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The nonlinear response of magnetization of antiferromagnetic nanoparticles under the action of an alternating

magnetic field of extremely high frequency is investigated. The case of uniaxial magnetic anisotropy of

antiferromagnet sublattices with a uniform external field imposed along the easy axis is considered. The solution

of the inertial Landau−Lifshitz−Gilbert equation by the method of successive approximations made it possible

to obtain analytical expressions for the components of the nonlinear magnetic susceptibility tensor of the second

and third orders. The dynamic magnetic hysteresis at extremely high frequencies in the nutation resonance region

is calculated. It is shown that both the nonlinear susceptibility and the shape of the hysteresis loop in the THz

frequency range significantly depend on the frequency of the alternating field, as well as on the inertial relaxation

time. It has been demonstrated that such nonlinear effects as frequency doubling and the appearance of weak

subharmonic resonance peaks observed in the frequency region of antiferromagnetic resonance are also reproduced

in the region of nutation resonance.
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1. Introduction

Antiferromagnets (AFMs) are increasingly utilized in

modern technologies and are an object of research in the

important field of antiferromagnetic spintronics [1–6].The
AFMs are magnetic materials, in which an average magnetic

moment is either zero or quite small as compared to

magnetic moments that are inside these materials [7]. It

is important to study magnetization dynamics of AFMs

for developing spintronics, magnonics and other fields of

science, technology and biomedicine [8–10].The AFMs can

be insulators, metals, semimetals or semiconductors and are

much more widespread than ferromagnetics (FM), which

are mainly metals [11]. The AFMs can be both natural and

artificially made. Low magnetization in the natural AFMs

can be a result of slight asymmetry in a geometry of almost

collinear magnetizations of AFM spin sublattices. The so-

called
”
synthetic“ AFMs are usually artificial materials with

layers of the ferromagnetic type coupled by interaction.

Antiparallel magnetizations of the spin sublattices in the

AFMs mean insensitivity to parasitic magnetic fields [12],
which is one of the advantages of these materials. Another

useful property of the AFMs is faster spin dynamics

than in the FMs [13]. Thus, due to strong exchange

interaction between the spin sublattices antiferromagnetic

resonance can be observed within the terahertz frequency

range [14,15], whereas due to a weaker field induced by

magnetic anisotropy ferromagnetic resonance is within the

gigahertz frequency range [13,15]. Currently, magnetic

nanostructures that enable superfast remagnetization are in

high demand in new technological developments. At the

same time, the inertia of magnetization plays a significant

role in superfast dynamic processes [16,17].

It was shown by theoretical studies [18–22] that inertia

of magnetization resulted in nutation motion of a mag-

netization vector, which is superimposed on its regular

precession around an effective field. Nutation of magne-

tization is manifested as nutation resonance (NR) in the

FMs [22–25] and the AFMs [25–27] in the terahertz (THz)
frequency range as well as nutation waves [28–30]. Inertial
dynamics of magnetization is experimentally confirmed in

the studies [31,32], which describe NR induced by inertia

of magnetization and observed in thin ferromagnetic films

of NiFe, CoFeB and Co at THz frequencies. Theoretical

studies of inertial dynamics of magnetization are based

on the Landau−Lifshitz−Gilbert (LLG) equation that is

supplemented with an inertial term. At the microscopic

level various theoretical models have been developed, which

utilize the inertial LLG equation. In particular, they include

studies based on calculation of a torque correlation [33],
on generalization of the Fermi surface model [34], on

application of the electronic structure analysis method [35],
on consideration of relativistic spin dynamics [36,37], and
others. For example, it is shown in Ref. [36] that the inertial
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term appears in the generalized LLG equation as a result

of taking into account higher-order relativistic terms when

considering spin-orbit interaction as compared to those that

result in Gilbert decay.

In the case of AFMs, the dynamics of the magnetization

of its sublattices is described by using a system of coupled

inertial LLG equations. Below, for simplicity, we consider

the AFMs with two identical sublattices, for which the

inertial LLG equations are written [25,27] as

Ṁi = γ[He f f
i ×Mi ] +

α

M0

[Mi × Ṁi ] +
τ

M0

[Mi × M̈i ],

(1)
where Mi is the magnetization of the i-th sublattice (i),
i = 1, 2, γ is the gyromagnetic ratio, α is the damping

parameter, τ is the inertial relaxation time, M0 = |Mi | is
the absolute value of magnetization vectors of the identical

sublattices of the ideal AFM, which does not change during

motion. The effective field of each of the sublattices H
e f f
i is

the sum of several fields. Along with the external magnetic

dc H0 and ac Hac fields and the magnetic anisotropy field

HK , it also includes the field H3 due to the exchange

interaction of sublattices, namely

H
e f f
i = H0 + Hac + Hi

K + Hi
3.

