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Expressions for the Hall coefficients and magnetoresistance of a thin semiconductor layer at the boundary of
a heterojunction in a transverse magnetic field are obtained using the quantum Liouville equation. The film
temperature is selected so that quantum dimensional effects can be considered along the film thickness and
Landau levels in the film plane are not considered, that is, in the film plane, the energy of charge carriers changes
continuously. The effect of surface scattering of charge carriers is considered through diffuse-mirror Soffer boundary
conditions. The dependence of Hall coefficients and magnetoresistance on magnetic field induction, electrochemical

potential and roughness parameter is analyzed.
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Introduction

When electron motion is limited, their energy is quan-
tized. The electron gas that can freely move in two
dimensions, but is limited in the third one, is called two-
dimensional (2DEG). The two-dimensional electron gas
is applied when developing the optoelectronic [1-3] and
ultrahigh-frequency systems [4,5]. In particular, they in-
clude high-electron-mobility field-effect transistors (HEMT).
In comparison with common field-effect transistors, the
HEMTs operate at a higher frequency, with high breakdown
field and with less energy consumption in comparison with
other heterostructures [6].

If the layer (or the film) includes the two-dimensional
electron gas, then the thickness of this film is comparable to
the de Broglie wavelength for the average-speed electrons.
It this case, layer surface irregularities substantially affect the
electrical parameters. With increase of the surface scattering
contribution in comparison with charge carrier scattering in
a volume, the electrical conductance will decrease, while
the Hall coefficient of a thin film will increase. The surface
charge carrier scattering is taken into account via the Soffer
boundary conditions [7], which are obtained as a result of
solution of the quantum-mechanical problem for interaction
of the electron wave with the layer surface. Decrease
of roughness at the boundary of a heterojunction [8] can
increase a HEMT response.

Various approaches are used to take into account quantum
size effects with the surface scattering. The work [9] solves
the Schrodinger equation for a thin metal film using the
Green’s functions. The work [10] provides direct calculation
of the collision integral in a kinetic equation using auto-
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correlation functions describing the surface profile. The
said work shows an effect of interference between volume
and boundary scattering in the film. The interference
effects heavily affect temperature (phonon scattering in the
volume) or concentration (impurity scattering) dependences
of conductance. Another source [11] has developed a con-
ductance model for the metal films by calculating the charge
carrier scattering Hamiltonian. The article [12] provides a
method of self-consistent solutions of the Kohn-Sham and
Poisson system of equations, by which the electron density
is determined. The problem solving methods used by the
authors lead to cumbersome mathematical calculations. The
theoretical studies of transfer phenomenon in the nanofilms
are still continuing. The present work determines the Hall
coefficient and the magnetoresistance coefficient using the
Liouville quantum equation [13], by which elements of the
density matrix are found. The work [14] calculates the
galvanomagnetic parameters of a semiconductor nanolayer
for a rectangular quantum well.

The present work determines the Hall coefficient and the
magnetoresistance coefficient in the layer at the boundary of
the heterojunction. The potential well of the heterojunction
for the electron gas can be approximated by a triangular
quantum well [15].

1. Problem formulation

Let us consider the conducting channel (CC) in the
GAN buffer layer of HEMT [6], whose gate and drain
are energized by the gate voltage Vg and the drain
voltage Vsg, respectively (Fig. 1). The conducting channel
is a semiconductor layer of the thickness a. The drain
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Figure 1. HEMT structure. S — the source, G — the gate, D —
the drain, Nitride — silicon nitride (Si3 N4), CC — conducting
channel — the two-dimensional electron gas in the GaN layer at
the boundary of the heterostructure.

field with the strength Egq is directed along the layer. The
gate field and the heterojunction internal field with the total
strength Eg as well as induction of the external magnetic
field B are recorded perpendicular to the layer. Under
action of the Lorentz force, the side facets of the conducting
channel accumulate charges, which form the electric field of
the strength Ep.

