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Surface plasmon polaritons in ordered arrays of metallic carbon

nanotubes with dielectric filling
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The dispersion characteristics of surface plasmon polaritons (SPPs) in the terahertz frequency range are studied

in ordered arrays of single- and double-walled carbon nanotubes immersed in a dielectric medium. Dispersion

relations for SPPs in an isolated nanotube with a dielectric environment were obtained analytically and then used to

verify the solutions obtained by numerical simulation. Frequency dependences of the propagation and attenuation

constants, as well as the SPP deceleration coefficient, are obtained for arrays of different densities by numerical

simulation. It is found that in dense CNT arrays, the propagation constants and the mean free path of SPPs are

smaller than in isolated nanotubes. The deceleration coefficient increases with increasing nanotube diameter and

permittivity of the host medium.
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Introduction

To date, various technologies have been developed for

obtaining ordered arrays of carbon nanotubes (CNTs) with

controlled parameters [1,2]. One method to improve

the functional characteristics of such arrays is to embed

CNTs in a transparent dielectric matrix made of polymeric

materials [3,4]. These structures hold significant practical

interest for the generation and control of electromagnetic

radiation. In particular, CNTs can support the propagation

of ultraslow (with phase velocity two orders of magnitude

lower than the speed of light in vacuum) surface plasmon

polaritons (SPPs) [5,6]. Under conditions where the SPP

phase velocity is close to the drift velocity of free charge

carriers, the interaction of the surface wave with the current

flowing along the CNT walls can lead to its amplifica-

tion [7]. Based on this effect, compact sources of coherent

terahertz radiation can be developed [8]. The present

work investigates the dispersion characteristics of terahertz

SPPs in arrays of single-walled (SWCNT) and double-walled

(DWCNT) CNTs, accounting for ohmic losses and the

presence of surrounding dielectric medium As the baseline

model, an ordered array of parallel nanotubes with identical

parameters is selected.

Dispersion equation for surface plasmon
polaritons in single-walled and
double-walled isolated nanotubes

Solving the waveguide electrodynamic problem yields

the dispersion relation linking the SPP frequency ω with

its propagation constant (PC) for isolated nanotubes. To

begin, consider the more general case of a double-walled

nanotube (DWCNT).

The DWCNT model consists of a system of two coaxial

cylinders with radii a1 and a2 > a1 and a typical wall

separation of 0.34 nm. The DWCNT length is L ≫ a1,2 so

the nanotube is treated as infinitely long. The problem is

solved in the cylindrical coordinate system (r, ϕ, z ), where

r is the radial coordinate, ϕ is the azimuthal angle, and z is

the coordinate axis directed along the DWCNT symmetry

axis. The regions inside (r < a1) and outside (r > a2) the

nanotube are, in general, filled with transparent dielectrics

having permittivities ε1 and ε2 respectively.

In this work, the analysis is limited to the fundamental

SPP mode, for which the field components are independent

of the azimuthal angle ϕ. In the terahertz frequency

range, this mode has no cutoff and is characterized by low

attenuation coefficients (propagation lengths on the order

of micrometers) [8,9]. The DWCNT walls are electrically

conductive and characterized by the surface conductivity

1020



Surface plasmon polaritons in ordered arrays of metallic carbon nanotubes with dielectric filling 1021

tensor σ̂ j ( j = 1, 2 is the wall number), whose axial

component takes the form [6]:

σ
(0)
z z , j = σ0ωω̃/�, (1)

where σ0 = 2iVFe2/(π2
~a jω̃), � = ωω̃ −V 2

F q2/2, q is

the PC of the surface wave, ω̃ = ω + iτ −1, τ is the

relaxation time, VF is the Fermi velocity (VF = 106 m/s),
e is the elementary charge, and ~ is the Planck constant.

Expression (1) accounts for dissipative losses and spatial

dispersion of SPPs in CNTs [6].

To find the guided modes in an isolated DWCNT, the

waveguide electrodynamic problem is solved subject to

boundary conditions at its walls. The solutions to the

Helmholtz equation for the fundamental mode are expressed

in terms of zero-order modified Bessel functions I0 and K0.

