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In this study, we develop a phase-field model of the formation of two-dimensional (2D) materials during epitaxial
growth. The model accounts for the anisotropy of boundary energy, thermal fluctuations, and the presence of
continuous deposition and evaporation of atoms from the substrate surface. We investigate the formation of islands
with hexagonal and triangular geometry proper to 2D materials, as well as the processes of their growth and
coalescence up to the formation of a solid film. During the coalescence of two or more islands, we observed the
formation of structure defects, which exhibit non-equilibrium character and gradually relax to an equilibrium shape.
Some regularities of the dynamics of average size, surface number density, and size distribution function of islands

are investigated.
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1. Introduction

Epitaxial growth is a critical mechanism in film formation
used for targeted synthesis of various two-dimensional
materials. With its help, it became possible to obtain high-
quality samples of various two-dimensional materials, which
include graphene [1,2] and graphene-like materials [3,4],
a group of borophene nano-allotropes [5,6], pseudo-two-
dimensional di-chalcogenides of transition metals (MoS,,
WTe, and etc.) [7,8], monolayer of hexagonal boron nitride
(h-BN) [9] and etc. The unique properties of two-
dimensional materials — their atomic fineness, flexibility,
and lack of bulk structure — lead to unusual electronic,
optical, and mechanical characteristics unattainable in their
three-dimensional counterparts. This gives prospects for
the creation of ultralight and flexible electronics, highly
efficient sensors and new generations of energy storage
devices. For example, graphene with its record-hitting
mobility of charge carriers is considered as the basis for
fabrication of post-silicon transistors [10], semiconductor
dichalcogenides may be used in ultrathin and flexible
displays and photodetectors [11], while borophene, due to
its high electrical conductivity, mechanical flexibility and
low density, is found promising in the development of
new generation batteries, catalytic reactions and hydrogen
storage [12]. On the basis of two-dimensional materials, a
wide variety of vertical and horizontal heterostructures can
be synthesized [13-16], as well as composite materials for
various purposes [1,17,18].

The mechanism of epitaxial growth is most often used in
the controlled synthesis of high-quality two-dimensional ma-
terials used for basic research and prototyping of electronic
devices [1,2,7,19]. The current state-of-the-art synthesis
processes allow for the epitaxial growth of two-dimensional
materials using chemical vapor deposition (CVD). This
process involves the deposition of atoms from the gas
phase onto the substrate during chemical reactions, which
leads to the formation and growth of oriented islands
(sheets) of two-dimensional material. The search for optimal
synthesis modes for two-dimensional materials with the
necessary properties requires in-depth theoretical analysis
on various spatial and temporal scales, which is achieved
by various methods. The structural, electronic, optical, as
well as some mechanical and piezoelectric properties of
known and predicted two-dimensional materials are reliably
predicted using ab initio calculation methods [20,21]. The
process of forming two-dimensional materials can be studied
using the molecular dynamics method or the Monte Carlo
method, which actually consider the processes of motion
and interaction of individual atoms, which imposes signifi-
cant requirements on the quality of interatomic interaction
potentials and imposes significant limitations on the ability
to analyze film growth processes on macroscopic space-
time scale. Methods of classical nucleation theory are often
used to study the formation of continuous films [22-24].
The approaches of phase field theory [24-27] are also used
making it possible to operate on a larger space-time scale
compared to the atomic modeling methods. The methods
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of phase field theory were used for the consistent analysis
of phase diagrams and dynamics of phase transformations
in single-component [24,25], as well as in two-component
films, taking into account the processes of deposition and
evaporation of molecules from the substrate surface [26].
In a number of other works, phase-field models have been
used to describe the dendritic growth of isolated islands of
two-dimensional materials [27].

In this paper, a theoretical study of the dynamics of two-
dimensional material growth during continuous deposition
and evaporation is carried out, starting from the stage of
nucleation and ending with the formation of a continuous
film. The study is carried out using methods of phase
field theory, which allows us to directly account for the
anisotropy of the 2D materials energy boundaries, as well
as thermal fluctuations. Taking into account the anisotropy
of the boundaries energy we may consider the symmetry of
the material lattice, which can also lead to the appearance
of faceted islands or pores formed at various stages of the
synthesis of continuous films.

