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A theoretical study of the influence of the parameters of the amplifying and absorbing media on the dynamics of

coherent mode locking (CML) in a two-section laser is carried out. Based on analytical calculations and numerical

modeling, the conditions for the formation of a stable CML regime with parameters characteristic of terahertz

quantum cascade lasers (QCLs) are studied. Using the generalized area theorem, the existence and stability of the

CML regime in such systems are proven. Numerical solution of nonlinear equations describing the interaction of

radiation with the active and passive media made it possible to determine the key parameters affecting the CML

dynamics. It is shown that the ratio of population relaxation times in the amplifying and absorbing media plays a

critical role. The obtained results are important for the development of self-starting compact laser systems generating

short pulses, in particular, for terahertz QCLs. Such systems are promising for use in ultrafast spectroscopy and

other applications requiring stable generation of ultrashort pulses.
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1. Introduction

Coherent Mode Locking (CML), theoretically predicted

more than 30 years ago [1], represents a mechanism for

generating short pulses in a two-section laser based on the

formation of 2πself-induced transparency (SIT) pulses in

the absorbing medium [2,3]. This type of synchronization

arises from the coherent interaction of laser radiation with

the medium when the pulse duration becomes shorter than

the polarization relaxation time T2 in both the amplifier and

the absorber [4–8]. Unlike standard passive mode-locking,

which is implemented through incoherent saturation of gain

and absorption [9,10], the CML regime allows overcoming

the pulse duration limit imposed by time T2 and achieving

pulse generation as short as a single oscillation cycle in

lasers with an ultrashort resonator [7].

Active theoretical studies of CML in two-section lasers

have only begun recently [4–8,11–13]. In [6] and subsequent

works [11,12], an analytical approach to describing CML

based on the McCall-Hahn area theorem was developed.

Experimentally, the CML regime was first realized in

a titanium-sapphire laser with a coherent absorber [13].

CML is considered a promising mechanism for generating

short pulses in quantum cascade lasers (QCLs) [4,8],

where standard passive mode-locking is challenging due to

extremely fast relaxation times [14–17].

However, existing theoretical works on CML in

QCLs [4,8] use practically difficult schemes that do not

allow self-starting of generation. In [18] passive mode-

locking was experimentally demonstrated in a terahertz

solid-state laser with a graphene saturable absorber, but this

regime was also incoherent. From a practical point of view,

CML has significant advantages, enabling the generation of

shorter and more powerful pulses compared to standard

passive mode-locking [19]. In [20] the possibility of self-

starting CML in the IR and THz ranges was theoretically

shown in lasers with fast relaxation times under parameters

close to those realizable in QCLs. Nevertheless, a detailed

study of the influence of system parameters on CML

dynamics under such conditions is still lacking.

In this work, which is a follow-up of [20], our goal is to

systematically study how the laser system parameters affect

the feasibility of CML implementation. In particular, we

examine the influence of two key ratios:

− The ratio of polarization relaxation time to population

difference relaxation time T2/T1;

− The ratio of dipole moments of the absorber and

amplifier da/dg on output radiation characteristics such as

pulse duration, maximum amplitude, and generation type.

To study the dependence of main characteristics of the

CML regime on laser parameters, an analytical approach

based on the area theorem was also used. Specifically,

dependencies on parameters such as pumping level, res-
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onator’s round-trip time, relaxation times in the active

medium, and the ratio of transition dipole moments in the

absorber and amplifier were considered.

This paper is organized as follows: Section 2 presents

the theoretical model and discusses the parameters used;

Section 3 studies the influence of laser system param-

eters on CML feasibility based on three cases leading

to femtosecond pulse generation. Section 4 is devoted

to the analytical description of coherent propagation of

ultrashort pulses in a resonant medium based on the

area theorem; the dynamics of the initial pulse area

change as it propagates in the resonator during parameter

variation are studied. Using this approach, questions about

the existence and stability of CML regime with varying

resonator and medium parameters in both laser sections

were investigated.

