element
for the component perpendicular to the heterogeneous
boundary, and, as a result, the Auger transition rate does
not have the usual exponential temperature dependence for
a homogeneous semiconductor. (see formula (3)).

3. The emission of fast Auger electrons occurs mainly in
the direction of the axis perpendicular to the heterogeneous
boundary, i.e. axes of maximum spatial heterogeneity in
the system. The electrons are ejected over the barrier in a
direction perpendicular to the heterogeneous boundary, in a
narrow range of angles AV ~ (T/E,)'/? < 1.

Here we consider the case when the height of the
heterobarrier for an electron V, (or a hole V,) is less than
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Figure 2. Schematic representation of the band diagram of

the heterojunction. Here, the point x =0 corresponds to a
heterogeneous boundary, and ,,1“ and ,2“ are the initial states
for electrons; ,,3* and ,/4“ are the final states.

the band gap width of a narrow-band semiconductor (see
Figure 2).

A detailed analysis of threshold and thresholdless Auger
recombination mechanisms for a single heterobarrier was
performed in [13] (Figure 2). The conditions under
which the thresholdless channel prevails over the threshold
channel are analyzed. For quantum wells, such a detailed
analysis of the Auger recombination mechanisms is given
in sec. 3. The possibility of removing the threshold for the
Auger recombination process in quantum wells during the
transition of excited carriers to the continuous part of the
spectrum is analyzed in Ref [14]. However, this paper
lacks a microscopic theory of the thresholdless process
and there is no theoretical analysis of the competition
between threshold, quasi-threshold, and thresholdless Auger
recombination mechanisms at different temperatures and
at different quantum well widths. Only the thresholdless
Auger recombination channel is considered in Refs. [15,16],
which corresponds to small transmitted momenta in the
Coulomb interaction of particles (for the CHCC pro-
cess), neglecting the spin-orbital interaction. A rigorous
theory for the thresholdless Auger recombination channel
for the case of quantum wells, quantum filaments, and
quantum dots will be given in sec. 3, 4 and 5. The
first direct experiment to observe the thresholdless Auger
recombination channel at 7 = 77K was performed in
Ref. [17].

3* Semiconductors, 2025, Vol. 59, No. 9

3. Auger recombination mechanism
in semiconductor quantum wells.
thresholdless and quasi-threshold
Auger recombination channels

The purpose of this section is to theoretically study the
main mechanisms of Auger recombination of nonequilib-
rium carriers in semiconductor quantum wells. It will be
shown that there are three fundamentally different Auger re-
combination mechanisms in quantum wells: (i) a threshold
mechanism similar to the Auger process in a homogeneous
semiconductor, (ii) a quasi-threshold mechanism whose
threshold energy significantly depends on the width of the
quantum well, (iii) a thresholdless mechanism not present
in a homogeneous semiconductor. For the threshold Auger
recombination process in a quantum well, the threshold
energy is close to the threshold energy of a homogeneous
semiconductor. Conversely, due to the low threshold energy,
the rate of the quasi-threshold process in sufficiently narrow
quantum wells is weakly dependent on temperature. For
this reason, in rather narrow quantum wells there is no
clear separation between thresholdless and quasi-threshold
Auger recombination mechanisms and they merge into
one thresholdless Auger process. As the width of the
quantum well increases, the threshold energy of the quasi-
threshold process increases and tends to a bulk value. The
thresholdless AR channel behaves completely differently. As
the width of the quantum well increases, its rate decreases
sharply, tends to zero, and this mechanism disappears
during the transition to a homogeneous semiconductor. In
this section, we will obtain conditions under which the
thresholdless Auger recombination mechanism prevails over
the threshold one. A critical value of the quantum well
thickness will also be found, at which the quasi-threshold
and threshold Auger recombination mechanisms merge into
one three-dimensional Auger process.

3.1. Basic equations

It is necessary to have the wave functions of charge
carriers to analyze the mechanisms of Auger recombination
and find the rate of the Auger process. As has already been
established for bulk Auger processes, the wave functions of
the carriers must be calculated in the multi-band approxi-
mation [10]. We will use the four-band Kane model, which
most accurately describes the wave functions and carrier
spectrum in narrow-band semiconductors A™BY [18].

3.1.1. Wave functions in a homogeneous
semiconductor

For most semiconductors AIMBY, the wave functions of
the conduction zone in the center of the Brillouin band are
described by the representation I}, and the wave functions
of the valence band are described by the representations
I'7 and I'y. The first two of them are doubly degenerate,
and the last one is fourfold degenerate. The corresponding
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equations for wave functions can be written in differential
form. Usually, the basis wave functions of the conduction
band and the valence band are taken as eigenfunctions
of the angular momentum [18,19]. However, a different
representation of the basic functions is more suitable for
our purposes:

s 1) ds L) 1) D Iy b 21 Iz lz,)
4
where |s) and |x), |y), |z) are Bloch functions of s- and
p-type with angular momentum 0 and 1, respectively. The
former describe the state of the conduction band, and the
latter describe the state of the valence band at the I'-point.
The arrows indicate the direction of the spin. The wave
function of charge carriers 1 can be represented as

1/) = lIJS|S> +\I’|p>,

where W, and W are spinors. In the vicinity of the I'-point,
the equations for the envelopes W, and W have the following
form in the spherical approximation:

(E. — E)W, — ihyW =0,

. o
(By = 8 — E)W — ihyWW, + 5 (31 + 472) (VW) (5)

2
_ j—m (1 — 252)V x [V x W] + i5[6 x W] = 0.

Here p is Kane’s matrix element [19] having dimension
of velocity »; and 3, =3 is the generalized Luttinger
parameters [19], § = Aso/3, E. and E, are the energies
of the lower edge of the conduction band and the upper
edge of the valence band, m is the mass of the free electron,
6 = (0x, 0y, 0;) are the Pauli matrices. If instead of the
Luttinger parameters, we phenomenologically introduce the
mass of heavy holes describing the interaction with higher
zones, then the equations (5) are replaced by the equations
obtained in Ref [20]. It is possible to verify that the
equations (5) do not differ from the equations commonly
used in the literature [19,21-23]. We neglect the heavy mass
term in the first equation of the system (5) for electrons.

Hole states

The expression for W, can be found from the first
equation of the system (5). Substituting W, into the second
equation gives

K2 K2
—FEWV 4+ — v) — — ] 1) v =
g V(VW) = SV [V W]+ i x W] =0,
(6)
where
_ 2p? e
1 1
= 4
mo =g s—g ™ itan)

my 't =m~ (71 — 2pm).

Here my;, coincides with the mass of heavy holes, and
my; coincides with the mass of light holes in the case when
the spin-orbit interaction constant is zero; E, = E. — E, is
the band gap of the semiconductor. For convenience,
it is assumed that E, =68. This choice is associated
with an increase in the energies of the heavy hole and
the light hole at the point I' by § and a decrease in
the energy of the hole in the spin-orbit (SO) split-off
band by 26§ under the influence of spin-orbit interaction
(see equation (10)). Equation (6) can be simplified by
introducing new functions:

¢ =div¥ and 7 = orotW. (7)

After taking the divergence and rotor from equation (6)
multiplied by o, it turns into a system of two differential
equations

h2
—Ep+—Mp+ion=0,
2m1
o (8)
— (E+8)n 4+ —MN — 2i6¢ = 0.
2mh

The Fourier transform of these equations gives a spectrum
of light and SO holes for a homogeneous semiconductor

E+ I g2 is
2 ) Y=o 9
—2i§ E+ f—m K2+8| \n

The characteristic equation has two roots

E 5 hk?
27Ty g
o L (8 R, Y
X (m; " +my, ) £4/26%+ E_T(ml —my, ) .

(10)

It should be noted that m; depends on the energy (sce
equation (6)). We have the roots E; = § and E; = —2§ at
the point I' (k = 0). The positive solution corresponds to
light holes, and the solution with a negative sign corresponds
to SO holes.