The process of heterostructure production is quite compli-
cated. It includes lithography and molecular-beam epitaxy,
which allow sputtering of the film layer-by-layer, checking
the impurity quantity. The form of the triangular quantum
well depends of the AlGaAs composition. However, the
impurities in the quantum well result in widening of levels of
quantization, which can be determined from the Heisenberg
uncertainty principle as h/r, where 7 — the typical
scattering time. If this value is comparable to the energy
difference of the adjacent levels, then the quantization effect
does not occur.

Let us determine the Hall coefficient and transverse
magnetoresistance of the conducting channel (the semicon-
ductor layer). For this purpose, we introduce the Cartesian
system of coordinates, in which the plane XY is directed
along the layer plane, the axis X — is directed along the
strength of the longitudinal electric field Egg, the axis Y —
is directed along the ,Hall“ strength Ey, the axis Z — is
directed along the strength of the transverse electric fieldEg
and along induction of the external magnetic field B (Fig. 2).
We assume that in the plane z = 0 the GAN buffer layer
borders with the AIGAN barrier layer.

It is known from the quantum mechanics that the electron
energy spectrum in the quantum well becomes discrete. The
electron motion is limited along the film thickness, so the
motion is quantized in this direction (Fig. 3). In the first
approximation, the conducting layer in the heterojunction
for the charge carriers can be considered to be the triangular
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Figure 2. Conducting channel in GaN.
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Figure 3. Potential well for the charge carries in the layer.

potential well [15]:

U= {OO’
eEgz,
where U — the potential energy, € — the electron charge.
Therefore, the charge carrier energy is as follows:

z <0,
z>0,

R P

T, Ezn %,n:1,2,3,....

&n =& + &z, & =

The electron energy along the axis Z [15] has discrete
values

heE, 2/3
gzn_zy_:n< eﬂGm> . n=1,23,...,

where h — the Planck constant, m — the effective mass,
yn — zeros of the Airy function:

3 1\1%?
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In this case the projection of the carrier pulse to the
axis Z is

heEgm /?
pznZ\/szzn:\/V_n( ﬂG) , n=1,2,3,....

The thickness an(n=1,2,3...) is a distance, within
which the charge carriers of the level n, can move along
the axis Z (Fig. 3). The thickness ap(n=1,2,3...) is
determined from the condition &;, = €Egan and is

h2 1/3
an=7n| s5=—| -
" 7}n<8nzeEGm>

For the two-dimensional electron gas along the axis Z
there will be only one energy level &,;. Therefore, the
film thickness a with the two-dimensional gas of the charge
carriers shall be within a; < a < a,.

The layer electrical conductance can be determined using
the Liouville quantum equation:

0 |
where p — the density matrix operator, H — the Hamilton
operator, i — the Dirac constant, while the brackets mean a
commutator. Diagonal components of the density matrix pnn
correspond to the distribution function f, which describes
the state of the charge carriers with projection of the pulse
to the axis Z equal to pzp.

The present work does not take into account the Landau
levels, as small magnetic field or high temperatures are
considered, i.e. the following condition is met:

hw, eB
kBT 2 2—;9 Cl)C - H?
where kg — the Boltzmann constant, T — the film

temperature, w; — the cyclotron frequency, B — induction
of the external magnetic field.

From the Liouville equation, a kinetic equation was
obtained in the works [14]:

afn  fn  _dfn 27
Tt TV TFgp = 7 Nime

><Z|V0n’|2(fn— frn)d(en — en—r), (1)
n/

where F = e(Esq + En) + €[v x B] — the force acting on
the charge carriers, v — the velocity of electrons (holes),
Nimp — the concentration of impurities, Voy — the matrix
element of scattering from the level n to the level n'.

The wave electron function at the quantization level
is a standing wave that is obtained by imposition of
two oncoming running waves which move at the group
velocities v and —v.