If the value of the external ac field is small

h = Hac/HK ≪ 1, where Hac = |Hac | and HK is a maxi-

mum value of the anisotropy field HK , then Eq. (1) can

be solved using linear response theory that is based on

a linear dependence between the value of the ac field

and the total AFM magnetization M(t) and thus obtain

expressions for the tensor of linear magnetic susceptibility

of the AFM [27]. In strong ac fields, the linear dependence

between the field and the magnetization is not fulfilled

due to nonlinearity of the inertial LLG equation. In

this case, a stationary response of the magnetization to

the ac field results in oscillations not only at the field

frequency as in the linear case, but also at harmonics

of the fundamental frequency, as well as other nonlinear

effects [7,38]. With significant amplitudes of the external

field, it is necessary to take into account the nonlinear

effects for more accurate calculations of the components

of the AFM susceptibility tensor, the loop and area of

dynamic magnetic hysteresis (DMH), birefringence induced

by a filed and in some other applications [38–46], in which

along with the amplitude, the frequency of the external ac

field plays an important role. Of particular interest is the

case of superposition of a dc field on the strong ac field and

its ability to vary the response characteristics and manifest

other effects [47].
The appearance of NR in the THz spectrum range

results in DMH at these frequencies. Although the

nonlinear effects and DMH in the non-inertial case have

been quiet well studied, particularly in thermal noise

conditions [44–54], such studies were performed in the

inertial case at frequencies in the NR range only for

ferromagnetic particles [38]. This study is also dedicated to

investigating the nonlinear susceptibility of AFM DMH at

the extremely high frequencies in the NR range. Nonlinear

corrections to a linear part of the AFM susceptibility are

calculated by solving the inertial LLG equation by a method

of successive approximations with preservation of second-

and third-order terms. It also includes analysis of the

influence of inertia, the dc field value and the ac field

frequency on magnetic susceptibility and DMH within the

THz frequency range.

2. Dynamics of AFM magnetization
in the strong ac field

The effective magnetic field of the i-sublattice in the

Eq. (1) is determined as

H
e f f
i (t) = −

1

µ0

∂V (M1,M2, t)

∂Mi

, (2)

where µ0 is the permeability of free space in SI units,

and V (M1,M2, t) is the AFM magnetic energy per unit

volume [7]. For simplicity, we consider below the AFMs

with sublattices that have uniaxial magnetic anisotropy. In

this case, the function V (M1,M2, t) is written as

V (M1,M2, t) =
3

M2
0

M1M2

−
∑

i=1,2

(

K
(MieY )2

M2
0

+ µ0H0(eYMi) + µ0Haceiωt(eZMi)

)

,

(3)
where H0 is the value of the dc magnetic field, Hac is

the amplitude of the ac field, ω is the frequency of the ac

field, 3 is the intersublattice exchange coupling parameter,

K is a constant of uniaxial magnetic anisotropy of the

sublattices, and, eX , eY and eZ are unit vectors along the

X ,Y and Z axes. The geometry of the problem is shown

in Figure 1, where axes of symmetry (easy axes) of the

sublattices and the dc field H0 = H0eY are oriented along

the Y axis, while the ac field is directed across the easy axis

Hac(t) = HaceiωteZ . The three-dimensional surface shown

in Figure 1 is determined as the surface of a constant value

of the function

F(ϑ, ϕ) = V̄ (ϑ, π − ϑ, ϕ, π + ϕ) − V̄ (ϑ0
1 , ϑ

0
2 , ϕ

0
1 , ϕ

0
2),

where the function V̄ is determined by the Eq. (3)
without taking into account the variable field. Below,

we consider the case of a relatively small dc field,

namely 0 < H0 <
√

2(K + 3)/(µ0M0), at which positions

of maximums of the functions V̄ are defined by the angles

ϑ0
1 = ϑ0

2 = π/2, ϕ0
1 = π/2 and ϕ0

2 = 3π/2 [27].