In the vicinity of the point I', the energies E;, can be
expanded into a series in terms of a wave vector in order to
relate the effective masses of the light and SO holes m;, m,
with the Luttinger parameters:

h2k? h2k?
Eir§———, E,~ 25— 11
1 2}’}11 ’ 2 2m50 ’ ( )
where
ml — L i+ P L 7
! 3E, m % 3(Eg+38) m

An approximate spectrum of light holes can be obtained
using the widely used Hamiltonian 4 x 4 [19]. However,
the range of applicability is quite narrow, since usually

Semiconductors, 2025, Vol. 59, No. 9
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m; ~ 0.1my, and the expansion (11) is valid only when
E K %ASO' In addition, such a model cannot describe
Auger transitions at all, since the basis states of the carriers
in different bands are orthogonal. The same applies to the
spectrum in the SO band.

The Fourier amplitudes of the wave functions of both
light and SO holes can be represented as (see equation (6)):

i5

W= kf + -k xaf],
E+§+ 2L
hyk?(E)
v, = 8 . 12
: Eg+5—Ef (12)

where f is an arbitrary spinor related to the previously
introduced function ¢ by the expression ¢ = k*(E)f.

The third solution in (6), which is related to heavy holes,
satisfies the condition div¥ =0 (as a result, ¥; = 0) and
o rotW = 0. This follows from (8), because if ¢ = 0, then
n = 0 and vice versa. It is easy to see that

[D‘ X \I’h] = —i‘I’h.

Thus, the law of dispersion describing the spectrum of

heavy holes is as follows:

n2k?

E,=06— .
h 2mh

(13)
The components of the wave function of heavy holes must
satisfy the equations:

{‘I’u = (WUxy +iVy1)

. & o x W =—iv, (14)
Wep = (=Wey +iWy)

KW+ kW + kW = 0
{ e PRI o dvw =0, (15)

kz\I’zi +kX\I’Xl + k)’\I’)’l =0

Explicit expressions for the wave functions of holes can
be obtained by solving these equations. They are given in
Appendix 11 for quantum wells.

Electronic states

In principle, the conventional equations for electrons have
the same form as for holes. Since the point I' in the
conduction band is degenerated only twice and the crystal
field does not lead to additional splitting, there is no need to
retain terms with parameters »;. In addition, the presence
of these terms in the equations for electrons is an excess of
accuracy. Thus, a simplified model is valid for electrons:

(E. — E)W, —ihyVW =0, 6
{(EU—S—E)\I’—iﬁVWX“rl.(S[O'X‘I’]—O. 16)

It is convenient to measure the electron energy from the
lower edge of the conduction band (E, = 0). Let us denote
this energy as &, so as not to confuse it with the total
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energy of the electron E, calculated from the same level as
the energy of the holes. By introducing the functions ¢ and
n into (16) in the same form as before (see equation (7)),
we obtain

h2 2
—(Eg+5+é")¢+—A¢+15n—0

— (E + &+ 26)n — 2i8¢ = 0. (17)

Turning to the Fourier transforms, we find the law of
dispersion for electrons

& &+ EQE, +358) + (E; + 30)E,

kK=
H2y2 E,+&+26

(18)

If & < Eg, 6, then the energy depends on the square of the
wave vector:
Rk?

2m.’

é‘):

(19)

where E 5
-l — 2 Le T

© TV E + W)E,

The Fourier amplitude of the wave function for electrons is
& i6

\pY: b @ T 1~ . AC
=l Y= M T ErE

[k x (af)]],

(20)
where f is an arbitrary spinor (see (12)).

3.1.2. Probability flux and equations
near the heterogeneous border

The expression for the probability flux can be derived
from the equation (5) by substituting E — —ihZ, and
then using a procedure similar to that used in quantum
mechanics [24]. It can also be obtained by the kp-method
in the 2nd order of perturbation theory. As a result, for the
probability flux in the case of holes, we obtain the following
expression:

E,+6—E

W+ U
LA

jh -

h
- l—(\II x rot U™

T — ¥ X rotW). (21)

For electrons in the conduction band, this expression has a
simpler form

The question of boundary conditions for wave functions
is still open. Approximate methods for solving this problem
have been developed in recent years [19]. We will use the
approximation p = const, which is a good approximation
for semiconductor heterostructures based on compounds
ABY [19].

The discrepancy between the parameter p in the quantum
well and the barrier region results in a slight change in the
Auger coefficient. Using the method developed in Ref. [21]
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and assuming continuity of the Kane parameter, we obtain
from the system (5) Kane equations that can be integrated
through a heterobarrier:

(Eg + 68 — E)W, — iliy\W = 0,

2

, h .
— EW — ihy W + 5V (67, W] (23)

P s ) Y wiisie x W =0
2m 0xy n 2 0xy o

Using these equations and the law of conservation of
probability flux density, we obtain boundary conditions for
the envelopes of wave functions (see Appendix II).

3.1.3. Carrier states in a quantum well

The wave functions in a quantum well can be found
using the symmetry properties of the Hamiltonian. Without
taking into account the spin, the Hamiltonian 7y is invariant
in case of the substitution x — —x. Let us consider the
operator &, such that

%:(x,y,z)%(—x,y,z), R =T Cry,s (24)

HOR = RH o,

where 7 is the inversion operator, and C,, is the rotation
operator by an angle s relative to the axis x perpendicular
to the plane of the quantum well.

Taking into account the spin-orbit interaction, the Hamil-
tonian can be written as

h

%z%—l—m[VV X plo, (25)
where p is the momentum operator and V is the potential
energy of an electron in the crystal. The last term does not
commute with Z&. Therefore, the symmetry operator & can
be found as the product of the operator & and some spin
matrix S, i.e. Z=R®S. Since the inversion leaves the
sign of the vector product unchanged, the matrix S must
satisfy the relations

So, = 0, S
Soy, = —0,S ,
So, = —0,S

ot oot SJoecp ) e

Obviously, the Pauli spin matrix S may be taken for the
matrix o,: S = o,.

The functions W(x,y,z) and PW(—x,y,z) satisfy the
same equation.  Therefore, the eigenfunctions of the
Hamiltonian can be searched for as eigenfunctions of the
operator Z:

W(x,y,z) =vD¥(—x,y,2), (27)

where v = £1. The values v = %1 correspond to states of
carriers with different symmetries. With this choice of wave
functions, the boundary conditions can be satisfied only on
one heterogeneous boundary, since they will be satisfied
automatically on the other. By solving equation (27), we
find the necessary conditions for the various components of
the symmetrized wave function:

Wi (x,y,z) = W (—x, v, 2),

Vet (x,y,2) = FY (—x,y, 2),
lIJyT(.x,y,Z)::t\I’yl(—x,y’Z),
\I’ZT(x’y’Z)::t\I’Zl(_x,yyz),

13

where ,+“ corresponds to v =1, and ,,— corresponds
to v=—1 for components s, y, z and vice versa for
the component x. The corresponding expressions for the
components of the wave functions of electrons and holes
are given in Appendix 11.

3.2. Matrix element of Auger recombination

The probability of Auger recombination per unit time is
calculated in terms of the 1st order perturbation theory in
electron-electron interaction:

2
Wiy = E|Mfi|25(€f — &), (28)
where
62 z
My = (Wp(ri,ra, vi, v2) m +®(ry, 12)
X W;(ry,r2, vi,2)) (29)

— matrix element of the electron-electron interaction, r
and r, — carrier coordinates, v; and v, — spin variables
(see (27)), ®(ry, ry) — additional potential arising from the
difference in the dielectric constants of the quantum well
and the barrier. The explicit expression for ®(ry, ry) is given
in Appendix 111

Taking into account the antisymmetrization of wave
functions, the matrix element of the Auger transition can

be represented as

My = My — My, (30)
where 5
e ~
M= (¥ , V)W s —— + ®(1y,
1= (W3(r1, vi)Wa(ra, v2) Kol =73l + ®(r1, r2)
X Wi (r, vi)Wa(ra, v2)). (31)

The expression for My can be obtained from (31) by
replacing the indices 1 and 2 in the wave functions W; and
W,. Next, the indexes I and II in the expressions for matrix
elements will be omitted. Here M; is a direct Coulomb
matrix element, and Mj; is an exchange element.
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We will consider two Auger recombination processes,
CHCC and CHHS, since they actually determine the Auger
recombination rate. Strictly speaking, this terminology is
inapplicable to a quantum well, since there is a mixing
of subbands of heavy holes, light holes, and SO holes.
However, as noted above, in the case of m, < m;, the
degree of mixing between heavy and light holes is small,
and the mixing of SO holes with heavy and light holes at
Aso > T is negligible. The latter condition is almost always
fulfilled for semiconductors A'BY. Therefore, we can use
the terminology given above.