2. Phase-field model of epitaxial growth
of the 2D materials

Let us consider the process of formation and growth of
a two-dimensional material characterized by an anisotropic
boundary energy on an ideal substrate in conditions of
continuous deposition. We will characterize the considered
system by the concentration ¢ = ¢(r, t) of the precipitated
substance (e.g., boron or carbon) and the order parameter
¢ = ¢(r, t), which allows us to distinguish between disor-
dered (¢ = 0) and ordered (¢ = 1) phases.

Using the general approaches of phase field theory, the
free energy of a two-dimensional material can be defined as
a functional

F = no/ (f(c, ¢) + %ez(n)(Vq’))z + %K(VC‘)Z) ds.
N

(1)

Here f(c,¢) is the free energy density, which takes
into account the interaction of deposited atoms with the
substrate and with each other, £2(n) and « are the gradient
energy coefficients. In this case, the function £(n) depends
on the position of the normal n = {n,,n,} to the edge
of the order parameter ¢ [28-31] and is determined by
the electronic structure of the material and the orientation
properties of the substrate on which epitaxial growth is
realized. The position of the normal can be related to
the order parameter using the formula n = R, V¢, where
ﬁa is the rotation operator for an arbitrary constant angle «,
which determines the orientation of the growing two-
dimensional material relative to the substrate. Integration in
the functional (1) is carried out over the entire area of the
substrate S, on which a two-dimensional material is formed.

In the considered model, the free energy density reflects
the presence of stable states corresponding to disordered A
(¢ =0, ¢ ~ 0) and ordered B (¢ ~ 1, ¢ ~ 1) phases. These
two states are separated by a barrier, the overcoming of
which requires the presence of supersaturation, as well as
thermal fluctuations, allowing to overcome this barrier. At
sufficiently large degrees of supersaturation corresponding
to the region of unstable states, the phase transition may
turn out to be non-activation one, which corresponds to the
spinodal mechanism of phase formation.

The free energy density f(c, ¢), reflecting the presence
of stable states corresponding to the forming phases, can be
written as

Fe8) = FA@R@) +75(c) 1~ )] + 3 W (1~ 9),
(2)
where fa(c) and fp(c) are the densities of free energy
for the disordered and ordered states, respectively, W is the
interaction parameter, i(¢) = ¢*(3 — 2¢) is the approxima-
tion function.
The free energy densities, taking into account the energies
of atoms in various states, as well as the configuration
entropy, can be written as expressions

filey=f+ fic+fi(1—c)

+kpT[clnc+ (1-c)In(1-c¢)], i ={A,B}.
(3)

Here f9, f! and f? are interaction parameters that
determine the energy of atoms in the reviewed states,
as well as taking into account their interaction with the
substrate.

Examples of free energy density relief demonstrating
the possibility of a phase transition between states A
and B are shown in Figure 1. Since the paired interactions
between particles is taken into account, it may result in
the appearance of quadratic terms by concentration (see,
for example, [26]) in the formula (3), which can lead to
the emergence of additional stable states, e.g., (¢ =1,
¢ ~ 0). In this case, the phase transition can be carried out
through an intermediate state, and the nucleation process
can take place through a two-stage mechanism [32-36].
The modelling parameters are given in Table 1.

The anisotropy of the boundary energy for two-
dimensional materials, taking into account different types
of symmetry, can be expressed using general expression
introduced in 2D model of non-isothermal crystallization
developed by Kobayashi [28]:

e =g |1 + 8cos(K0)], (4)

where ¢, is a constant value that determines contribution of
the gradient energy of the order parameter, § is a constant
dimensionless multiplier that determines the intensity of
anisotropy, K is a multiplier corresponding to the order
of the axis of symmetry. The angle of rotation of 0
boundary depends on the position of the normal to the
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Figure 1. a) Density relief of free energy f(c, ¢), reflecting the one-stage phase transition between the two steady states (¢ ~ 0, ¢ ~ 0)
and (¢ = 1, ¢ ~ 1). b) Densities of free energy for the disordered (f(c,0) — curve /) and ordered (f(c, 1) — curve 2) of states.

Points A and B denote the extremums of the free energy density.

Table 1. Phenomenological (dimensionless) parameters used for modelling

w T fa fa fa I3 [t [ A
1.0 03 -0.7 -1.8 0.0 0.0 -0.2 —-1.2 0.1

K M. My I, I K To a )
0.0002 1.0 33.0 2.0-1072 0.0-7.0-1072 3 0.1 /4 0.25
6 0.2 7/8 0.45

Table 2. Analytical expressions for the function a(n) at different
values of K

Since function a(ny, ny)

5)3/2

1 — 36 +48(n} +ny)/(nf +n3)?
Y(nf — 14n?