Since orientation of each of the vectors Mi is unam-

biguously determined by a pair of spherical coordinates

(ϑi , ϕi), then, taking into account Eq. (2), Eq. (1) can

be represented in spherical coordinates as a system of four
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Figure 1. Geometry of the problem: the easy axis of the internal

potential is directed along the Y axis, while the external dc and ac

fields are defined as and Hac(t) = Hac eiωteZ fields are defined as.

scalar equations [5]

τ ϑ̈i + αϑ̇i − ϕ̇i sinϑi − τ ϕ̇2
i cosϑi sinϑi + ∂ϑi

U = 0, (4)

τ ϕ̈i sinϑi + αϕ̇i sinϑi + ϑ̇i

+ 2τ ϑ̇i ϕ̇i cos ϑi + cscϑi∂ϕi
U = 0, (5)

where U ≡ γV/µ0M0 is a normalized density of magnetic

energy (3) and i = 1, 2. The function U is conveniently

written as a sum of two terms U = Ū + Ũeiωt , where

Ũ = −ωac

∑

i=1,2

cos ϑi (6)

is a density of Zeeman energy due to interaction of

magnetizations of the sublattices with the external ac field,

while the function Ū includes all other types of potential

energies and is defined as

Ū = ω3

(

sinϑ1 sinϑ2 cos(ϕ1 − ϕ2) + cos ϑ1 cos ϑ2

)

−
∑

i=1,2

(

ωK

2
sin2 ϑi sin

2 ϕi + ω0 sinϑi sinϕi

)

. (7)

Parameters ω3 = γH3 = γ3/(µ0M0), ωK = γHK

= 2γK/(µ0M0), ω0 = γH0 and ωac = γHac in the Eqs. (6)
and (7) have a frequency dimension and are, accordingly,

related to exchange interaction, magnetic anisotropy and

Zeeman interaction with the external dc and ac magnetic

fields.

Time evolution of angular coordinates ϑi = ϑi(t)
and ϕi = ϕi(t), that satisfy the system of Eqs. (4) and (5),
can be presented as superpositions of the oscillations with

frequencies kω and amplitudes (ϑk
i , ϕ

k
i ) around equilibrium

positions (ϑ0
i , ϕ

0
i ) that are defined by minimums of the

function Ū . Accordingly, it is convenient to represent a

solution of the system of the Eqs. (4) and (5) as Fourier

series

ϑi(t) =

∞
∑

k=−∞

ϑk
i eikωt , ϕi(t) =

∞
∑

k=−∞

ϕk
i eikωt , (8)

where we limit ourselves by considering only terms with

k ≤ 3 due to quickly increasing complexity of analytical

expressions for the amplitudes (ϑk
i , ϕ

k
i ) with an increase

of the index k . Since values of the angles ϑi(t) and ϕi(t)
are real, the Fourier coefficients in Eq. (8) should satisfy the

conditions ϑk
i = (ϑ−k

i )∗ and ϕk
i = (ϕ−k

i )∗.

By substituting Eq. (8) into the system of Eqs. (4)
and (5), taking into account that |ϑ0

i | ≫ |ϑ1
i | ≫ |ϑ2

i | . . .
and |ϕ0

i | ≫ |ϕ1
i | ≫ |ϕ2

i | . . . and grouping summands of the

powers of eikωt that have the same smallness, one can obtain

a system of equations for the harmonic amplitudes. For

k = 1, this system is written as

(τ ω2 − iωα)ϑ1
i + iω sinϑ0

i ϕ
1
i

−
∑

j=1,2

(Ūϑiϑ j
ϑ1

j + Ūϑiϕ j
ϕ1

j ) = Ũϑi
, (9)

−iω sinϑ0
i ϑ

1
i + (τ ω2 − iωα) sin2 ϑ0

i ϕ
1
i

−
∑

j=1,2

(Ūϕiϑ j
ϑ1

j + Ūϕiϕ j
ϕ1

j ) = Ũϕi
. (10)

Here, it is taken into account that Ūϑi

∣

∣

θ=θ0
= 0

and Ūϕi

∣

∣

θ=θ0
= 0, but Ūϑi

∣

∣

θ=θ0
=0 and Ūϕi

∣

∣

θ=θ0
=0, where

θ0 =(ϑ0
1 , ϑ

0
2 , ϕ

0
1 , ϕ

0
2) — is a position of the minimum of

the function Ū and θ(t) =
(

ϑ1(t), ϑ2(t), ϕ1(t), ϕ2(t)
)

.