The estimation of matrix elements for Auger processes
CHCC and CHHS is similar. For simplicity, later in this
section we will mainly consider the matrix elements of
Auger transitions of CHCC. However, in the next section,
approximate expressions for the Auger coefficient will be
given for both the CHCC and the CHHS processes. The
matrix element of the electron-electron Coulomb interaction
is most conveniently calculated using the Fourier represen-
tation. We will take into account that the wave functions
of the carriers in the quantum well are plane waves in the
longitudinal direction (see Appendix 11):

Wi (r) = i (x, q;)e" ",

where q and p are the longitudinal component of the wave
vector and the longitudinal coordinate, respectively. Explicit
expressions for the wave functions of electrons and holes 1;
are given in Appendix 11. Then

co a/2
dme? 1 . .
=2 | [ vieowe
—0o0 —a/2

x (e_qlx‘_“‘ +(x1,x2, 6])) Y1 (x1)pa(x2) dxidxo,
(32)
g =191 — q4] = |q3 — q2| is the momentum transmitted
in the plane of the quantum well during the Coulomb
interaction, a is the width of the quantum well, 43, the
expression for which is given in Appendix 111, corre-
sponds to the potential ®. The integration over x, is
limited to the region of the quantum well due to the
fact that heavy holes, due to their relatively large mass,
are usually strictly localized inside the well. Here x
and p denote the coordinates orthogonal and parallel to
the planes of the quantum well, q and k& denote the
longitudinal and x-components of the quasi-momentum of
particles.

As can be seen from equation (32), Auger scatte-
ring occurs on a one-dimensional exponentially decreasing
potential, which depends on the transverse transmitted
momentum. The state of an excited particle can be
in both a continuous and a discrete spectrum, and the
latter option occurs when the longitudinal momentum of
the particle significantly exceeds the transverse momen-
tum. (As usual, we assume that (V,, V,) < E;). When
determining the Auger recombination rate, both localized
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and delocalized states should be considered as the final
states of an excited particle. The probability of an electron
(hole) transition to a localized or free state leads to the
existence of various Auger recombination mechanisms in
quantum wells.

3.2.1. Calculation of the Auger recombination
matrix element for transitions of an excited
particle into a continuous spectrum

Let’s use the approximation V., V, < E, to calculate the
matrix element. Obviously, this approximation also assumes
that kﬁ + q2 > k2, i.e., the total momentum of the excited
electron significantly exceeds that of the localized electron.
The integral along the coordinate x; can be calculated by
integration by parts. Here n-th antiderivative of the function
Y4e 9 is equal to:

n (€% ha(x)) ™

—2gx
(k3 + %)

Fi(g,x) = (=1)

Then we get an approximate expression for the matrix
element My:

M~ MWD +M(2), (33)
where
a/2
Mm— _ Lﬁ(gf(a/z) / e 13 (x2) 2 (x2)dx
Ko(qz-i-ki) 3\A2)P2 X2 2
—a/2
al2
— F(~a/2) / e“’le/)ﬁ(xz)lbz(xz)dxz)-
—a/2
(34)
Here

Fla/2) = e “I*P; (a/2)is(a/2)

V. +V, Kko—Ko
4Eg Ko + Ko '

(35)

The index s in 14, and i, means that only the sth
component of the wave function is taken, «j is the dielectric
constant in the barrier region.

al2

/ P05 ()b (s (1), (36)

—a/2

M<2> - 4.7162

 ko(q? +k3)

It should be noted that since wave functions are spinors, the
components ¥; should be multiplied by the components 1,
and vice versa, the components 15 should be multiplied by
the components 5.

Thus, it turns out that the matrix element AR splits
into two parts. The first of them M) is associated with
the presence of heteroboundaries, and the second M%)
corresponds to short-range Coulomb scattering. The latter
is easy to understand, since during the Auger transition, a
large momentum is transferred from a localized electron to
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an excited one, and this is possible only if the scattering
particles are very close to each other. It should be noted
that both M) and M and, accordingly, the matrix
element M itself are actually thresholdless matrix elements.
Indeed, they are not subject to any restrictions imposed
on the initial carrier momenta ki, k., k, by the quasi-
momentum conservation laws. However, the mechanisms
leading to the non-conservation of the quasi-momentum
ki 4 ko # k3 + k4 in the components M) and M®? are
different. In M), nonconservation is associated with
carrier scattering at heterogeneous boundaries, and the same
mechanism leads to the appearance of a thresholdless Auger
process during scattering on a single heterobarrier [13]. In
M@ the reason for the violation of the conservation law
is the limitation of the volume of integration over x by the
region of the quantum well, which leads to the appearance
of a function of the Sm(l;—”/z) type instead of §-function §(k).
Substituting (35) into (34), and integrating over x,, we
have

M(l) ~ 8me? <3VC + W B Ko — I~€0>
ko(q? +k3)(q> + k3) 4E, Ko + Ko

x (Wi (a/2)p1(a/2)) (#3(a/2a(a/2)) (1 £ 7).

(37)
The sign + in the last brackets is selected according to the
parity of the product %73 (x)2(x), the sign ,,+ corresponds
to an even product, and the sign ,,—“ corresponds to an
odd one. In the case of ga > 1, this exponent can be
ignored, and the matrix element M) corresponds to an
independent scattering on two heterogeneous boundaries.
The term (ko — Ko)/ (ko + Ko) in equation (37) arises from
taking into account the additional potential <i)(r1, r;) (see
equation (31)). It should be noted that the matrix element
MW is zero if the parities in the products 13 (x)¥2(x) and
Vi (x)1(x) are different.

Let’s move on to the analysis of M%),
included in M is proportional to the sum

The integral

ro sin (ks — k)a/2
[ oo @ ax o 30+ L2,
0
(38)
where k& runs through eight different values of

k = +ky +ky = k3. Of all the terms in the sum (38),
the largest is the one for which k = k; + k2 + k3. The
reason is that this term has the lowest threshold energy. By
threshold energy, we mean the average energy of a heavy
hole involved in the Auger transition. The contribution to
the sum from the other terms is less significant, and for
simplicity we will ignore it. Then the expression for the
matrix element for the quasi-threshold Auger process takes

the following form:

me? sy 1+2/3a
E, 1+a

M2 ~

[~ e AL‘A AcAh
Ko(q? + k2) !

sin(kf — kcl — kcz — kh)a/2
kf - kcl - kc2 - kh

i3
qrkce'?? 4+ qckp, v, =+,
x { " (39)

qcqn sin¢2,3, Ve = +Vp.

Here & is an insignificant phase multiplier, A; denotes
the normalization constant, v, and v, are spin indices
introduced according to (27), ¢, 3 is the angle between the
transverse momentum of the electron and the hole. As
follows from (39), in the limit ¢ — oo, the matrix element
M® becomes proportional to §(k; — ki — ky — k), and
therefore tends to the matrix element for the bulk case.
On the contrary, M) tends to zero in the limit of @ — oo.
Therefore, we call M1 and M®? thresholdless and quasi-
threshold processes, respectively.