2. Theoretical model

In this work, as in [20], a two-section laser model

placed in a ring resonator with unidirectional generation

mode was used; the scheme is shown in Fig. 1, a. The

absorbing and amplifying media were modeled in the two-

level approximation, assuming homogeneous broadening of

the transition. Mirrors 1, 3 and 4 were fully reflecting, and

mirror 2 had reflection coefficient: Rresonator = 0.8.

Numerical calculations were performed by solving the

Maxwell-Bloch equations system for the slowly varying

amplitude of the electric field A(z , t) the slowly varying

polarization amplitude — the imaginary part of the off-

diagonal element of the two-level density matrix Ps (z , t)
and the population difference of the two-level medium. This

system of equations has the following form [2,20]:

∂

∂t
Aa,g(z , t) +

∂

∂z
Aa,g(z , t) = 4πω0d12a,g N0a,g Ps a,g (z , t),

(1)

d
dt

Ps a,g = −
Ps a,g (z , t)

T2a,g

+
d12a,g

2~
na,g(z , t)As a,g (z , t), (2)

d
dt

na,g(z , t) = −
na,g(z , t) − n0a,g

T1a,g

−
2d12a,g

~
As a,g (z , t)P s a,g (z , t). (3)

In numerical simulations, CML generation was started

from a constant electric field strength in the resonator, with

magnitude 10−13(in CGSE units). All mirrors 1, 3, 4 were

fully reflective; mirror 2 had reflection coefficient R. Initial
polarization Ps a,g (z , 0) = 0 in all media and initial inversion

values n0a = 1, n0g = −1were set.

Here and onward, the indices a and g correspond to

absorber and gain media, respectively. T1 is the population

difference relaxation time, T2 is the polarization relaxation

time, d12 is the transition dipole moment, n0 is the

equilibrium value of the population difference (n0a = 1,

n0g = −1), N0 is the particle concentration, ω0 is the res-

onance transition frequency (same for gain and absorber).

Zero detuning (1ω = 0) and homogeneous broadening of

the resonant transition is assumed. Parameters used in

numerical calculations are shown in the table. For both

gain and absorber media, all parameters were equal except

for the medium length (the length ratio of absorber La to

gain section Lg was set as 1 : 3) and the transition dipole

moment. Experimental results show that coherent pulse

propagation and Rabi oscillations are realizable in QCLs

and can be described using few-level medium models with

Maxwell-Bloch type equations (1)−(3) [21].

3. Numerical Simulation Results

To investigate pulse generation dependence on media

parameters in the resonator, numerical solutions of Maxwell-

Bloch equations (1)–(3) were carried out for each pa-

rameter set. After many resonator round-trips, it was

either established that no generation occurred or parameters

of generated pulses were measured: full-width at half

maximum (FWHM) (FW HM, fs), maximum electric field

|A(z )|2 (Pulse amplitude, arb. units) and interval between

adjacent pulses 1; These were averaged over many pulses

(N ∼ 200).

For illustration, Fig. 1,b–e shows the results of the numer-

ical solution of system (1)−(3) for one set of parameters:

case 2 in the table, the ratio of the relaxation times of

polarization and the population difference, T2/T1 = 0.2,

T2 = 2 ps. Fig. 1, b and 1, e display intensity vs. time

and the generation spectrum, respectively. Additionally, in

the steady state regime, a segment of the intensity time

dependence showing two single pulses is given (Fig. 1, c), as

well as the instantaneous spatial distribution of the electric

field amplitude |A(z )|2, the population difference 1ρ(z ) and

polarization amplitude Ps(z ) as the pulse passes through

the amplifier section (Fig. 1, d).