It is convenient to represent the equations (9) and (10)
in matrix form

(τ ω2I− iωD− U)θ1 = F1, (11)

where I — is an identity matrix,

D =











α − sinϑ0
1 0 0

sin−1 ϑ0
1 α 0 0

0 0 α − sinϑ0
2

0 0 sin−1 ϑ0
2 α











, (12)

U =



























Ūϑ1ϑ1 Ūϑ1ϕ1
Ūϑ1ϑ2 Ūϑ1ϕ2

Ūϕ1ϑ1

sin2 ϑ0
1

Ūϕ1ϕ1

sin2 ϑ0
1

Ūϕ1ϑ2

sin2 ϑ0
1

Ūϕ1ϕ2

sin2 ϑ0
1

Ūϑ2ϑ1 Ūϑ2ϕ1
Ūϑ2ϑ2 Ūϑ2ϕ2

Ūϕ2ϑ1

sin2 ϑ0
2

Ūϕ2ϕ1

sin2 ϑ0
2

Ūϕ2ϑ2

sin2 ϑ0
2

Ūϕ2ϕ2

sin2 ϑ0
2



























(13)
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are system matrices,

F1 =















Ũϑ1

sin−2 ϑ0
1Ũϕ1

Ũϑ2

sin−2 ϑ0
2Ũϕ2















(14)

is a free vector, and

θ1 =















ϑ1
1

ϕ1
1

ϑ1
2

ϕ1
2















(15)

is a vector of sought amplitudes in Eq. (8)
Similarly, we obtain matrix equations for the vectors θk ,

which are generally written as

(τ k2ω2I− ikωD− U)θk = Fk . (16)

The expressions for the free vectors Fk when k = 2

and k = 3 are provided in the Appendix. Equation (16)
is formally solved as

θk = (τ k2ω2I− ikωD− U)−1Fk . (17)

3. Components of the AFM magnetic
susceptibility tensor

The vectors θk in Eq. (17) are used to cal-

culate the components of the susceptibility tensor

χ̂(k) = χ̂′(k)(ω) − i χ̂′′(k)(ω) of the n-th order, which are

coefficients in expansion of the Cartesian components of

the magnetization vector Mx , MY and MZ along the powers

of eikωt

MX(t) = M0

∑

i=1,2

sin

( ∞
∑

k=0

ϑk
i eikωt

)

cos

( ∞
∑

k=0

ϕk
i eikωt

)

= MC
X +

∞
∑

k=1

χ
(k)
XZ(ω)Hk

aceikωt, (18)

MY (t) = M0

∑

i=1,2

sin

( ∞
∑

k=0

ϑk
i eikωt

)

sin

( ∞
∑

k=0

ϕk
i eikωt

)

= MC
Y +

∞
∑

k=1

χ
(k)
YZ (ω)Hk

aceikωt , (19)

MZ(t) = M0

∑

i=1,2

cos

( ∞
∑

k=0

ϑk
i eikωt

)

= MC
Z +

∞
∑

k=1

χ
(k)
ZZ (ω)Hk

aceikωt , (20)

where MC
X , MC

Y and MC
Z are time-independent parts of the

vector M, which are determined as

MC
X = M0

∑

i=1,2

sinϑ0
i cosϕ

0
i , (21)

MC
Y = M0

∑

i=1,2

sinϑ0
i sinϕ

0
i , (22)

MC
Z = M0

∑

i=1,2

cos ϑ0
i . (23)

By expressing χ
(1)
GZ(ω) (G = X ,Y, Z) through elements of

the vector θ1 by means of Eqs. (18)−(20), we obtain the

following Eq. in a linear approximation

χ
(1)
XZ (ω)Hac = M0

∑

i=1,2

(ϑ1
i cos ϑ

0
i cosϕ

0
i − ϕ1

i sinϑ
0
i sinϕ

0
i ),

(24)

χ
(1)
Y Z (ω)Hac = M0

∑

i=1,2

(ϑ1
i cos ϑ

0
i sinϕ

0
i + ϕ1

i sinϑ
0
i cosϕ

0
i ),

(25)

χ
(1)
ZZ (ω)Hac = −M0

∑

i=1,2

ϑ1
i sinϑ

0
i . (26)

Here, the dependence on the frequency ω is contained

in the elements of the vector θ1 (see Eq. (17)). Equa-

tions (17) and (24)−(26) make it possible to numerically

calculate the components of the linear susceptibility tensor.