3.2.2. Calculation of the Auger recombination
matrix element for transitions of an excited
carrier into a discrete spectrum

Let us now turn to the analysis of the matrix element of
Auger transitions in which a high-energy particle remains in
a bound state 14. This case corresponds to the approxima-
tion g4 > k4. The matrix element can be calculated in the
same way as above for M(?):

al2
4mre?
o Amer [
M’~MW+%t4WWM%Mm; 0

This integral is easy to calculate; however, the general
formula is very cumbersome and will not be given here.
We will only make an estimate M®), which is valid in the
case when the carriers are in the ground quantum state.
Then we have

1 )
ezﬁ_y

MB) ~
@ +ki Z

X AcAfAcAha/zaQL'qh sin ¢2,3 (vc = _vh)- (41)

Here ¢, 3 is the angle between the transverse components
of the quasi-momentum of an electron and a heavy hole
and « is a multiplier of the order of unity resulting from
integrating the product of the envelopes of the carrier wave
functions in the quantum well region:

al2

/f1f2f3f4dx ~a/2a, (42)
0

where f; = cosk;x, i numerates the initial and final states
of the particles involved in the Auger recombination process.
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It should be noted that @ is nonzero only if the parities
of the pairwise products W;W4 and W W, coincide. For
wide quantum wells, when particles can be in various bound
quantum states, a transforms into into the expression

1
a= >

V1,12,v3,v4=0,1

sin ((—1)"k;a/2)

(=1 (—1)ka/2 (43)

This implies summation by index i from 1 to 4, o;
characterizes the parity of the function f; (0; =1 for an
odd function and o; = 0 for an even one).

3.3. Auger recombination coefficient

To calculate the Auger recombination rate, it is necessary
to sum the probability of Auger transition per unit of
time (28) for all initial and final states of the carriers with
the corresponding weights — occupation numbers.

G=21 S ) fafal - £~ 1)

ki ko, k3, ks
X 5(E3 + E4 — E4 —Ez). (44)

Here f| and f, are the Fermi carrier distribution functions
in the initial state, and f3 and f4 are the Fermi carrier
distribution functions in the final state,

)= Mpl

V1,V2,V3,V4

is the square of the matrix element, summed over the spins
of the particles in the initial and final states. For highly
excited states, the distribution function f4 can be set to
zero. It should be noted that instead of 1 — f3, we can write
};, where }; is the distribution function for carriers of the
opposite sign: holes for the CHCC process and electrons
for the CHHS process.

The contributions to the Auger recombination rate from
the matrix elements M) M and M can be separated,
since the excited particle in such processes lies in different
quantum states. The matrix elements M) and M?, on the
one hand, and M®, on the other hand, describe transitions
in which an excited particle occupies states in a continuous
and discrete spectrum, respectively. It is more difficult to
separate the contributions from M) and M(?). Although the
physical difference between them remains, however, there is
a term describing the interference between them. For small
values of the width of the quantum well, interference is
significant, since both processes are virtually thresholdless;
however, even if this interference is ignored, we still get
the correct result in the order of magnitude, reflecting all
the main features of the Auger recombination coefficient as
a function of temperature and parameters of the quantum
well structure.

For a sufficiently wide quantum well, the interference
between M1 and M? can be ignored. Indeed, if M) has
no singularities as a function of quasi-momenta, then M)
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has a maximum modulo at k4(q) + k3 = k1 + ko. With the
width of the quantum well tending to infinity, the maximum
at this point has the character of a §-function. As the
thickness of the quantum well decreases, the maxima of
these probabilities approach each other and the area of
overlap between these matrix elements increases.

The Auger recombination probabilities for the CHCC
process corresponding to the matrix elements M) and
M@ are shown in Figure 3 depending on the longitudinal
momentum of the heavy hole at different widths of the quan-
tum well. It can be seen from the figure that interference
between the thresholdless process corresponding to MV
and the quasi-threshold process corresponding to M%), in
accordance with the above, occurs only in narrow quantum
wells. It should be noted that the AR probabilities are
fairly smooth functions of the longitudinal momentum of a
heavy hole, since their calculation was based on summation
over discrete quantum states of carriers. At g, close to
the maximum value determined by the law of conservation
of longitudinal momentum and energy, the probability of
RR has a root divergence, eliminated by integration over g,
i.e, when calculating the Auger recombination rate. The
probability of Auger transitions for the CHHS process has
the form similar to the expression for the CHCC process.

In accordance with the above, we will represent the
Auger recombination rate as

G =G+ Gy +Gs, (45)

where the rate G; corresponds to a thresholdless AR
channel with a matrix element M1, the rate G, corresponds
to a quasi-threshold AR channel with a matrix element M%)
and the rate G3 is the threshold channel of the AR with the
matrix element M©®).

The expressions for the rates G; and G, can be obtained
using the formula (44), replacing the summation over ky4
with integration and moving from J-function based on
energy to d-function based on momentum. Further, we
will study the Auger recombination coefficient C, which
is related to the rate G by the ratio

G=Cn’p and G =Cp’n

for CHCC and CHHS Auger processes, respectively. Here
n and p denote two-dimensional concentrations of electrons
and holes, respectively. We have the following for the
CHCC thresholdless process

Con 32m%e* hy? F(Aw/E;)  k*k2 V.
TG B ala+2/k? (24K E,

X <3VC+Vv _KO—’NCO)2< Q%kﬁ 1 > (46)
4E, Ko + Ko (@2 + k)3 kalqn) /)’

where

oo (L2314 7/9 4276
(x)—( 1+x ) (I+x/2)(1 +4x/9)

— a coefficient of the order of one, x = Ay /Ej.
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It should be noted that if the Kane parameter p is
discontinuous, then to the term in (46)
>2

3VC+VU _ Ko—ko
4Eg Ko + Ko
the expression should be added

E()c (SV ) 2

2E, \ y
where Ey. is the energy of dimensional quantization for
the electron and §y =y — y is the difference between the
Kane parameter in the quantum well and the barrier region.
However, this additive is usually negligible. The angle
brackets in (46) and below denote the averaging over the
distribution function of heavy holes. In the case of the
Boltzmann distribution, which is usually the case for holes,
this averaging has the form

ki) =55 [anf @nble
)

where

hn

2

2 _

7 = - E e q%’
ar =,

qr = V2m,T/h — thermal momentum of heavy holes,
kn, — wave vector corresponding to n-th level of dimen-

sional quantization for heavy holes.
The following expression can be obtained for the CHHS

thresholdless process: for Cy:

2n%e* Ve kk2 F(Aw/Eyg) 3
k3h Eg (k2+k2)?a?(a +2/k.) md (E; — Ag)?

Ci =

><< ki kindi (ar + i) > (47)
(‘Iﬁl +k%1)3(‘1ﬁ2 +k%2)
where
)= (230 -x0 —myo/my))* 14 2x/3
1+x

B 2x2 + (X + 3(1 —.X)(l - mso/mh))2
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The angle brackets in (47) denote the averaging over
the distribution function of two heavy holes. = When
deducing (47), we assumed that E, — Ay, >> my/mseT .

Similarly, for the quasi-threshold CHCC process, we
obtain the following expression for C»:

mle* Byt F(Aso/E;)
k3 E, a(a+2/k.)?

Cz%

qeki + an(ke + 342) 1 — cos(ky — ky — 2kc)a
(7, + ki )ka(qn) 2ky — kn — 2kc)?
(48)
The direct calculation of the Auger coefficient C, for
the quasi-threshold CHHS process gives a cumbersome
expression. The following is a simplified expression for
sufficiently narrow quantum wells at k. > q.:

a2 E. n? F(Asw/Ey)
" 4kl Eg m(E; — A a(a +2/k.)