1+ Snx(ni - 3n)2)/(nf +n

K
3
4
6

1+68(n —n}

ny + n})/ (n} + m})*

front, for which the expression cos(0) = n./Vni +n} is
valid. The energy anisotropy of the boundary of two-
dimensional materials is characterized by the presence of
symmetry axes of the third or sixth orders, therefore K
can take values of 3 or 6. Cubic symmetry (K = 4) can
also be observed for metals forming sub-monolayer films,
which is most often discussed in the literature when solving
problems of dendritic crystal growth [37-41]. Using the
given values K, from the formula (3) and with the help
of trigonometric transformations, it is possible to obtain
analytical expressions for the anisotropy function of the
boundary energy a(n) = €(n)/&o, shown in Table 2.
Further, we will consider the dynamics of film formation
characterized by the anisotropy of the boundary energy
a(n) with the axis of symmetry of the third and sixth
orders, which are most often observed for two-dimensional
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materials (K =3 — h-BN, WS, [42], K = 6 — graphene,
stripeline borophene [43]). Examples of functions a(n) at
given values K in polar coordinates are shown in Figure 2.
For the spatial orientation of dependence a(n) a rotation
operator ﬁa to angle a in 2D space was applied.

Taking into account the conservativeness property of
the concentration field and the non-conservativeness of the
order parameter field, we can write the dynamic equations
for these variables in the form

8 SF
o=V MV L (=) [1-h(@)]c+V - £
3 SF ’
a*(n) a—(f =—My 50 +7
(5)

where M. is the mobility of deposited atoms, My is
the order parameter relaxation constant, /, and /_ are
the constants defining the rate of atoms deposition and
evaporation from the substrate surface in the considered
isothermal conditions, £ and ¢ are the random Gaussian
fields providing the thermal fluctuations. The coefficients of
deposition /7, and evaporation /_ rates are determined by
the flow and chemical potentials of the deposited atoms in
the external environment and on the substrate, as well as
by temperature [26]. At the same time, it is believed that
the evaporation process mainly refers to atoms that have not
passed into the phase of a two-dimensional material. When
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Figure 2. Function of surface energy anisotropy plotted as p(n., ny) = a(n){ny, n,} at n, = cosy, n, = sin® (0 <y < 2x): a) K =6,
5 =0.25; b) K =3, § = 0.45. Solid lines are calculated using formulae from Table 2: curve ] —a =0,2 —a) a =x/8, b) a = /4.
The dashed lines are obtained using the formula for the specified parameter value.

atoms are attached to the new phase growing islands, the
appearance of new covalent bonds between the adsorbed
atoms leads to a sharp decrease in the evaporation rate, the
value of which can be neglected compared to evaporation
of individual atoms that interact only with the substrate,
forming, as a rule, relatively weak Van der Waals bonds.
Since the evaporation of atoms from the formed two-
dimensional phase is small, it can be expected that the
degree of coating of substrate 6. will asymptotically tend
to unity during deposition (see also [26]). It should also
be noted that multilayer two-dimensional materials (for
example, multilayer graphene) can also be synthesized on
substrates, however, interlayer bonds are also of Van der
Waals type. These relatively weak interlayer bonds may
be the reason for the high rate of atomic evaporation,
which makes it possible to synthesize extended single-layer
structures, which are considered in this study.

After calculating the variation derivatives in equations (5),
we get equations of the form

¥ _g. M.V 0 _ evie
dt ac

+1 (1=c)+1-[1=h()]c+V £

0 0 0
) Gy = My [V Ve a{w‘”% adfx}
3 , de df

W{(V"’) 8@}‘@} e

The fluctuation terms in (6) are set using correlation
functions [26,44]:

(& (r,1), &', 1) = 2MckgTw(r — v')8(r — 1')5;;
. (7
(E(r, 1), E( 1)) = 2MypkpTw(r —¥')8(t — 1) } 7

where §(r) is the delta-function, &;; is the Kronecker
symbol, and the spatial correlation is set using Gaussian
function [44]:

1
= 272 P {_ 222

w(r—r')

A is the correlation length. In the limit A — 0, the Gaussian
function tends to the delta function, and the ratio (8) takes
the form of a correlation function corresponding to white
noise [45].