For most of the parameter sets considered below, as well

as for the case shown in Fig. 1, b, after a stabilization

period (on average about 500 ps), the generation consists

of a sequence of identical short pulses following each

other at a constant interval 1indicating that the mode

locking has been achieved. In each case, the FW HM-

pulse duration is shorter than the polarization relaxation

time T2; satisfying this condition is necessary to consider the

mode synchronization coherent. Note also that, as seen in

Fig. 1, e, the resulting spectrum is significantly broader than

the Lorentzian homogeneous broadening contour, which is

characteristic exclusively of coherent mode locking.

The pulse roundtrip time in the resonatorTrt) for this

configuration is ∼ 10 ps, and unless otherwise specified,

the interval between pulses was 1 = Trt, indicating a single-

pulse regime.
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Figure 1. (a) Diagram of a two-section laser with a ring resonator containing an amplifying and an absorbing medium; 1, 2, 3, 4 —
resonator mirrors. (b) Dependence of the square of the electric field amplitude|A(z )|2 (generation intensity) on time at the resonator

output, (c) two single generation pulses and some of their parameters; (d) distribution of the electric field amplitude|A(z )|2 in the resonator

(blue line), population difference 1ρ(z ) (black line) and Ps(z ) during the pulse passing through the amplifier section. (e) Generation

spectrum (blue line) and Lorentzian gain line contour (red line).

Table.

Parameter Description 1 2 3

Absorber Detuning, rad/s 0 0 0

d, D (ESU, 10−18) 10 10 14

T1, ps 10 20 10

T2, ps 4 7 4

n, cm−3 5.00E+16 5.00E+16 5.00E+16

Gain Detuning, rad/s 0 0 0

d, D (ESU, 10−18) 5 5 7

T1, ps 10 20 10

T2, ps 4 7 4

n, cm−3 5.00E+16 5.00E+16 5.00E+16

Resonator λ, µm 14 14 14

Lresonator , cm 0.3 0.3 0.3

Rresonator 0.8 0.8 0.8

Note. Initial parameters used in calculations; values that were varied are italicized.

3.1. Dependence of Generation Parameters on

the Ratio of Polarization and Population

Difference Relaxation Times T2/T1

Since the polarization relaxation time T2 depends on the

device’s operating temperature, temperature fluctuations of

the resonator can lead to changes in pulse duration or even

generation failure. Therefore, we examined the dependence

of generated pulse parameters on the ratio of polarization re-

laxation time to population difference relaxation time T2/T1.

Two cases were considered (T1 = 10 ps and T1 = 20 ps, see

parameter sets 1 and 2 in the table), where, with all other

parameters fixed, time T2 was varied for both absorber and

amplifier.

Fig. 2 shows the dependence of FW HM and pulse

amplitude on the ratio T2/T1. For both cases, in the interval

0.1 < T2/T1 < 0.6 there is a clear hyperbolic dependence

of both pulse width and amplitude on T2; as T2 increases,

the single pulse duration decreases while its amplitude

increases.
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Figure 2. Dependence on the ratio T2/T1 (a) pulse full-width at half-maximum (FWHM) and (b) maximum electric field amplitude

|A(z )|2 circles correspond to T1 = 10 ps, diamonds to T1 = 20 ps. Cases of generation with varying pulse forms are marked by half-filled

symbols, with horizontal lines indicating the maximal and minimal FWHM and amplitude values.

After T2/T1 > 0.6 the generation type changes

abruptly — generated pulses now have varying maximum

intensity and duration. These cases are indicated on Fig.

2 with half-filled symbols, showing the range of FW HM
and amplitude. An example of generating varied pulses for

T1 = 20 ps, T2/T1 = 1 is presented in Fig. 3, a. It is seen

that although the interval between pulses 1 is maintained,

other pulse characteristics vary from pulse to pulse.