In order to take into account charge carrier scattering at
the boundary of the triangular well of the semiconductor

layer we will use the Soffer model [7]:
fiH(z=0,4vm) =qf,(z=0,—-v.n), 2)
fr(z=a,—-vn)=qft(z=a, +v;n),

01.2(91.2, ©) = exp(—(47g12c0s©)?), g1.2 = Gs1.2/ A8V,

where f! and f; — nonequilibrium functions of distri-
bution of electrons (holes) respectively with positive and
negative projections of the pulse to the axis Z; gsi1.2, 91,2
and q;» — respectively, the root-mean-square height of the
surface relief, the roughness parameter and the reflection
coefficient for the lower (index 1) and the upper (index 2)
surface of the semiconductor layer; Agy — the de Broglie
wavelength of the charge carrier moving at the average
velocity; ® — the angle of incidence of the charge carrier
to the internal surface of the layer.

The Soffer model takes into account the dependence of
the reflection coefficient on the roughness parameter of the
incident angle of the charge carrier. This model will allow to
compare the theoretical calculations with the experimental
data, as the roughness parameters is associated with the
root-mean-square height of the surface relief.

The current density formed by the charge carriers at the
level n is

. dpxd — _
jn=2e [ [ur, 908 P B,

Therefore, the full current from the charge carriers at all
the energy levels is

an oo
In:b/jndz, =2l
0 n=1

where b — the film width (Fig. 2). The film width b
significantly exceeds the de Broglie electron wavelength,
which makes it possible to neglect quantization in the
rectangular potential well of the width b. The number 2 in
the second expression takes into account the charge carriers
both with the positive and the negative projection.

The connection between the current and the strength in
the transverse magnetic field is as follows:

Ix = GxxLEsd + nyI—EH’
ly = GyxLEsq + GyyLEn,

where |y and |y — the currents along the axes X and Y,
L — the film length (Fig. 2). Along the axis Y the Hall
current is compensated by the drift current under effect of
occurred Hall voltage (I, = 0). Therefore,the full current is
equal to the current along the axis X (Ix =1).

The following film parameters are determined from these
equations:

I GyxG
G = — G X — X=Xy
LEsd XX ny ’

R = —— = — .
ET) (GxxGyy — GyxGyy)BL
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Go—G
= — > 3
TG G)
where G — the integral conductance of the film,
Gy =G(B=0), Ry — the Hall coefficient, » — the

coefficient of transverse magnetoresistance.

2. Transformation of kinetic equation

A solution of the kinetic equation (1) may be written as
follows

fn—f§]0>+f§11>’ fﬁ]o):;_’ (4)
Cren(57)
8f
fgl) == (cxnpX + Cynpy) exp(iwt), (5)
I"I

where fﬁo) — the equilibrium function of the Fermi-Dirac
distribution, u — the electrochemical potential, kg — the
Boltzmann constant, T — the temperature, fﬁl) — the non-
equilibrium addition to the distribution function f, cxny and
Cyn — the coefficients depending on the coordinate z.
Taking into account (4), the kinetic equation (1) in relax-
ation time approximation is transformed into the expression

o0, Ot Of, fo— 1)

—— F——m=— 6

ot TV TT o T (6)
where 7 — the relaxation time that is

eB
r=2, Tﬁ:.L,ﬂ_rv
3 sin(B) m

where 73 — the coefficient taking into account curvature

of the path of the charge carriers in the external magnetic
field (73 = 1, if there is no magnetic field (B = 0)), % and
7v — the time of electron relaxation of the electron in the
triangular well and in a macroscopic sample without the
magnetic field, respectively, B — dimensionless induction
of the externa magnetic field. The mean free path 4 of the
charge carriers does not take into account the mechanism
of surface scattering, i.e. this length does not depend on
the film thickness and is determined via a structure of the
nanolayer crystal. Therefore, the relaxation times % and 7y
are related to each other via the mean free path 4:

A =vovtv = Vot

where vgy and vt — characteristic velocities of the charge
carriers in the macroscopic sample and in the triangular
well, respectively. We assume that 7, does not depend on
the energy (scattering on the neutral impurity atoms in the
volume).