3. Numerical methods, model
parameters, and boundary conditions

Further mathematical modeling of the two-dimensional
materials growth during deposition is carried out in the
following units:

W= =W, =Y 1] = nWMe/P
ks . 9)
M) =M, L] = M2, k] =WE, [IF] =[]~

where [ is the spatial scale that was taken equal 10 nm.
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Figure 3. The history record of deposition of a solid layer of two-dimensional material having a third-order symmetry axis (K
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the absence of evaporation (I_ = 2 - 10~2) at various time points #: @) 1.1s, b) 1.8s, ¢) 4.5s, d) 10.1s.

Solving a system of differential equations (6) was carried
out using an explicit finite-difference Euler scheme on a
rectangular homogeneous grid S = 10244 x 1024h, where
h = 0.02] is the step of the spatial grid. The discretization
of derivatives with respect to spatial variables was carried
out using difference schemes [46-48], which ensure the
isotropy of the corresponding differential operators. Periodic
boundary conditions were applied.  For each set of
parameters (50—125) - 10® iterations with a time spacing
of At =2.0-107° were implemented. The correlation
length in dimensionless units was 1 ~ 0.1. Modelling was
carried out using Nvidia A100 graphics processing unit, and
the calculations took about 40h for the longest series of
calculations.

Taking the diffusion coefficient of atoms over the
substrate surface to be D~ 10" m?s, we can

Physics of the Solid State, 2025, Vol. 67, No. 10

enter the time scale 7 =~ ngM.W/I?>~ coDW/(kpTI?)
~ 0.009 s, used to switch to dimensional units of time, ¢ is
the equilibrium concentration of atoms on a substrate in the
depleted phase.

4. Results of modelling and
their discussion

Figures 3 and 4 show the results of simulating the
formation and growth of two-dimensional materials on
a substrate during continuous deposition at a low rate
of atoms evaporation and various types of the order
parameter anisotropy. At the initial stage of the deposition
process, there are no islands of the new phase, and the
system is characterized by an inhomogeneous distribution
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Figure 4. Dynamics of deposition of a continuous layer of two-dimensional material having a sixth-order symmetry axis (K = 6) in the
presence of evaporation (/— = 8- 1073) at various time points : a) 1.1s, b) 1185, ¢) 2.7s, d) 9.1s.

of the concentration field and the order parameter due
to fluctuations (see Figure 4,a). As the amount of
precipitated substance grows, islands are formed either
by the nucleation mechanism or by the non-activation
(spinodal) mechanism. The implementation of one or
another mechanism for the formation of a new two-
dimensional phase depends on the deposition and evapo-
ration rates. With a slow deposition process, overcoming
the nucleation barrier, achieved during incubation time,
can occur before reaching the metastability limit. With
rapid deposition, the transition to the unstable state region
may occur faster than the nucleation barrier is overcome,
which can lead to the non-activation formation of a new
phase.

When the new phase is being formed the generated
islands have a triangular (Figure 3, @) and hexagon geometry
(Figure 4,b) obtained due to anisotropy of the boundary
energy. Due to this geometry, the developed model differs
from the classical approaches of nucleation theory, where
nuclei with circular (2D) or spherical (3D) symmetry pecu-
liar to the isotropic boundary energy are mainly considered
(i.e, at §=0). In the process of atomic deposition and
island growth, the coverage area becomes larger. Due to
high concentration of nuclei formed, there is a high intensity
of island fusion, which leads to an increase in their size and
a decrease in surface concentration. Another mechanism,
due to the diffusive transfer of matter between the islands
(Ostwald ripening), was rather weakly manifested. This
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of the material evaporation rate /_: curve / — 0.0 (without evaporation), 2 — 2.5-107%, 3 — 7.0- 1072,

mechanism, studied in detail in [23-25], may be more
pivotal in conditions of slower deposition.

In the process of merging the formed islands, a perco-
lation structure is formed with a characteristic geometry
corresponding to the selected type of anisotropy of the
boundary energy (Figures 3,c¢ and 4,d). A further
increase in the degree of coating of the substrate leads
to the formation of isolated pores having a geometry also
determined by the function e(n) (Figures 3,d and 4, d).

Figures 5 and 6 show the dynamics of the average size
and surface concentration of islands for the considered cases
of boundary energy anisotropy (K =3 and 6). Since the
islands merging with each other is the dominant mechanism
for the considered deposition and evaporation rates, the
observed dynamics differs significantly from the well-
known dependences described in the framework of diffusion
growth or coalescence mechanisms [23]. For the considered
growth of a two-dimensional material at K = 3, a very rapid
growth of the average size (R) oc 13718 was observed
with a sharply decreasing (hyperbolic) dependence of the
surface concentration X,. For K = 6 the observed growth
rate appeared to be much lower: (R) o t.