< 1- COS(/{SO — khl — khz — kc)a
2(kso - khl - kh2 - kc)z

y i (k3 T ) iy + ik 2K (Qa1 i) + (a1 x qi]?)
(@ + ki) (@ + Ky keso
(49)
Finally, for the CHCC threshold process, we have the
following expression for Cj:

c 327%e* a T+ 2x+ 12 1+ 2x
PTKChE, (a+ 1/ (1+x/32 1+x
2 2 %
9th qc T2 2
X HS—s—"—e Ta’ ) . (50)
< ar (a3, +k3)? >n

Here « is the multiplier included in the expression (41).
We average only over discrete quantum states of heavy
holes in (50). The threshold momentum gy is derived
from the law of conservation of energy and the longitudinal
component of the quasi-momentum:

7 o R (g}, +k3) | h2(K2 +k2,)
E k2 2\ = F th h cl c2 )
f( f + qth) 8 + th + 2mc

For simplicity, here we have neglected the longitudinal
momenta of electrons in determining the threshold energy
due to their smallness. However, we take into account
the energy of dimensional quantization of electrons, since
it changes the effective band gap in the quantum well. If we
expand the energy of the excited electron E; into a series
in terms ofmomenta near gy, = Q, where Q is the value of
the electron momentum corresponding to the energy equal

to E, (Q~ 1/4”;’25“), then we can obtain the following

estimate for threshold momentum values:
4m.E, 3 me
~ < (k24 = k2. 51
qth \/ hz + b ( c + my h) ( )
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If the width of the quantum well tends to infinity, then
the threshold momentum tends to its bulk value [10].
In addition, it should be borne in mind that for wide
quantum wells with a large number of levels, the introduced
multiplier « (see (43)) tends to §, a function expressing
the conservation law of the transverse component of the
quasi-momentum:

2 T
128

For narrow quantum wells, the threshold energy for
the CHCC process increases (see (51)), and the Auger
recombination coefficient C3 (50) decreases by a factor
compared to the bulk value

e 3/(3 - 3m€ EOc
Xp 2q% ~ eXp th T .

It is easy to estimate the characteristic width of the
quantum well, for which this effect becomes significant,
from the condition that the exponent is unity:

a a S8(kn ket & key + kea).

2mh
E()C ~ T3

Sar ﬂi (52)
me qr

Thus, for quantum well widths a smaller than several
reciprocal thermal momenta a < 7/qr, the threshold energy
E3 (a) becomes significantly higher than the bulk value E3P
(see Figure 4). For semiconductor compounds AMBY at
room temperature, equality (52) is achieved at the width of
the quantum well ~ 100 A.

For the CHHS threshold process, the momenta of heavy
holes are not determined by threshold conditions and
therefore it is necessary to perform integration with respect
to them. At the same time, it turns out to be impossible
to obtain an accurate analytical expression for the Auger
coefficient C3 for the CHHS process due to the fact that the
matrix element M3 is very cumbersome. However, it is easy
to obtain an approximate expression by factoring out the
averaged squared matrix element from the integrand sign:

2.2
_ It

/thdthqhquh2d¢h1d¢hze i

72(qn1 + qn2)? ﬁzQﬁl hzf]iz
+ + :
2mg, 2my, 2my,

1

N 21
224

Gy~ 3 (M3)

) (Eg —A—

B (53)

Here E, = E; + Eo. + 2Eon — Epso, where
Eo., Eon Eoso are the dimensional quantization energies for

electrons, holes, and SO holes, respectively. Let’s introduce
a threshold momentum, setting it equal to

2(E; — Aso)miso
h2(2 — Uso) '

where ug, = mg,/my,. Then the expression for C3 takes the
form

2 _
On =

(M), (54)
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Figure 4. The dependence of the threshold energy for the
CHCC process on the width of the quantum well for three
Auger recombination mechanisms: thresholdless (Ej), quasi-
threshold (E2) and threshold (Ej) at T = 300K. The solid curve
corresponds to the threshold energy EY' for the total Auger
recombination coefficient C = C; + C,. The horizontal dotted line
corresponds to the threshold energy E3P for the three-dimensional
Auger process.

Considering that Qg > kg, We obtain

Cr 256mgare? th
TOowk () + 26
Vv k2 (1 2 )2 Qtzh
c ¢ —so) ~2 T2
— T, 55
“E kel 1r22 C¢ (55)

where « is the multiplier defined as in the case of the CHCC
process (see (41)), A, is derived from the expression for 4,
(see (175)) by substituting ks, instead of ;.

Let’s take a closer look at the Auger recombination
coefficient C, for the quasi-threshold CHCC process. A re-
placement is possible for a — oo in the averaged function
in (48):

1 —cos(kf —ky,—2kc)a _ Tma
2(k; — kp — 2k, )2 2

(ky — kp — 2k,).

(56)

This formula clearly shows the presence of a threshold

in this limit due to the law of conservation of quasi-

momentum, and the coefficient C; after multiplication by a2

becomes a three-dimensional expression. For comparison,

we present the result of the study in Ref. [10] for C3p and
our limiting expression:

2m. Eg

el 1 ek
Cyp = 6v275 &% mT, o (57)

e
2 5/2 1/2.3/2
K Eg/ T12m)Y mh/

6 16V 275 e*m 13 1
e
27 Kg E§/2T1/2m3/2m,31/2

_2me By
my T

C2-a2:

(58)

The 4 multiplier in (58) arises from the fact
that when calculating M, according to (39), it is
necessary to take into account not only the sum-
mand with k =k, + k., +k;, but also the sum-
mands with k = k.1 — k¢, +kp, kK = —kc1 + k¢, + ky, and
k = —ke1 — ke, + ki As the width of the quantum well
tends to infinity, all four terms give the equal contribution to
C,. As can be seen, the difference between expressions (57)
and (58) is only in the numerical factor A small
discrepancy of ~ 2/3 times is due to the fact that in
the presence of a large number of electronic levels, it
is necessary to distinguish the momenta of dimensional
quantization of electrons among themselves, k.1 # k.2. In
addition, the expression (57) was obtained for a simplified
model when the magnitude of the spin-orbit splitting is
assumed to be infinitely large. The condition Ay, < E,
was used for the derivation of (58), which is fulfilled for
the majority of narrow-band semiconductors ABY. When
calculating (58), we neglected the value of V. compared
to E,.

In the general case, Coa? instead of (C5 + C3)a? should
be used, and the expression (58) will remain valid.
However, the limiting transition from a quasi-threshold to
a threshold process (see (56)) can be realized only for
very wide quantum wells. A qualitative criterion for this
transition can be obtained from analyzing the probability of
the Auger transition as a function of the momentum of a
heavy hole. As noted above, a quasi-threshold process with
a coefficient C, dominates in wide quantum wells. The
probability of this process has two characteristic extremes
(see 48)). The first one corresponds to the maximum of the
square of the transition matrix element near the threshold
value of the momentum of the heavy hole. The width of
this maximum is of the order of the inverse width of the
quantum well. The second one lies near the value of the
thermal momentum of the hole g7. Then

Cy ~ CY (O ~ qm) + C3(On = qr), (59)

where Qj, is the value of the momentum of the heavy hole:
0} = ki + ai

~E

r 2 T \*?
! ~ e (—) e (60)

Ctzh a Eth

Here Ag, ~ 2m/qu is the characteristic wavelength of an
electron with energy close to E,. From a comparison of the
terms C'! and C1, we can obtain a criterion for the transition
of a quasi-threshold AR process into a three-dimensional
threshold process:

a>ac,

3/2
T Ewn
ac = Ag, (E_th> exp <7t> . (61)
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Figure 5. Temperature dependences of the total Auger coefficient and partial contributions of thresholdless and quasi-threshold

mechanisms at different widths of the quantum well.

For semiconductors with a band gap of ~ 1eV at room
temperature, the critical thickness (a.) can reach several
thousand angstroms. However, the value a. is significantly
greater than the free path of carriers in semiconductors.
This clearly shows that the correct calculation of the Auger
coefficient in homogeneous semiconductors should include
interparticle scattering processes if the critical width a,
exceeds the mean free path of the carriers (see Appendix I).