Results of calculation of the real and imaginary parts

ofχ
(1)
ZZ (ω) are shown in Figure 2 for the following values

of the parameters: α = 0.01, ωKτ = 0.005, ω3/ωK = 10

and ω0/ωK = 0.1, 1.5, 3. In the weak external field,

we observe precession of the total magnetization of the

AFM sublattices as a single vector, resulting in the

appearance of only one resonance peak both in the

antiferromagnetic resonance range and in the NR range

(the curve 1 in Figure 2, b). With an increase of

the external field, both ranges manifest two resonance

peaks. Frequencies of the antiferromagnetic resonances

can be estimated as ω
p
± ∼

√

ωK(2ω3 + ωK) ± ω0 [27].
Frequencies of the weaker NRs are estimated as

ωn
± ∼ τ −1 + ωK + ω3 ± ω0 [27]. Frequency separation

between the peaks decreases as the magnitude of the

external field H0 decreases, and they merge when H0 = 0.

These results comply with the results of Refs. [26,27]. It

should be noted that for χ
(1)
Y Z (ω) a zero value is obtained.

A similar result is obtained when calculating nonlinear

FM susceptibility [38] and leads to an important effect of

signal frequency doubling, which will be described by us

as an example of the calculation of second-order nonlinear

susceptibility.

By expressing the components of the second-order non-

linear susceptibility tensor χ
(2)
GZ(ω) (G = X ,Y, Z) through

elements of the vectors θ1 and θ2 by means of
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Figure 2. Real χ̄′
(1)
ZZ (a) and imaginary χ̄′′

(1)
ZZ (b) parts of the component of the normalized linear susceptibility tensor χ̄

(1)
ZZ = χ

(1)
ZZ HK/M0

(Eq. (24)) vs the frequency ω/ωK for α = 0.01, ωKτ = 0.005, ω3/ωK = 10 and various values of ω0/ωK .

Eqs. (18)−(20), we obtain the following

χ
(2)
XZ(ω)H2

ac = M0

∑

i=1,2

(

ϑ2
i cos ϑ

0
i cosϕ

0
i − ϕ2

i sinϑ
0
i sinϕ

−
(ϑ1

i )2 + (ϕ1
i )

2

2
sinϑ0

i cosϕ
0
i − ϑ1

i ϕ
1
i cos ϑ

0
i sinϕ

0
i

)

,

(27)

χ
(2)
YZ (ω)H2

ac = M0

∑

i=1,2

(

ϑ2
i cos ϑ

0
i sinϕ

0
i + ϕ2

i sinϑ
0
i cosϕ

0
i

−
(ϑ1

i )2 + (ϕ1
i )

2

2
sinϑ0

i sinϕ
0
i + ϑ1

i ϕ
1
i cos ϑ

0
i cosϕ

0
i

)

,

(28)

χ
(2)
ZZ (ω)H2

ac = M0

∑

i=1,2

(

−
(ϑ1

i )2

2
cos ϑ0

i − ϑ2
i sinϑ

0
i

)

. (29)

A solution of Eq. (17) when k = 1, 2 and substitution of this

solution into Eqs. (27)−(29) facilitates the numerical calcu-

lation of the components of the second-order susceptibility

tensor. The calculation shows that here it is the opposite to

the linear susceptibility case, namely, χ
(2)
ZZ (ω) = 0, whereas

χ
(2)
Y Z (ω) 6= 0. Thus, the stationary magnetization response

along the easy axis of the AFM sublattices to the ac field of

frequency ω is observed at a double frequency 2ω, namely,

MY (t) − MC
X = χ

(2)
Y Z (ω)H2

acei2ωt + . . .. This phenomenon is

well studied for the FMs and the AFMs at the frequencies

near the ferromagnetic and antiferromagnetic resonances [7].
It is important to note that here we observe this effect

in the AFMs at frequencies near the NR. In this case,

we see a direct analogy with the same effect that was

previously described by us in the FMs at extremely high

frequencies [38]. This analogy is related to the similar

geometry of the problem, i. e. in the weak external dc field

directed along the easy axis of the sublattices, a location

of the minimum of the function of density of magnetic

energy (without taking into account the ac field) of the

ferromagnetic-type sublattices corresponds to a location of

the minimum of this function in the FMs at the same

direction of the dc field. With an increase of the value of

the dc field, the location of the minimums of the function of

density of AFM magnetic energy is changed, which causes

various states of the AFMs to depend on the value and the

direction of the external dc field [7,27]. Manifestation of the

nonlinear effects in other states of the antiferromagnetics

requires separate studies.