In the approximation q ≫ k0 (k0 = ω/c , c is the speed of

light in vacuum), the determinant equation for this mode

takes the form:

det

(

�M11−ω2
p1(qa1)I

2
0(qa1) �M12−ω2

p1(qa1)K0(qa1)I0(qa1)

�M21−ω2
p2(qa2)I0(qa2)K0(qa2) �M22−ω2

p2(qa2)K
2
0 (qa2)

)

=0,

(2)
where ω2

p j = 2VFe2/(π2
~ε0a2

j) is the square of the plasma

frequency for the wall of radius a j ,

M12 = ε1K0(qa1)I
′
0(qa1) − I0(qa1)K

′
0(qa1),

M21 = K0(qa2)I
′
0(qa2) − ε2I0(qa2)K

′
0(qa2),

M11 = (ε1 − 1)I0(qa1)I
′
0(qa1),

M22 = (1− ε2)K0(qa2)K
′
0(qa2), ε0 is the permittivity

of free space. Equation (2) reduces to a biquadratic

equation in frequency ω, whose two positive roots

correspond to the two branches of the dispersion relation

for SPPs in DWCNTs — the high-frequency (HF) and

low-frequency (LF) branches.

Analogously, the simpler case of an isolated nanotube

with a single cylindrical wall of radius a and conductivity

of form (1) can be analyzed. Unlike the DWCNT case,

the dispersion relation for SWCNTs contains only one

dispersion branch, described by

ωω̃ = VFq2/2 + ω2
pqaI0(qa)K0(qa)/C. (3)

The parameter C = C1 + C2 is positive, since at ε1,2 > 0,

C1 = ε1I ′0(qa)K0(qa) > 0, C2 = −ε2I0(qa)K′
0(qa) > 0.

Analysis of equation (3) shows that, at fixed q increasing ε1
or ε2 decreases the SPP frequency ω and, consequently,

increases the deceleration factor Kdec = q′/k0 = q′c/ω,

where q′ is the real part of the SPP PC. At a given

frequency ω the value of Kdec is minimal at ε1 = ε2 = 1,

i.e., for the case of SWCNTs in air. It should be noted that

at terahertz frequencies, the term C1 is negligible compared

to C2, and since C1 ∼ ε1 and C2 ∼ ε2, the optical properties

of the material inside the SWCNT have virtually no effect

on the SPP dispersion characteristics.

Dispersion characteristics of surface
plasmon polaritons in arrays of
single-walled and double-walled
nanotubes

Consider an infinite ordered array of SWCNTs with

a square unit cell, in which the centers of neighboring

nanotubes are equidistant at separation d (array period).
To calculate the SPP dispersion characteristics, we employ

electrodynamic modeling via the finite element method, as

implemented in the Comsol Multiphysics software package.

For the unit cell with side d containing one nanotube,

periodic boundary conditions are applied, accounting for

the influence of neighboring nanotubes on the SPP charac-

teristics.

The computational modeling results are presented in

Fig. 1 as dependencies of the real and imaginary PC

components q = q′ + iq′′ of the fundamental SPP mode

on the array period d . The dependencies are plotted

for SWCNT arrays in different embedding media (air,
polyethylene) at several terahertz-range frequencies with

τ = 10−12 s [10]. Invalid inter-particle distances d (less
than the nanotube outer diameter 2a) are shown as shaded

regions on the left side of the plots. Here and below, the

following normalization parameters are used: a0 = 1 nm,

ω0 = (e/πa0)(2VF/ε0~)1/2 ≈ 2.36 · 1015 s−1.

The presented dependencies show that for rare-field

arrays (d ≫ 2a) the PC is nearly independent of the

SWCNT separation, as surface electromagnetic waves on

even neighboring nanotubes interact weakly, so their dis-

persion characteristics remain the same as for isolated

nanotubes. In this case, the numerical solutions shown in

Fig. 1 coincide with the analytical solutions of equation (3)
obtained for isolated SWCNTs.