The dependence of the interval between pulses 1 on

the ratio T2/T1 is shown in Fig. 4, a. As above, cases

with different pulse shapes are marked by half-filled sym-

bols. As seen in Fig. 4, a, even in cases of varying

pulse forms for T1 = 20 ps generation was always single-

pulse (1 = Trt ∼ 10 ps). For T1 = 10 ps the generation

regime was dual-pulse (1 = 0.5Trt ∼ 5 ps) except for two

cases: although the average1 was about 0.5Trt, the interval

between pulses varied, with maximum and minimum values

indicated by horizontal lines in the graph.

For T1 = 10 ps compared to T1 = 20 ps the spread of

amplitudes and pulse widths is much greater. For the

T1 = 10 ps case, pulse generation ceased at T2/T1 < 0.2

and T2/T1 > 0.7, whereas for T1 = 20 ps generation was

possible over a wider range (0.1 < T2/T1 < 1.1). All this

indicates greater stability for the T1 = 20 ps case and a wider

potential application range.

As already noted, polarization relaxation time T2 depends

on operating temperature. The above results suggest that

for the initial parameter sets considered here (table), small

changes in T2 do not alter pulse generation character (single
pulse period, identical pulse shapes). We also demon-

strated the existence of a stable interval 0.1 < T2/T1 < 0.6,

where increasing T2 simultaneously allows increasing pulse

amplitude by about 30% and shortening pulse duration

(330 → 290 fs forT1 = 10 ps case and 305 → 260 fs for

T1 = 20 ps case).

3.2. Dependence of Generation Parameters on
the Ratio of Dipole Moments of Absorber
and Amplifier da/dg

Now consider the dependence of generated pulse char-

acteristics on the ratio of dipole moments in the absorber

and amplifier da/dg . The dipole moment of the radiative

transition in a quantum cascade laser depends on the

applied electric field (or bias voltage), which thus opens the

possibility of tuning generation parameters without changing

the resonator cell. Two cases were studied (dg = 5D and

dg = 7D, see sets 1 and 3 in the table); with all other

parameters fixed, the dipole moment of the absorber dawas

varied.

Let us focus on the interval between generated pulses.

The dependence of the pulse separation 1 on the ratio da/dg

is shown in Fig. 4, b. As seen, in most cases the pulse inter-

val was 1 = 0.5Trt indicating a dual-pulse regime. Only in

two cases (dg = 5D, da/dg = 3 and da/dg = 4.6) was the

regime single-pulse, i.e., 1 = Trt = 10 ps. There were also

regimes with non-constant pulse intervals: for several values

dg = 5D, 3 < da/dg < 4.5 intensities, pulse widths (Fig. 5),
and intervals (1 ∼ 0.5−5 ps, 1mean ∼ 3.33 ps= Trt/3)varied.
In two cases, for dg = 7D at da = 9D and da = 10D,

generation of identical and different pulses with constant

interval 1 = 3.33 s= Trt/3occurred. In a separate case with

values dg = 7D, da = 8D, da/dg = 1.143, stable generation

of identical pulses with repetition period was observed.

1 = 2.5 ps= Trt/4.

Fig. 5 shows the dependence of FWHM and pulse

amplitude on the ratio da/dg . For both cases, there

Optics and Spectroscopy, 2025, Vol. 133, No. 6
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is again a hyperbolic dependence of pulse width and

amplitude on da . Specifically, increasing da results in

shorter single pulses and higher amplitude pulses. For the

dg = 5D case, the generation range was1.2 < da/dg < 5,

although the generation character changed after da/dg > 3.