Physics of the Solid State, 2025, Vol. 67, No. 10

A similar phenomenon was discussed earlier in
Smolukhovsky theory of rapid coagulation, in which the
dynamics of island concentration can be described us-
ing the kinetic equation dX./dt = —kX2? (k — kinetic
coefficient). ~ This equation leads to a simple qualita-
tive dependence of the surface concentration on time
Xo(£) = Xo(to) [1 + kXe(t0) (¢ —10)] ™" (to — initial moment
of time) which is consistent with the data obtained based
on the phase field theory (Figures 5 and 6).

Figure 7 shows the size distribution functions of the
islands at various stages of the formation of a continuous
layer of two-dimensional material. In conditions of intense
island fusion at the considered stages, the maximum
observed size does not exceed (1.7—1.8)(R).

One of the general-purpose approaches of the theory
of phase transitions is Johnson—Mehl—Avrami-Kolmogorov
model (JMAK), which allows analyzing the kinetics of the
formed portion of a new phase using the ratio [49-51]

6. = 601 — exp (—{Ko1}")]. (10)

Here, O, is the portion of the new phase (coverage
degree), 0 is the asymptotic value of the new phase portion
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(6p = 1), Ky is the constant, n is the Avrami exponent. The
value of the indicator n depends on the dimension of the
system and the mechanism of substance transfer between
the islands. Also, the observed value of the exponent can
be significantly influenced by the nature of the dependence
of the rate of formation of a new phase on time [49-51].
Figure 8 shows the dependences 6. obtained based on
calculations performed for various evaporation rates /_. As
follows from the figure, at the stage of rapid fusion of the
islands of the two-dimensional phase, this exponent has a
value of n =~ 1.06—1.25. At an earlier stage (Figure 8,a
and b, dashed lines 4), when the processes of nucleation
and diffusion growth are still underway, the value of the
exponent can reach n = 2.3—2.5, which is consistent with
the conclusions [49]. A comparative analysis of the phase-
field modeling in the case of two-dimensional dendritic
crystallization of alloys was carried out earlier in [51]. The
history of Avrami exponent behavior at various stages of
the phase transformation showed that the indicator has a
non-monotonic dependence on time and in the later stages
(0 — 60p) may decline to values ~ 0.5—1.5, which is also
consistent with our results.

5. Conclusion

A phase-field model of the nucleation and growth of
two-dimensional materials on the substrate surface during
deposition has been developed. The model takes into ac-
count the anisotropy of the material boundary energy, which
makes it possible to analyze the dynamics of formed islands
characterized by axes of symmetry of the third or sixth
orders observed in two-dimensional materials (graphene,
borophene, transition metal dichalcogenides, etc.). Based
on the results of modelling, the following conclusions can
be made.

1. With rapid deposition and low evaporation rates, the
main mechanism for the formation of continuous layers
of two-dimensional material is the fusion of neighboring
islands. Structural defects form in the area of fusion of
neighboring islands, which are energetically unfavorable,
which makes them a preferred place for joining new atoms.
In the absence of mergers with other islands, these defects
quickly overgrow, which leads to the relaxation of the island
to a shape determined by the nature of the anisotropy of the
boundary energy.

Physics of the Solid State, 2025, Vol. 67, No. 10
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When implementing this mechanism of growth of a two-
dimensional material, a high growth rate of the average
size of islands (R) oxt* (@ = 1.0—1.8) was observed at
the initial stage. At the late stage of the continuous film
formation, there was a significant intensification of the
fusion process and a significant acceleration in the growth
of the average size.

2. At the stage when continuous layers of two-
dimensional materials are formed, as a result of neigh-
boring islands fusion, pores may form having a geometry
characteristic of the boundary energy anisotropy inherent
in the material. Some of the isolated pores may become
of a regular shape during formation, characterized by the
presence of axes of symmetry of the appropriate order.

3. Analysis of the portion of the formed two-dimensional
phase showed that Avrami exponent depends on the coef-
ficients of deposition and evaporation rates, and also goes
down over time. At the early stage of film formation, where
nucleation and growth processes dominate, the values of the
n = 2.3—2.5 index were obtained. At a late stage, when the
mechanism of merging of neighboring islands dominates,
the values of the indicator decreased significantly, to values
of n =~ 1.06—1.25.
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