The components of the third-order nonlinear susceptibility

tensor χ
(3)
GZ(ω) (G = X ,Y, Z) are obtained from Eqs. (17)

and (24)−(26) when k = 3, namely,

χ
(3)
XZ(ω)H3

ac = M0

∑

i=1,2

[

−(ϑ2
i ϕ

1
i + ϑ1

i ϕ
2
i ) cos ϑ

0
i sinϕ

0
i

− (ϑ1
i ϑ

2
i + ϕ1

i ϕ
2
i ) sinϑ

0
i cosϕ

0
i

+

(

ϑ3
i −

(ϑ1
i )3

6
−

1

2
ϑ1

i (ϕ1
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−
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]

,

(30)

χ
(3)
Y Z (ω)H3

ac = M0

∑
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i ϑ

2
i + ϕ1

i ϕ
2
i ) sinϑ

0
i sinϕ

0
i

+ (ϑ2
i ϕ

2
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i ϕ
2
i ) cos ϑ

0
i cosϕ

0
i

+

(
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(ϑ1
i )3
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−
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2
ϑ1

i (ϕ1
i )

2

)

cos ϑ0
i sinϕ

0
i

+

(

ϕ3
i −

(ϕ1
i )

3

6
−

1

2
(ϑ1

i )2ϕ1
i

)

sinϑ0
i cosϕ

0
i

]

,

(31)

Physics of the Solid State, 2025, Vol. 67, No. 9



1622 A.S. Titov, N.V. Chukashev, S.V. Titov

1 10

–2

–1

0

1

2
a

2

1

 

(3
)

χ
' Z
Z

ω/ω
K

α = 0.01

ω /ω  = 10Λ K

ω  = 0.005
Kτ

3

3

2

1

(3
)

χ
" Z
Z

1 : ω /ω  = 0.10 K

2 : ω /ω  = 1.50 K

3 : ω /ω  = 30 K

b

3 2

100 150 200

–0.0005

0

0.0005

3
2

1
1–3

1 10
ω/ω

K

3
2

–0.8

–0.4

0

0.4

0.8

100 150 200
–0.0003

0

0.0006

3

2

1

1–3
0.0003

Figure 3. Real χ̄′
(3)
ZZ (a) and imaginary χ̄′′

(3)
ZZ (b) components of the normalized third-order susceptibility tensor χ̄

(3)
ZZ = χ

(3)
ZZ H3

K/M0

(Eq. (24)) vs the frequency ω/ωK for α = 0.01, ωKτ = 0.005, ω3/ωK = 10 and various values of ω0/ωK .

χ
(3)
ZZ (ω)H3

ac =M0

∑

i=1,2

((

(ϑ1
i )3

6
−ϑ3

i

)

sinϑ0
i −ϑ1

i ϑ
2
i cos ϑ

0
i

)

.

(32)
Frequency dependencies of the real and imaginary

parts χ
(3)
ZZ (ω) for α = 0.01, ωKτ = 0.005, ω3/ωK = 10

and ω0/ωK = 0.1, 1.5, 3 are shown in Figure 3.

Note that χ
(3)
XX(ω) includes an additional NR subharmonic

when ω = ωNR/3 (see inserts in Figure 3). Generation of

the subharmonics is similar to manifestation of subharmon-

ics in nonlinear oscillations under the effect of an external

oscillating force [55].

4. Dynamic magnetic hysteresis
at the ultra-high frequencies

DMH is induced by the external ac field and is of

high practical importance, since this field causes heating

in the magnetic materials [2–4]. Visually, a DMH loop

is a flat parametric curve in rectangular coordinates. It is

convenient to display a normalized value of the external ac

field h(t) = Re[Hac(t)]/Hac = cosωt along the abscissa axis

of these coordinates and a normalized value of the Cartesian

component of magnetization m(t) = Re[MG(t)]/M0 along

the ordinate axis, where t varies within a period of

oscillations T = 2π/ω, while an index G = X ,Y, Z char-

acterizes the considered component of the magnetization

vector M. The area of the DMH loop is related to

the energy absorbed by the material during the period

T , whereas the form, the slope and the location of the

geometric center of the loop depend both on the value

of the external dc field and the value and the frequency

of the external ac field [38,47]. While DMH is well

studied both in the low-frequency part of the spectra of the

magnetic materials and in the range of the ferromagnetic

and antiferromagnetic resonances [38,47,56], it was almost

unstudied at the extremely high frequencies. DMH data
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Figure 4. DMH for α = 0.01, ωKτ = 0.005, ω3/ωK = 10,

ω0/ωK = 0.1, ωac/ωK = 0.5 and various values of the frequency

of the ac field ω (the NR range).

for the ferromagnetic nanoparticles at frequencies within the

NR range are provided in Ref. [38]. Here, we provide results
of DMH calculations at the extremely high frequencies for

the antiferromagnetic particles.