The values for which coherent generation started with

a large delay (more than 5 ns, or 500 resonator round-

trips) are marked on Fig. 5, a by a green hatched rect-

angle. Additionally, pulses for da/dg > 4.5 (marked

by a gray rectangle on Fig. 5, a) were double-peaked;

an example of two such separate pulses for da = 5D,

da/dg = 4.8 is given in Fig. 3, c. The generation

mode was dual-pulse (1 = 0.5Trt ∼ 5 ps), and if each

peak is considered separately, as seen in Fig. 5, a, they

have the minimal pulse width (FW HM ∼ 100−60 fs)
for this dipole moment value. Considering the

group of two pulses together, their combined width is

∼ 350 fs.
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For one parameter set, dg = 7D, da/dg = 1 (marked on

Fig. 5 by a diamond with a cross), generation was observed

in a
”
pulsed“ regime; the dependence of the square of the

electric field amplitude |A(z )|2 on time at the resonator

output and an enlarged fragment showing several single

pulses are presented in Fig. 3, c and 3, d respectively. As

can be seen, for this case there is a large envelope period of

|A(z )|2 on the order of 220 ps, as well as a small repetition

period of about Trt ∼ 10 ps. The pulses vary significantly in

both amplitude and width, but the generation remains stable

over the relatively long period.

For the case dg = 7D the generation range was sig-

nificantly smaller, 1 < da ./g < 2.8. We note the case

da = 19.5D, da/dg
∼= 2.79, where the generation of the

largest amplitude pulses (|A(z )|2max ∼ 1.5 · 107 ESU) and

simultaneously the shortest pulses (FW HM = 60 fs) was

achieved.

Thus, we observe the existence of generation over a wide

range of values of da . For the dg = 7D case, although a

clear dependence of generation parameters on the ratio of

dipole moments da/dg is observed, it is difficult to identify

stable regions. As seen in Fig. 4, b and Fig. 5, increasing

da changes the generation regime — two-pulse, three-pulse,

and four-pulse regimes are possible.

For dg = 5D we can point to the existence of a stable

region 1.2 < da/dg < 3, in which increasing da allows

simultaneously a substantial increase in pulse amplitude

(∼ by a factor of 3) and reduction in pulse duration

(670→160 fs), while maintaining stable generation with a

constant repetition period (1 = 0.5Trt) and identical pulse

shapes.

4. Analysis of CML Using the Area
Theorem

Direct numerical modeling of laser dynamics allows clear

tracing of the establishment of a steady-state generation

regime at given laser system parameters. At the same

time, investigating the dependence of laser generation on

various medium or resonator parameters proves complicated

because partial differential equations must be solved for

each parameter set. Therefore, for such tasks, analytic

models describing the laser nonlinear dynamics are more

convenient.

The most suitable analytic method for describing coherent

propagation of ultrashort pulses in resonant media is based

on the so-called area theorem [2,3]. Within this approach,

instead of solving equations for the electric field E(z , t) the

change in a quantity called the pulse area, defined as

8(z ) =
d12

~

+∞
∫

−∞

E(z , t)dt, (4)

where d12 is the dipole moment of the resonant transition

in the medium, and, ~ is the reduced Planck constant. The

change in pulse area 8(z ) along the propagation coordinate

for an ultrashort pulse in a resonant medium with strong

inhomogeneous line broadening is described by a simple

differential equation known as the area theorem:

d8(z )

dz
= αn0 sin8(z ), (5)

where α is the gain coefficient dependent on medium

properties, and, n0 is the population inversion in the

Optics and Spectroscopy, 2025, Vol. 133, No. 6
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medium. The area theorem (2) admits an explicit analytic

solution:

tg
8(z )

2
= eαn0z tg

80

2
. (6)

Although the area theorem (5), (6) does not allow direct

investigation of the electric field dynamics, its analytic

accessibility makes it very convenient for exploring the

dependence of fundamental laser dynamic characteristics on

various parameters.

The standard area theorem in the form (5) was derived

for a single pass of an ultrashort pulse through the medium.