Taking into account (5), the kinetic equation (6) in linear
approximation is transformed into the system of equations

dcyn __ eEpn eB

i dCxn __ €Egsd eB

Y Cxn + Vzn 53 - T 7 Cyns
T3

gCyn +Uzn 0z T m o
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Taking into account (4), (5), the boundary conditions (2)
are written as follows:

C%(Z =0, +v2n) = qlci;(z =0, _Uzn),
Cin(Z = a, —vzn) = G (z = @, +vzn),

where | =X, Y.
3. Concentrations and characteristic

velocities

The concentration ney and the characteristic velocity voy
in the bulk sample are determined as follows:

m’ m’
nc\/:2ﬁ/fod3v, ncvv(z)V:ZF/fovzd%

! _m?

(e=p)”

fo=—"—., €= ,
1+ exp T 2

and are equal to

2kpT\
ch_Z\/ml7< 5 > F1/2<k'u.|_)

\/SKBT B2 (&)
Vov = '

m  Fio(gs)

Fi(x) = .1 / tidt I(j+1)= /tie*tdt
! rGj+1) /) 1+e~x ’
0 0

where Fj(x) — the Fermi-Dirac integral with the index j,
I'(j +1) — the gamma function.

The velocity projections may be written as the system of
parametric equations:

Ux = \/2¢/Mcos @,
vy = 4/2¢)/Msin @,

where 0 < ¢ <2 — the angle read from the axis X.

For subsequent calculations, it is more convenient to
proceed from the Cartesian coordinates in the pulse space
(vx, vy) to the new coordinates (¢, ¢). In this case, the
transition Jacobian is equal to m

The concentration Ney and the characteristic velocity vot
in the conducting channel are determined by the formulae

ne =20 Z/f Imdedgp - 2"

5 m
=220y / (02 + 2 + v2,) 1 Omde dgp
p

% zn — pz(nfl)

pznl
h b

and are equal to

8|(BT.712/3 Pz(EGhm)1/3m
h3 ’

Net =
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Vor — IOkBT(P3t + P4t)
o= 3mPq

Pa= > (i i) (1 oM ).

n=1
<1 + exp(‘uk_B_lg_Z”)>,

S — =

n=1

Py => (Vin—vFno1) - Szn

n=1

4. Calculation of the Hall coefficient and
the transverse magnetoresistance
coefficient

Let’s introduce the dimensionless parameters:

X; A u B u, =
Jev. T (keT) " (kgT)
Oyn = \/_ vVVn-1,
> mugy 2 mug, Uot

W Ty T @) T

heEg\'® [2kgT
E =
GO ( p— ) N m

where Agy = h/pov and poy = Mvgy — the de Broglie
wavelength and the electron pulse in the bulk sample,
Eco — the dimensionless strength of the transverse electric
field, 1 = vyt = voytvy — the mean free path, , and
T — the times of relaxation in the bulk sample and the
conducting channel.

By omitting the intermediate calculations, we obtain the
expressions of the Hall coefficient Ry and the transverse
magnetoresistance coefficient », (3):

k]

oyb ne?r
G = GVeq(X}L, U'u, EGo,ﬂ, gz)’ GO — VT’ oy = rnV i
1
Ry = RuvAuq (X2, Uiy Eco, B, 92), Ruv = =
ovRuy)?
x| = %LVDqt(X,‘[, U'u, EG(),ﬂ, gz)’ Xy = %’
k3
S = ot
T R (W) 732X gy
« (agtKni — Kna & ) (2bgtKn1 — Knap)?
KHZTﬁ( k682 — athHlkOt( —k2B2) —4Kn1k3,758bgt”
Prigr = Fi/2(U)* X Uoy

ke
« KHZﬁ(Tﬂ2+k(2)tﬂ2)+2bqt KH 1 (Tﬁz—k(z)tﬂz)—ZKH 1 kOtrﬁﬂaqt

(agtKu1 — Kszr—i)2 + (2bgtKni — Knaf)? '