Equation (18) allows one to obtain an image of the hys-

teresis loop when G = X , which is shown in Figures 4−7.

In Figure 4, the frequency of the ac field ω is varied within

the NR range. It is clearly seen that with distance of the

field frequency from the NR frequency ωNR ∼ τ −1 the loop

collapses, which is caused by a decrease of absorption of

electromagnetic energy away from the resonance line and,

as a result, by a decrease of the area of the DMH loop.
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Away from the resonance line the DMH loop degenerates

into a line segment.

The role of the dc field is clearly shown in Figure 5, where

the value of the external dc field is a varied parameter. With

the increase of the value of the external field, there is an ob-

served shift of the absorption maximum (see Figure 2). As
the frequency at which the DMG is observed moves away

from the absorption maximum, the loop area decreases. This

effect is similar to the effect in Figure 4, the only difference
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Figure 5. DMH for α = 0.01, ωKτ = 0.005, ω3/ωK = 10,

ωτ = 1.05, ωac/ωK = 0.5 and various values of the frequency ω0 .
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Figure 6. DMH for ωτ = 1, ωKτ = 0.05, ω3/ωK = 10,

ω0/ωK = 1, ωac/ωK = 0.5 and various values of the parameter α.
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Figure 7. DMH for α = 0.01, ωτ = 1, ω3/ωK = 10,

ω0/ωK = 1, ωac/ωK = 0.5 and various values of the time of

inertial relaxation τ .

being that in Figure 4 the distance from a carrier frequency

to the resonance frequency is changed by varying the carrier

frequency, whereas here the change is accomplished by

varying the resonance frequency by means of the external

field. Dependences of the NR frequencies in the AFMs on

the external field are described in the study [27].
Figure 6 shows the influence of variation of the decay

parameter on the DMH form. Since the decay parameter

determines a half-width of the absorption line, then its

increase results in an increase of absorption at the frequency

that is close to the resonance one. As a result, the area of

the DMH loop increases. However, with the increase of

the line half-width its amplitude decreases. With noticeable

reduction of absorption, the loop area decreases again,

which is demonstrated in Figure 6. Finally, Figure 7

shows a DMH dependence on the time of inertia relaxation.

This parameter determines the NR frequency ωNR ∼ τ −1,

therefore, with a decrease of τ ωNR , increases and the

distance between the probing and resonance frequencies

increases. It is the same effect as in Figure 5, but now

it is induced by varying the resonance frequency not by the

external field, but by varying the time of inertial relaxation.

With increasing distance, absorption drops and the area of

the DMH loop is reduced.

In the weak external dc field that are directed along

the easy axis of the AFM sublattices, the positions of the

minimums of the functions of density of magnetic energy of

the AFM sublattices are arranged similar to the minimums

of the functions of density of FM magnetic energy. In this

case, the area and the slope of the AFM DMH loop can

be evaluated by formulas provided in Ref. [38] (see also

Ref. [47]) for the FMs.
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5. Conclusion

We have investigated the nonlinear stationary response

to the ac field of the magnetization of an AFM that is

under the combined effect of ac and dc fields. The field

of applicability of previous studies of the nonlinear effects

in antiferromagnetic nanoparticles is limited by the use

of the LLG equation, which does not take into account

inertial effects and does not make it possible to reproduce

the NR in the magnetic susceptibility spectra at extremely

high frequencies. As shown by recent studies [18–32], in
order to investigate superfast relaxation processes and the

properties of magnetic materials, which are manifested in

the magnetic fields of extremely high frequency, where the

inertial effect play a significant role, it is necessary to use

the generalized inertial LLG equation. Using the method

of successive approximations, the inertial LLG equations

that describe the dynamics of the magnetizations of the

identical AFM sublattices were solved to deduce analytical

expressions for the components of the second- and third-

order nonlinear susceptibility tensor. At the same time, the

expressions obtained for the linear part of susceptibility are

in full agreement with independent studies [26,27]. Some

nonlinear effects that are well studied in the frequency

range of AFM resonance, such as resonances at frequencies

which are multiples of the ac field frequency as well as

the appearance of an ac component of the magnetization at

double the frequency of the external ac field, are reproduced

within the AFM NR range. These nonlinear effects are

caused by the presence of anisotropy in magnetic media

and the nonlinearity of the LLG equation. The inertial

term introduced into the LLG equation both phenomenolo-

gically [18,22] and derived based on theoretical consider-

ation of this phenomenon microscopically [33–37], results
in the presence of eigen (nutation) oscillations at extremely

high frequencies. In turn, the presence of a dissipative term

in the LLG equation causes the damping of the eigen oscilla-

tions of magnetization, while forced oscillations have a finite

amplitude when an exciting frequency coincides with the

eigen frequency, and a finite width of the resonance lines.