However, in a laser, the pulse propagates within the

resonator and repeatedly returns to the medium after each

round-trip. For this case, the standard area theorem (5)
becomes inapplicable. A corresponding generalization of

the area theorem (5), taking into account pulse propagation

in medium placed in a ring resonator, was recently derived

in works [11,12] and has the form:

d8k+1(z )

dz
= α

(

nk(z ) sin8k+1(z )

−
Pk(z )

d12

sin2
8k+1(z )

2

)

, 0 ≤ z ≤ L, (7)

nk+1(z ) =

(

nk(z ) cos8k+1(z )

−
Pk(z )

d12

sin 8k+1(z )

)

e−Trt/T1 + n0(1− e−Trt/T1 ),

Pk+1(z ) = (Pk(z ) cos8k+1(z )

+ d12nk(z ) sin8k+1(z ))e−Trt/T2 ,

where function 8k(z ) defines the pulse area (4) at the

k-th round-trip iteration, nk(z ) and Pk(z ) represent the

population inversion and induced polarization of the res-

onant medium at coordinate z respectively after k full

resonator round-trips,L is the length of the medium layer.

The spatial coordinate z is measured along the direction

of pulse propagation along the resonator axis throughout

the resonant medium layer. Boundary conditions linking

the pulse area values at two successive round-trips are

determined by reflection of the pulse at the output mirror

with amplitude reflection coefficient r :

8k+1(z = 0) = r8k(z = L).

In the case of a two-section laser, the system of equations

(7) must be solved separately at each resonator round-

trip iteration for pulse propagation in the amplifier section

and separately for the absorber section. Accordingly, all

parameters for both media can be different. For simplicity,

below we use the same relaxation times T1 and T2 for

both media but vary the transition dipole moments d12 and

coefficients α independently for both. As before, parameters

related to the gain and absorber media are denoted by

subscripts g or a respectively.

Let us first consider the optimal case where the dipole

moment of the resonant transition in the absorber is twice

that in the amplifier. In this case, a stable 2π-pulse in

the absorber simultaneously represents a stable π-pulse in

the amplifier. The dynamics of the initial pulse area as

it propagates in the resonator were studied using system

(7). The number of resonator round-trip iterations in

(7) was chosen such that the system reached a steady

state. Calculations showed that throughout the considered

parameter range, system (7) describes convergence to stable

stationary values when starting from initial zero induced

polarization in the medium, equilibrium values n0,g and

n0,a for population inversion, and a small seed for the

initial pulse area 81(0) ≪ π. No periodic or more complex

nonperiodic dynamic regimes of system (7) were found.

Thus, one can conclude the existence and stability of the

coherent mode synchronization regime in the studied laser

system.

Fig. 6, a, b shows results from the generalized area

theorem (7) calculations for dipole moment ratio

md = da/dg = 2 and other parameters from the previous

section. The varied parameters are the ratio of relaxation

times Trt/T1 and the dimensionless pump level in the

amplifier αgn0,gLg . Fig. 6, a shows stationary values of

the pulse area at the absorber section output, Fig. 6, b —
the steady-state pulse area at the amplifier section output.

From these figures, above a certain generation threshold, a

stable CML regime is established with pulse area values

smaller than the corresponding stable values in an infinite

medium, namelyπ in the amplifier and 2π in the absorber.

Meanwhile, pulse area values on Fig. 6, a, b tend to approach

πin the amplifier and 2π in the absorber in the limit of

large pump excess above threshold and very fast population

inversion relaxation Trt/T1 ≫ 1.

Fig. 7, a and 7, b shows the corresponding steady-state

values of the population inversion in both laser sections

for the same parameter ranges as in Fig. 6, a and 6, b.

It is evident that the population inversion approaches

its equilibrium values in the case of very fast inversion

relaxation Trt/T1 ≫ 1. Conversely, for sufficiently slow

inversion relaxation relative to the resonator round-trip time,

the inversion tends toward zero in absolute value. This result

can be explained by the fact that when inversion relaxation

is much slower than the round-trip time, a steady dynamic

regime is possible only if the inversion changes little under

the action of the generated pulse; in the two-section laser

geometry, this inevitably results in small oscillations of the

inversion near zero.