As the width of the quantum well decreases, the
maximum probability w, as a function of the momentum
of heavy holes shifts to the long-wavelength side (see
Figure 3). This leads to a decrease in the threshold
energy of this process and, as a result, to a weakening
of the temperature dependence of the Auger-recombination
coefficient.

Figure 4 shows the dependences of the threshold energy
for the CHCC process on the width of the quantum well
for all three Auger recombination mechanisms C;, C, and
C3 separately and for the total Auger recombination process
C = C; + C3 + C3, defined by the formula

_ 7“2 lilrl(ji

A 1,2,3. (62)

n(T)
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The threshold energy for a quasi-threshold process is
less than its three-dimensional value, since the value of
the critical thickness a,= 1000 A is greater than the
maximum width of the quantum well (see Figure 4). For the
thresholdless Auger process, the threshold energy decreases
with increasing width of the quantum well and becomes
negative at a certain thickness. This behavior of the
threshold energy is due to the fact that for sufficiently
wide quantum wells, the Auger recombination coefficient
C; becomes a decreasing function of temperature (see
Figure 5). As the width of the quantum well increases,
the threshold energy for the total Auger process tends to its
limiting value E3P, indicated in Figure 4.

Let’s turn to the consideration of the thresholdless Auger
process. As noted above, the probability of a thresholdless
Auger transition has no extrema as a function of the
momentum of a heavy hole. Therefore, the coefficient
C; has a weak non-exponential temperature dependence.
This was first studied in detail in Ref [13]. In addition,
the function C(T) is non-monotonic and has a maximum.
The presence of such a maximum is easy to explain.
At low temperatures and, consequently, low longitudinal
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momenta of the carriers, their wave functions are almost
orthogonal and the value of C; is small. As the temperature
increases, the characteristic momentum transmitted during
the Coulomb interaction increases (it is approximately equal
to the thermal momentum of a heavy hole). Therefore, at
low temperatures, the Auger coefficient is an increasing
function of temperature. = With a further increase in
temperature, the Auger recombination coefficient C;(T)
reaches a maximum and begins to decrease, since the
Coulomb long-range interaction responsible for the Auger
process is small for large transmitted momenta.

The temperature at which the AR coefficient has a
maximum can be easily estimated from considerations of
the equality of the energy of dimensional quantization of
holes to the temperature T ~ h?m?/2mya’. It should be
noted that this maximum would not exist if we considered
the overlap integral Iy, proportional to the transmitted
momentum. In our opinion, this approximation, which is
used for most of the structures studied, is an unjustified
assumption, although it is often used in the literature (see,
for example, [25], and leads to incorrect expressions for the
Auger recombination rate and its incorrect dependences on
temperature and quantum well parameters.

The Auger coefficient C; has a very sharp dependence on
the width of the quantum well a. For wide quantum wells,
even after multiplying by a?, Cia? remains a decreasing
function of the width of the quantum well. Therefore,
such a process can be predominant only for sufficiently
narrow quantum wells. At a ~ 1/k., the coefficient C;
has a maximum associated with a weak overlap of the wave
functions of the charge carriers. With a further decrease in
the width of the quantum well, the rate of the thresholdless
Auger process gradually decreases due to a decrease in
the overlap of the wave functions of electrons and holes.
A similar expression for C; for the CHCC process was
obtained in Refs. [15,16].

Figure 6 shows the dependences of the Auger recom-
bination coefficients C; and C, on the width of the
quantum well at different temperatures for a model structure
based on the InGaAsP compound. It can be seen that
all curves exhibit a pronounced peak. The positions of
these peaks for C; and C, are practically independent of
temperature. The peak for the threshold process (C3)
is reached at higher quantum well widths than for quasi-
threshold and thresholdless processes, and its position shifts
with increasing temperature. This is primarily due to a
decrease in the threshold energy for the threshold process
with an increase in the width of the quantum well (see
Figure 4), rather than the overlap factor of the wave
functions.

Figure 5 shows the temperature dependence of the total
Auger recombination coefficient and the partial contribu-
tions of thresholdless and quasi-threshold mechanisms for
different quantum well widths. It can be seen from
this figure that the thresholdless Auger process prevails at
low temperatures (C; > C;) for sufficiently wide quantum

Auger coefficients
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Figure 6. Auger coefficients Cy, C, and C; for thresholdless,
quasi-threshold and threshold processes depending on the width
of the quantum well at different temperatures 7,K: a — 150,
b — 300.

wells, and at high temperatures, on the contrary, the quasi-
threshold process becomes larger (C; > C;). Therefore,
the dependence of the total Auger recombination coefficient
on temperature has a characteristic form with a maximum
and a minimum. As the width of the quantum well
increases, both the maximum and minimum of the Auger
recombination coefficient shift towards low temperatures
and disappear at the limit of a quantum well of infinite
width. Thus, in the case of a homogeneous semiconductor,
the Auger recombination coefficient is a monotonic function
of temperature. It should be noted that the Boltzmann
distribution of carriers was used to calculate the temperature
dependence of the Auger recombination coefficients. At
low temperatures, electrons and holes, as a rule, obey
Fermi-Dirac statistics. Consequently, the average momenta
of electrons and holes involved in the Auger process are
weakly temperature-dependent. As a result, the Auger
recombination coefficient has a smoother dependence on
temperature and does not vanish at 7 — 0.

Semiconductors, 2025, Vol. 59, No. 9
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Figure 7 shows the dependence of the thresholdless
Auger recombination coefficient C; on temperature at
different values of the Fermi energy of holes for quantum
wells of different widths. Significant differences between the
Auger-recombination coefficients for the Fermi-Dirac and
Boltzmann distributions exist in the case of T < Ey, where
EF is the Fermi energy of holes. This condition is usually
realized only in the case of very low temperatures, at which
the Auger -recombination process is not relevant.

3.4. Phonon-assisted Auger recombination
process in quantum wells

At high temperatures in homogeneous semiconduc-

tors, the threshold Auger recombination process prevails
E

(C3P x e~ 7). However, at a sufficiently low temperature,

such a process becomes exponentially weak. In this case,

the Auger recombination rate is no longer determined by
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the scattering of two electrons (two holes). The mechanisms
leading to the elimination of the threshold should be consi-
dered. It is believed that the main mechanism of this kind is
the emission and absorption of a virtual optical phonon. Due
to the transfer of a large momentum to the phonon, the AR
threshold for heavy holes is removed and the rate of such an
Auger process is a power function of temperature [26-28].
The probability of Auger recombination involving phonons
is calculated in the 2nd order of perturbation theory for
electron-electron (hole-hole) and electron-phonon (hole-
phonon) interactions [29].

For quantum wells, the situation is very different from
the bulk case, even in the 1st order of perturbation theory
due to the presence of a thresholdless process. Therefore,
it is a priori obvious that the conditions under which the
phonon-assiated Auger process in a quantum well dominates
the phononless one strongly depend on the width of the
quantum well.