The calculations presented are true for the antiferromagnetic

particles. The results can be generalized for considering

magnetic characteristics of thin antiferromagnetic films and

bulk AFMs when the specifics of the problem allow the

use of a simplified expression for the magnetic energy

(3) (for example, without taking into account spin waves,

heterogeneous magnetization of the samples, etc.).
DMH is calculated at the extremely high frequencies

that correspond to the NR range (see Figures 4−7). It

is shown that nonlinear susceptibility and the DMH form

significantly depend on the values of the dc and ac fields

as well as on dynamic parameters of the magnetization,

for example, the times of inertial relaxation. The results

can be used for practical applications, such as modeling

and interpretation of superfast switching processes [16,17].
Besides, by estimating the hysteresis area, one can judge

heating properties of the magnetic nanoparticles under the

effect of extremely high-frequency fields. Finally, detecting

the additional resonances that occur in the strong ac fields

at extremely high frequencies in the AFM spectra can be

the object of future experimental studies.

Appendix

The vector F2 in Eq. (16) when k = 2 is written as

F2 =











a1 + Rϑ1

b1 + Rϕ1

a2 + Rϑ2

b2 + Rϕ2











+ Ũθ1, (33)

where the elements a i , bi and Rx i
are defined as

a i = −ϕ1
i

(

iωϑ1
i cos ϑ

0
i −

1

2
τ ω2ϕ1

i sin 2ϑ
0
i

)

, (34)

bi = −(2τ ω2 − iωα)ϑ1
i ϕ

1
i sin 2ϑ

0
i − iω(ϑ1

i )2 cos ϑ0
i , (35)

Rx i
=

1

2

∑

j,k=1,2

(

Ūx iϑ jϑk
ϑ1

j ϑ
1
k + Ūx iϕ jϕk

ϕ1
jϕ

1
k

+ Ūx iϑ jϕk
ϑ1

j ϕ
1
k + Ūx iϕ jϑk

ϕ1
jϑ

1
k

)

. (36)

The matrix Ũ in Eq. (33) is derived from the matrix U (see
Eq. (13)) by replacement Ū → Ũ in the latter.

The vector F3 in Eq. (16) when k = 3 is represented as

F3 =











c1 + R̃ϕ1
+ Pϑ1

d1 + R̃ϕ1
+ Pϕ1

c2 + R̃ϑ2 + Pϑ2

d2 + R̃ϕ2
+ Pϕ2











, (37)

where the elements R̃x i
are derived from the elements Rx i

by replacement Ū → Ũ in the latter, while the elements c i ,

di and Px i
are defined as

c i = τ ω2ϕ1
i (ϑ

1
i ϕ

1
i cos 2ϑ

0
i + 2ϕ2

i sin 2ϑ
0
i )

− iω

[

(ϑ2
i ϕ

1
i + 2ϑ1

i ϕ
2
i ) cos ϑ

0
i −

1

2
(ϑ1

i )2ϕ1
i sinϑ

0
i

]

,

(38)

di = 3iωϑ1
i ϑ

2
i cos ϑ

0
i −

1

2
iω(ϑ1

i )3 sinϑ0
i − (3τ ω2 − iωα)

×
[

(ϑ1
i )2ϕ1

i cos 2ϑ
0
i + (ϑ2

i ϕ
1
i + 2ϑ1

i ϕ
2
i ) sin 2ϑ

0
i

]

,

(39)

Px i
=

∑

j,k=1,2

(

Ūx iϑ jϑk
ϑ1

j ϑ
2
k + Ūx iϕ jϕk

ϕ1
jϕ

2
k + Ūx iϑ jϕk

ϑ1
j ϕ

2
k

+ Ūx iϕ jϑk
ϕ1

jϑ
2
k

)

+
1

6

∑

j,k,l=1,2

(

Ūx iϑ jϕkϕl
ϑ1

j ϕ
1
kϕ

1
l + Ūx iϕ jϑkϕl

× ϕ1
jϑ

1
k ϕ

1
l + Ūx iϕ jϕkϑl

ϕ1
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l + Ūx iϕ jϕkϕl
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1
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.

(40)
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