Next, we consider a case that is more important from

a practical standpoint — the case of identical media in

both laser sections, which implies equal transition dipole

moments in the amplifier and the absorber. Indeed, selecting

different media for the amplifier and absorber with a

specified ratio of transition dipole moments, for example

equal to two, appears to be a rather difficult task. In this

regard, using the same medium in each laser section is much

more convenient for practical implementation of the CML

Optics and Spectroscopy, 2025, Vol. 133, No. 6



Theoretical study of the influence of parameters of the amplifying and absorbing media... 623

0.5 1.0 1.5

0.5

1.0

2.0

3.5

T /Trt 1

*
Φ

/π
a

3.0

2.0

1.5

2.5

a
L

n
g

g
0
, g

a

0.2

0.4

1.0

1.8

1.6

0.6

1.2

0

0.8

1.4

0.5 1.0 1.5

0.5

1.0

2.0

3.5

T /Trt 1

*
Φ

/π
g

3.0

2.0

1.5

2.5

a
L

n
g

g
0
, g

b

0.1

0.2

0.5

0.9

0.8

0.3

0.6

0

0.4

0.7

Figure 6. Steady-state pulse area at the output of the (a) absorber section 8∗

a (z = La), (b) amplifier section 8∗

g (z = Lg) as functions of
the pump level αgn0,g Lg and the ratio of characteristic times Trt/T1; other parameters: r = 0.8, Trt/T2 = 2.5, md = 2, αgn0,g Lg = 2αa n0,a La .

0.5 1.0 1.5

0.5

1.0

2.0

3.5

T /Trt 1

*
n

/n
a

0,
 a

3.0

2.0

1.5

2.5

a
L

n
g

g
0
, g

a

–0.9

–0.8

–0.5

–0.1

–0.2

–0.7

–0.4

–1.0

–0.6

–0.3

0.5 1.0 1.5

0.5

1.0

2.0

3.5

T /Trt 1

3.0

2.0

1.5

2.5

a
L

n
g

g
0
, g

b

0.2

0.5

0.9

0.8

0.3

0.6

0.4

0.7

*
n

/n
g

0,
 g

1.0

Figure 7. Steady-state population inversion at the output of the (a) absorber section n∗

a (z = La), (b) amplifier section n∗

g (z = Lg)
as functions of the pump level αg n0,g Lg and the ratio of characteristic times Trt/T1; other parameters: r = 0.8, Trt/T2 = 2.5, md = 2,

αgn0,g Lg = 2αa n0,a La .

regime. Figures 8, a and 8, b show the steady-state pulse

area values at the output of the absorber and amplifier

sections, respectively, for the case of identical media in

both laser sections. In this case, the steady-state pulse areas

do not exceed the value π in either section. Meanwhile,

the pulse area in the amplifier tends toward the value π

in the limit of high pumping and fast population inversion

relaxation Trt/T1 ≫ 1. At the same time, in the absorber, the

pulse area monotonically decreases as the pulse propagates,

and its steady-state values remain several times smaller than

π over the whole parameter range. It is also noteworthy

that the dependence of the steady-state pulse area in the

absorber on the pump level shown in Fig. 8 a is non-

monotonic: with increasing pump power, it first reaches

a maximum and then gradually decreases.

Corresponding steady-state population inversion values in

the absorber and amplifier for the case of the same medium

in both laser sections are shown in Figs. 9, a and 9, b.

Qualitatively, the shape of these diagrams resembles those

in Figs. 7, a, b for the case of dipole moment ratiomd = 2.

However, for identical media in both amplifier and absorber,

even with very fast population inversion relaxation, the

steady-state inversion values are significantly lower than the

equilibrium values n0,g and n0,a .This is because, with equal

dipole moments, the stable pulse area values in the gain and

absorber media differ significantly.

Finally, we consider the case of an arbitrary ratio of the

resonant transition dipole moments in the absorber and

amplifier md . The diagrams in Figs. 9 and 10 show the

steady-state pulse area values at the output of the absorber

and amplifier as functions of the amplifier pump level and

parameter md for fixed values of the ratios of characteristic

times Trt/T1 and Trt/T2. For example, the diagrams in Fig.