As already noted, there are three Auger recombination
processes in the quantum well: threshold, quasi-threshold,
and thresholdless. The Auger recombination coefficient for a
phonon-assiated threshold process is quite easily calculated
when the following conditions are met [28]:

E, > 2uE, > hwn, (63)

where ), is the frequency of the optical phonon,
U =m,/my. It can be shown that the coefficient of the
phonon-assisted Auger process is expressed in terms of
the previously calculated for the direct process (50) as
follows:

2
e hﬁ)lo T 1
C ~Cy —— —=gla, ky) ——
P 28a EZP e
e % 1 EZD/T
X 3 T et
(E&lD — ha)k,) (Etth + ha)k,) ”
where Kk = 2%, ko is a high-frequency permittivity of

the medium; g(a, k) is a multiplier reflecting the two-
dimensional nature of holes in a quantum well [30]:

1 1
k) = k2a2
8(a. ki) = kua [2k$ha2 MpTE=an kfhaz)]

1— e—2k‘ha 2JT4
% [1 2kma (% +kZa?) (272 + 3kt2ha2)} ’
(65)
For comparison, it is convenient to give the corresponding
three-dimensional expression for the phonon-assiated Auger
recombination coefficient:

32
D 0D hoo [T\ kin
ph 2y/mr \EP ) eloo/T — 1]

y l e% n 1
(B3P — haoo)? (B3P + hoyo)’

1 eE’ 1T (66)
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The calculation results for two-dimensional and three-
dimensional phonon-assiated Auger recombination pro-
cesses with threshold matrix elements of electron-electron
interaction are very similar. A significant difference for
narrow quantum wells is an increase in the threshold
energy E3P due to the presence of levels of dimensional
quantization of charge carriers (51). Accordingly, the
criterion for the predominance of the phonon-assiated Auger
recombination process (Cf)h) over the phononless threshold
Auger process (C3) in quantum wells is performed at
slightly higher temperatures than in the three-dimensional
case. However, as noted above, the threshold Auger process
in narrow quantum wells is itself several orders of magni-
tude weaker than the thresholdless and quasi-threshold pro-
cesses [C3 < (Cy, Cy)]. Therefore, the phonon-assiated AR
process with a threshold matrix element of electron-electron
interaction (M,.) also cannot compete with thresholdless
and quasi-threshold processes [Cfoh < (C1C3)).

Let us now consider the phonon-assiated Auger process
with a thresholdless matrix element (M., = M) + M®@)
for the CHCC process. For simplicity, we will use
the approximation of conservation of momentum when
scattering a hole on an optical phonon [31]. In this case, the
state of the virtual hole is fixed and the following expression
can be obtained for the probability of phonon-assiated Auger
recombination:

o Moo Mp? e
Winp = £ — 2 ho
h . (Es F hwpo — Ep)? o= _

x 8(E; — Ey)dvy, (67)

where E; is the energy of the virtual heavy hole, My, is
the matrix element of the scattering of the virtual hole
on an optical phonon; signs ,+“ and ,,—“ correspond
to the processes of phonon emission and absorption,
respectively. It is easy to see that there is a singularity in
the expression (67) when the denominator is equal to zero.
To eliminate this divergence, it is necessary to take into
account transitions not to stationary, but to quasi-stationary
states of a heavy hole, i.e., to states with complex energy.
In this case, the pole at (67) will move into the region of
complex energies, then the probability is proportional to the
denominator:

1
(Ey F hwro — Ep)? +T%

where I'=h/7. The characteristic lifetimes 7 corre-
sponding to these states can vary widely depending on
temperature, concentration of free carriers, etc. It makes
sense to consider a resonant phonon-assiated process in
the 2nd order of perturbation theory only when the half-
width of quasi-stationary hole and phonon states is less than
the energy of the optical phonon (hwy,). Otherwise, it is
necessary to calculate the Auger coefficient in the 1st order
of perturbation theory using the Lorentz function

1 T
w AE? 4+ T2

w,"}f [0

f(AE) =

instead of the d-function expressing the law of conservation
of energy. For the phonon-assisted Auger recombination
process with a quasi-threshold electron-electron interaction
matrix element, both resonant and virtual Auger processes
are possible, with the former prevailing in the case of narrow
quantum wells, and the latter in the case of sufficiently wide
wells.

In the general case, the Auger coefficient for a phonon-
assisted process can be represented as

Cpn = Cpy + Cy., (68)
where
cl2 _ iﬂwez exp(+hwio/kpT)
ph kZ exp(dhwp/ksT) — 1
> / sz dzqh <aE4)1
m,n,vy, 8k4
y |M e (1, vy, Qh) + QI2
(o QR | 1 )
X Jum(Q)fn(m, qn). (69)
Here: P
qn
Z = A N\ ] s
3 [ o St
a
-]n m ~ =
o)~

(14 8n)[(m + n)?a? + Q*a?] + (m — n)>a? + Q*a?

X [(m + n)2a? + Q2a?|[(m — n)2m? + Q%a?] ’
f(m, gy) is hole distribution function at the m-th quantum
level.

The function J,,(Q) was calculated in Ref [31] for a
non-degenerate zone. In the case of phonon scattering
by heavy holes, its magnitude will be somewhat smaller.
However, this circumstance is not essential for our purposes.
In (69), as the momenta of bound electrons, their average
thermal momenta must be substituted into the matrix
element of the electron-electron interaction. The Auger
coefficients CJ,, (sign ,,+*) and C3, (sign ,—) correspond
to the processes of phonon emission and absorption,
respectively. Regardless of the form of the matrix element of
the Coulomb interaction, the phonon-assisted Auger process
is thresholdless. This corresponds to the fact that the main
contribution to the Auger coefficient Cpn is made by hole
momenta, which are of the order of magnitude equal to
thermal momenta. Therefore, when calculating Cp, its
average thermal value can be substituted as the longitudinal
momentum of the hole gy,

The expression (69) is easy to analyze if the temperature
is much lower than the energy of optical phonons. In
this case, the thermal momentum of the holes g, can be
neglected in comparison with the phonon momentum Q,
which is approximately equal to the momentum of the
virtual hole. It is easy to see that the Auger transition
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probability as a function of Q has two extrema. The
first one corresponds to the minimum of the denominator
at (69) and the resonant transition. It should be noted
that for the process associated with phonon absorption,
no such a feature is observed and the resonant process
does not occur. The second extremum corresponds to the
maximum of the square of the matrix element and, as a
rule, corresponds to the virtual Auger transition. With
sufficiently wide quantum wells, the matrix element of the
electron-electron interaction as a function of the momentum
of a heavy hole has a form close to the §-function. In
this case, the second extremum prevails, and the phonon
scattering process is virtual. As the width of the quantum
well decreases, the 5-function broadens for a quasi-threshold
matrix element and, in addition, the role of a thresholdless
matrix element weakly dependent on Q increases. This
leads to an increase in the resonant Auger transition and a
weakening of the virtual one. For narrow quantum wells, the
matrix element of the Coulomb electron-electron interaction
weakly depends on Q, therefore, the resonance process is
dominant for them. As can be shown, in this case, the
following estimate of the value of the Auger recombination
coefficient for the phonon-assisted Auger process is valid:

2
we mya 27 3k(E,) 5
Coh~ ———7—J — M., , 70
ph X —er— J11(Qo) — 4E, [Mee(Qo)”,  (70)
where Q¢ = 2"”—,{"“’ It immediately follows that the ratio

of the phonon-assisted Auger recombination coefficient to
the phononless one has the form:

=
—
S
)
—~
©Q
)
N
=
S

Con ~ Ton ——, (71)
¢ r (Mee(gr))
where C = C; + C; is the Auger coefficient for the direct
Auger process, I'y;n = h/Tpn, Tpn is the hole scattering time
on an optical phonon, gr is the hole thermal momentum.
It can be seen that the phonon-assisted Auger process
can dominate the phononless process only when the values
of I';h and T' are close, or in the case of extremely low
temperatures, when the ratio of matrix elements taken at
momenta Qg and gr is high. It should be noted that at high
concentrations of nonequilibrium carriers, when the Auger
recombination process generally becomes significant, hole-
hole scattering, as a rule, turns out to be a much more
effective relaxation mechanism than hole-phonon scattering.
This leads to the fact that the ratio I'yy/T" turns out to
be small and the phononless Auger recombination process
prevails over the phonon-assisted process up to very low
temperatures.  Figure 8 shows the dependence of the
phonon-assisted Auger transition coefficient as a function of
temperature at different quantum well widths. The assumed
half-width I' is 20 meV, a characteristic value corresponding
to hole-hole scattering.

4 Semiconductors, 2025, Vol. 59, No. 9

10717

a=50A

10718

Auger coefficient, cm¥/s

10,19 . 1 . 1 . 1 . 1 . 1 .
0 50 100 150 200 250 300

Temperature, K

,_.