6(Zoqt — Zqt)
z:Oqtﬂ 2

2 2
Kni = 7BgpXa,  Kha = Pty

ag = Z&/n\/ﬁ/<

Dg = , Zogt = Zq(B =0),

) U||A1 (an, an)duH

byt = ZSVn\/%/( au, )U||A2(91n, Qan)du

Pit =Y 8yn-yn-In(1+ exp(U, — Awn)),

n=1

Pa = (vV7n— vFno1) - In(1 + exp(Uy — Aw)).

n=1

P3t=Z(\/V_n V1) - At - In(1 + exp(Uy — A)),

n=1

Py = Z(\/J/_n — VPn—1) - Fi(Uy — Agn).

n=1

6'zn
T = VHEGO’

5 F32(uy 5(Pst + Pat)
2 F1/2 3P2t
A1(R1n, Qon) ={(2 01 — %) + q102(q1 + G2 — 2011 02)

xexp(—4Qn) —2(1 —ai)(1 —qz)

x exp(—Rin)(1 — g102 exp(—2L1n)) cos Qon

A =

—[01 + G2 — Q1 02(ar + &)
x exp(—2%Qin) cos(2Q2n)}/ (1 + a7
x exp(—4Q1n) — 29102 exp(—2LQ1n)
x c0s(2Q2n),
Ao(Q1n, Qon) ={(1 = a1)(1 — ) exp(—LQ1n)
x (1 + q102 exp(—221n))
+[ar + G2 + qiG2(a + G2 — 4)]
x exp(—2€1n) cos(Qan)} sin(n)/ (1 + 6263
x exp(—4Q1n) — 29102 exp(—2LQ1n)

x c0s(2Q2n),

= 75Uy v/Pn , ::BU%V\/Vn
" 2kgmELoxiT T 2B %

v/¥nEco

2
7? +VnEé0} > q =1,
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where oy — the static electrical conductance in the bulk
sample, X — dimensionless conductivity, Ryy and % v —
the Hall coefficient and the magnetoresistance coefficient
in the bulk sample, Ay and Dg — the dimensionless
Hall coefficient and the dimensionless magnetoresistance
coefficient. The reflection coefficient of the lower surface
is equal to unity (gq; = 1), since the conducting layer does
not border with another medium below, ie. the case of
mirror reflection from the film boundary is similar to the
case of absence of this boundary.

in the GaN semiconductor layer, the electron gas may
be assumed to be non-degenerate, ie. the inequality
e% = 10730 « 1 is met, and the Fermi-Dirac distribution
function is as follows
f§10> — g%y —Am.

In this case, the expression exp(U, — A¢n) in the logarithm
is a small number. Expanding the logarithm into a Taylor
series, we obtain

In(1 + exp(Uy — Aun)) = exp(Uy — Arn).
Therefore, the expression for conductance is as follows
__ K

m3/2x;3/5/2
y (agtKn1 — Kna ;—ﬁt)z + (2bqKu1 — Kiaf)?
(KHzTﬁ (Tﬁ2+k(2)tﬁ2> —aqt Kh1Kot (Tﬁz - k2ﬁ2) —4K1 k(z)trﬁﬁ bqt ’

73/2x,:/372
Pug = —— 220
Ko

XKHzﬁ(Tﬁz-i-k(z)tﬁz) +2bgtKh1 (Tﬁz_ k3.8%) — 2Ku1KotzpBage

)
(athm—KHz k%) + (2bqKui — Ku2pB)?