6 a and 8, a for the absorber, corresponding to particular

casesmd = 1 and md = 2, and the diagram in Fig. 10(a)
correspond to each other for identical values of the varied
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parameters. Specifically, a vertical cross-section at a given

md in Fig. 10, a coincides with vertical cross-sections at

Trt/T1 = 1 in Fig. 6, a and 8, a.

As can be seen from the comparison of Figs. 10, a and

10, b, the dynamics of pulse area change in the steady-state

CML regime differ significantly between the amplifying

and absorbing media. Such differences seem natural given

that the equilibrium pulse area values in infinitely extended

media are different and equal to π in the amplifier and

either 0 or 2π in the absorber. Fig. 10, a shows that the

pulse area in the absorber remains below π in the steady

generation regime for values of md up to ≈ 1.3. For

larger values of md the steady-state pulse area becomes

greater than π and tends toward 2π in the limit of high

pumping values. Furthermore, the pulse area reaches 2π

most rapidly not near the optimal ratio md = 2, but rather

at md = 3because, in the range 2π < 80 < 3π the pulse

area during propagation in the absorber also tends to 2π.

Meanwhile, the pulse area in the amplifier, as shown in

Fig. 10, b, approaches the equilibrium value π near the

optimal dipole moment ratio md = 2whereas moving away

from this value md in either direction causes the steady pulse

area to decrease and deviate from π.

Steady-state population inversion values in the absorber

and amplifier depending on the dipole moment ratio md

are shown in Figs. 11, a, b. From Fig. 11, a it follows

that the inversion in the absorber tends to its equilibrium

value −n0,a both in the limit of very small md ≪ 1,

values (when, according to Fig. 10, a, the steady pulse

area is close to zero) and near md = 3,when, according to

Fig. 10,˙a, the steady pulse area approaches2π. Between

these limits, the inversion in the absorber reaches a

maximum around −0.5n0,a . The population inversion in

the amplifier section changes monotonically as md varies
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as shown in Fig. 11, b. Over the entire considered

parameter range, inversion in the amplifier remains far

from its equilibrium value n0,g due to the used relaxation

time ratio Trt/T1 = 1, implying relatively slow inversion

relaxation in the amplifier over one resonator round-

trip. The equilibrium population inversion in this case

decreases with both increasing pump level and the parame-

ter md .

Conclusion

A comprehensive analytical and numerical study was

conducted on the influence of the parameters of the

amplifying and absorbing media on the coherent mode

locking dynamics in a two-section laser with parameters

typical for quantum cascade lasers. It was found that

the ratio of relaxation times T2/T1 is a critical parameter

determining generation characteristics; in particular, the

polarization relaxation time T2 may vary with changes in

device temperature. It was shown that within the range

0.1 < T2/T1 < 0.6 increasing T2 leads to increased pulse

power accompanied by pulse shortening, with generation

regime stability maintained. The results of investigating the

influence of the ratio of dipole moments in the absorber and

amplifier da/dg : are also of interest: for dg = 7D varying the

absorber dipole moment da results in complex dynamics

with switching between multi-pulse regimes, while for

dg = 5D a stable operating range 1.2 < da/dg < 3 was

found where the pulse amplitude triples and pulse duration

shortens to 160 fs with stable generation maintained. Since

the dipole moment of the radiative transition in QCL

depends on the applied electric field, this allows changing

the generation parameters without replacing the resonator

section.
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The application of the analytical approach based on the

generalized area theorem confirmed the stability of the CML

regime above the pump threshold and allowed identifying

optimal parameters for efficient energy exchange in the

system. The obtained results are important for developing

compact short-pulse sources based on quantum cascade

lasers in the IR and THz ranges and open new opportunities

for controlling generation parameters in such systems.
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