<
L
o]

a=150A

Auger coefficient, cm¥/s
2
o

1072() L 1 L 1 L 1 L 1 L 1 L
50 100 150 200 250 300
Temperature, K
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for direct thresholdless C and phonon-assisted Cpn processes on
temperature at different quantum well widths.

3.5. Discussion of the results

Our analysis has shown that there are three different
Auger recombination mechanisms for CHCC and CHHS
Auger recombination processes in semiconductor structures
with quantum wells: thresholdless, quasi-threshold, and
threshold. The first of them is weakly dependent on
temperature. The effective threshold energy for the second
process significantly depends on the width of the quantum
well (see Figure 4). Namely, it tends to zero for substantially
narrow quantum wells and approaches the bulk value in
the limit a — oo. Therefore, there are no clear differences
between thresholdless and quasi-threshold AR mechanisms
in narrow quantum wells, and they can be considered
as one thresholdless AR process. The third, threshold,
AR process is similar to that which takes place in bulk
semiconductors. The only difference is that its threshold
energy is slightly higher than in a bulk semiconductor
due to an increase in the effective band gap (51). The
rate of the threshold process is low in narrow quantum
wells compared to the rates of the first two processes G
and G,. Quasi-threshold and threshold Auger processes
merge at the limit ¢ — a, and form a process of bulk
Auger recombination Cya? + C3a® — C3P. The critical QW
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width strongly (exponentially) depends on temperature and
can reach several hundred angstroms at room temperature
for a semiconductor with E, ~ 1eV. The rate of the
thresholdless process tends to zero during the transition
to a bulk semiconductor. For narrow QWs, the two-
dimensional Auger coefficient multiplied by a? exceeds the
value for the bulk Auger process due to the dominance
of thresholdless and quasi-threshold processes (Figure 9).
Thus, the Auger recombination process in quantum wells
turns out to be enhanced compared to a homogeneous
semiconductor. This gain is all the more significant at low
temperatures. It should be noted that the entire analysis
of the dependences of Auger recombination coefficients
(Cy, C2, C3) on temperature and quantum well parameters
is qualitatively applicable equally to CHCC and CHHS
Auger processes. However, since we did not specify the
model structures with quantum wells, we illustrated these
dependencies using the example of the CHCC process.

It should be noted that significant suppression of Auger
recombination processes in quantum wells is possible under
the conditions (V.,V,) > E, and E;, — E; > E, (E; and
E, are the energies of the first and second levels of
dimensional quantization of carriers) [32]; i.e., in the case
when the energy of the excited particle is insufficient to
transition to a continuous spectrum or to the next level
of dimensional quantization. To fulfill these conditions,

it is necessary to create structures with deep and narrow
quantum wells for both electrons and holes. Current
technologies allow the creation of such structures based
on materials InAs/AISb [33] and InAs/GaSb/AISb [34]. In
such deep quantum wells, there is only a threshold Auger
recombination process corresponding to the coefficient Cs.
This coefficient can be several orders of magnitude smaller
than the Auger coefficients for thresholdless and quasi-
threshold processes (Ci,C,) in shallow quantum wells
((Ve, Vi) < Eg).

It should also be noted that in the case of quantum
wells, the phonon-assisted Auger recombination process also
undergoes significant changes. Similarly to the phononless
Auger recombination process, there are three different
phonon process mechanisms (C},, Cy,, and C},) corre-
sponding to threshold, quasi-threshold, and thresholdless
matrix elements of electron-electron interaction. The first
process is quite similar to the three-dimensional one.
However, in the case of narrow quantum wells, this process
is noticeably weaker than the thresholdless and threshold
Auger recombination processes. In the literature, it is
this phonon-assisted process that is considered the main
process of Auger recombination in quantum wells [35,36].
Phonon-assisted Auger recombination processes with quasi-
threshold and thresholdless matrix elements of electron-
electron interaction can be resonant processes. At low
temperatures, they can compete with phononless Auger
recombination processes. However, due to the absence
of a strong dependence of the latter on temperature, such
competition is possible at much lower temperatures than in
the three-dimensional case (see Figure 8). As the width
of the quantum well increases, the resonant scattering by
phonons weakens and we pass on to the usual three-
dimensional conditions.

3.6. Conclusion

In conclusion, we will focus on some interesting recent
papers devoted to the analysis of Auger recombination in
narrow-gap materials.

A model has been developed in Ref. [37] for calculating
the Auger recombination rate in narrow-gap quantum wells
based on HgTe/CdHgTe heterostructures. It is shown that
in order to correctly calculate the Auger recombination
rate in such structures, it is necessary to take into account
the processes of impact ionization and the effect of free
charge carriers on the electron-electron interaction. It is
shown that relaxation processes can both increase and
decrease the Auger recombination rate depending on the
carrier concentration. The dependences of the Auger
recombination rate for quantum wells with a band gap of
35 and 50meV at four temperatures of 8, 100, 200 and
300K are presented.

The authors of Ref. [38] studied the effect of interface
roughness on Auger recombination in quantum wells. They
showed that as the ratio of surface roughness to the thick-
ness of the quantum well increases, Auger recombination
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increases significantly. In particular, when considering
the realistic roughness of the interface for the InGaN
quantum well, the increase in the Auger recombination rate
compared to a quantum well with an ideal interface can be
approximately 4 orders of magnitude.

The lifetime of nonequilibrium charge carriers in
GalnN/GaN-based quantum wells is studied in Ref [39].
It is shown that at high charge carrier densities, the
lifetime of nonradiative recombination weakly depends on
temperature and is proportional to the inverse of the density,
which implies an excitonic, thresholdless Auger process.

The authors of Ref. [40] studied the internal quantum
efficiency of quantum wells based on (In,Ga)N/GaN. Several
mechanisms have been proposed to explain the decrease
in quantum efficiency, including the Auger recombination,
both internal and caused by defects. An atomistic model of
the electronic structure was used within the framework of
the strong coupling approximation to calculate the rates of
radiative and Auger recombinations.

The authors of Ref. [41] based on a systematic study
of the dependence of the threshold current density on
temperature and hydrostatic pressure in combination with
a theoretical analysis of the gain coefficient and threshold
carrier density, determined the dependence of the Auger re-
combination coefficients on wavelength in InGaAsSb/GaSb
quantum well lasers emitting in the wavelength range of
1.7—3.2 um. The ratio of Auger recombination rates for the
two processes CHCC and CHSH was analyzed.

A detailed theoretical analysis of nonradiative Auger
recombination in narrow-gap quantum wells of mercury,
cadmium and telluride (CdHgTe quantum wells) is pro-
posed in Ref [42]. A microscopic model is considered
for calculating Auger recombination rates in quantum wells
with different Cd fractions depending on the nonequilibrium
carrier density, taking into account the complex band
structure. However, the authors did not take into account the
influence of spatial heterogeneity of the quantum structure
on the AR mechanism.

The effect of Auger recombination processes on the tem-
perature quenching of photoluminescence in HgTe/CdHgTe
quantum wells is studied in Ref [43]. It is assumed
that the resonant thresholdless Auger process determines
the threshold values of stimulated radiation over a wide
temperature range.

From the analysis of the listed publications, it follows
that the authors, when studying Auger recombination
processes, do not take into account the influence of
spatial heterogeneity of quantum heterostructures on Auger
recombination mechanisms. However, as is well known,
Auger recombination is a process of Coulomb interaction
between particles. As noted above, the effect of the
heterogeneous boundary on the Coulomb interaction be-
tween particles is fundamental: the heterogeneous boundary
modifies the laws of conservation of energy and momentum,
which leads to the formation of new Auger recombination
channels. As shown in this review, for all types of quantum
heterostructures (quantum wells, quantum filaments, and

4*  Semiconductors, 2025, Vol. 59, No. 9

quantum dots), spatial heterogeneity affects both the Auger
recombination mechanisms and the dependence of the
Auger recombination rate on temperature and on the
parameters of the quantum heterostructure, as well as the
magnitude of the rate.
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