In the case of dense arrays, for which d < 2(a + 1),
where 1 ≈ 2/q′ is the decay length scale of the evanescent

field outside the nanotube, a change in the SPP dispersion

characteristics is observed. The inset in Fig. 1, a illustrates

the transformation of the fundamental mode in the SWCNT

array as its density increases, manifesting as the formation

of a
”
petal-like“ structure (azimuthal dependence) in the

wave field distribution. As d decreases, the real part of the

PC decreases and the imaginary part increases, indicating

a reduction in the SPP deceleration factor and propagation

length.

Fig. 1 also shows that the presence of an embedding

medium with ε2 > 1 leads to an increase in both the real

and imaginary (except in a very narrow range of periods d

near the cutoff for the nanotube array in air at the same

SPP frequency) parts of the SPP PC, as well as an extension

(toward smaller values) of the range of d, for which SPPs

can exist in the SWCNT array.

Dispersion dependencies of the PC and deceleration

factor Kdec for the fundamental SPP mode in SWCNT

and DWCNT arrays, as well as in isolated nanotubes

(the case d → ∞) are presented in Fig. 2. First and

foremost, we note the common features of these depen-

dencies for both types of nanotubes. In dense arrays,
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Figure 1. Dependencies of the real (a) and imaginary (b) parts of the PC components of the fundamental SPP mode on the SWCNT array

period for different dielectric permittivities of the media: ε1 = ε2 = 1 (air) — dashed curves 1′−4′, ε1 = 1 and ε2 = 4 (polyethylene) —
solid curves 1−4. Curve pairs 1 and 1′, 2 and 2′, 3 and 3′, 4 and 4′ correspond to frequencies (0.1, 0.2, 0.3, 0.4)ω0 respectively. SWCNT

radius a = 3 nm. Inset in panel (a): magnitude of the electric field of the fundamental mode at frequency 0.4ω0 at d = 10 nm (I),
9 nm (II), 8 nm (III).

there are low-frequency cutoff regions (curves 2−4 and

2’−4’), which are absent in the case of isolated nanotubes

(curves 1 and 1’). In the presence of an embedding

medium with ε2 > 1 the frequency range of SPP existence

expands, while the deceleration factor and propagation

length of SPPs decrease (except in a narrow frequency

range near the cutoff frequency for the nanotube array in

air).
Dispersion dependencies for DWCNT arrays (Fig. 2, d−f)

exhibit features associated with the presence of two dis-

persion branches. For the HF branch, the dispersion

properties of SPPs are analogous to those observed in

SWCNT arrays; however, the deceleration factor of the

surface wave in the DWCNT array takes significantly

smaller values. The LF branch of the fundamental

mode is characterized by a high degree of field lo-

calization in the region between the nanotube walls,

which results in weak sensitivity of its dispersion char-

acteristics to the array density and the dielectric per-

mittivity of the surrounding medium. The field local-

ization of the mode inside the nanotube also leads to

the absence of cutoff in dense arrays almost up to

the minimum possible period value d ≈ 2a . The LF

branches are characterized by significantly higher decel-

eration (Kdec > 300 in the frequency range considered),
but shorter propagation lengths compared to both the

SWCNT array mode and the HF branch of the DWCNT

array.

Conclusion

Numerical modeling of SPP dispersion characteristics

in dense ordered arrays of SWCNTs and DWCNTs has

been performed, accounting for the mutual influence of

electromagnetic fields from the nanotubes. The dispersion

equation for SPPs in isolated nanotubes has been derived

analytically, taking into account the dielectric permittivity

of the surrounding medium. For sparse arrays of CNTs

agreement between numerical and analytical calculations

has been demonstrated. It has been established that in

dense nanotube arrays, interaction via evanescent fields

leads to a decrease in the PC and propagation length,

as well as the emergence of a frequency cutoff for the

fundamental SPP mode. It has also been shown that

in the presence of an embedding dielectric medium, the

SPP phase velocity decreases, and SPPs can be excited

in denser nanotube arrays. In the DWCNT array, the

LF branch of the fundamental mode demonstrates weak

sensitivity to both the array density and the properties

of the embedding medium, while the HF branch proves

sensitive to changes in the electrodynamic characteristics

of the surrounding medium. The results of this study

may be useful for designing sensors, modulators, and

SPP generators based on CNT arrays with drift current

pumping.
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