eq

i

5
Kh2 = = P,

2
KHl = JTEgOXA, 5

aq = ZSyn\/y_ne’Am/e’“H UHAI(an’ an)dU”
n=1 0

oo

bt = > 6yny/pme / € U Ao (€21n, S220)duy
n=1 0

Py = Z(gyn Y€,
n=1
Py =Py = ZSyn @A,
n=1

Pt = Z Oyn - An - g A,

n=1

In case of the two-dimensional electron gas, the n level will
be equal to unity only.
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5. Analysis of results

We assume that the mean free path of electrons exceeds
the de Broglie wavelength in 10 times: X; = 10. The
dimensionless strength of the transverse electric field Ego
is related to the dimensional strength by the relationship

Ec = 2.1-10’E2, [V/m].

The strength of the internal electric field at the boundary
of the heterojunction is about 10 V/m, which corresponds
to the dimensionless value Egg = 0.1. In laboratory plants,
value of the magnetic field is B = 100 mT, which corre-
sponds to the dimensionless value 8 = 1.7 - 1073, Relation
between the dimensional and the dimensionless value of the
magnetic field is as follows

B = 578[T).

Figures 4 and 5 show the dependences of the dimen-
sionless Hall coefficient A4q and the dimensionless mag-
netoresistance coefficient Dg on dimensionless induction
B. In case of the mirror boundaries (the curves 1) the
Hall coefficient ceases to depend on the external magnetic
field. With increase of dimensionless induction of the
magnetic field, the curvature radius of the charge carrier
path decreases. It results in increase of a relative number of
the charge carriers not scattering on the film surfaces and

2.000 |
1.995
< 3
T o
< 1.990
2
1.985
i
loggobmon—t—
0 50:-10%1.0-10315:1032.0-103

p

Figure 4. Dependence of Ayg on dimensionless induction
when X; = 10, Egp = 0.1. The curves 1, 2, 3 are obtained when
g2 =0, 0.3, 1, respectively.



678

LA. Kuznetsova, D.N. Romanov

3
1041.0-10°1.5-103 2.0-1073
B

Figure 5. Dependence of D on dimensionless induction S when
X, = 10, Ego = 0.1. The curves 1, 2, 3 are obtained when g; = 0,
0.3, 1, respectively.
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Figure 6. Dependence of Ang on dimensionless strength Ego
when x; =10, § =0.1. The curves I, 2, 3 are obtained when
g2 =0, 0.3, 1, respectively.
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Figure 7. Dependence of Dy on dimensionless strength Ego
when x; = 10, § = 0.1. The curves 1, 2, 3 are obtained when
g2 =0, 0.3, 1, respectively.

decrease of contribution of surface scattering to the Hall
coeflicient and magnetoresistance.

Figures 6 and 7 show the dependences of the di-
mensionless Hall coefficient Aqq and the dimensionless
magnetoresistance coeflicient Dy on dimensionless strength
Eco. In case of the mirror boundaries (the curves 1)
the magnetoresistance coefficient does not depend on the
form of the quantum well, i.e. on Egy. With increase of
dimensionless strength Ego the distance between the levels
increases and the first level energy increases &;; as well.
It is more difficult for electrons to go to the above levels.
It results in reduction of the average energy of the charge
carriers which causes increase of the Hall coefficient and
decrease of magnetoresistance.

Conclusion

The present work has calculate the Hall coefficient and
the magnetoresistance coefficient of the nanolayer in the
transverse magnetic field in approximation of the triangular
potential well. With increase of induction of the external
magnetic field, the Hall coefficient and magnetoresistance
decrease due to reduction of effect of surface charge carrier
scattering. In case of the mirror boundaries the Hall
coefficient depends on the transverse strength of the electric
field, while magnetoresistance becomes a constant value.

Technical Physics, 2025, Vol. 70, No. 4
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These results can be used when designing the nanoscale
Hall sensors and magnetometer for measurements of the
magnetic fields in the nanosystems.
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