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1. Introduction

The study of the magnetization dynamics of antiferromag-

nets (AFMs) is important because of the significant role it

plays in various fields of science and technology, such as

spintronics, magnonics, biomedical applications, etc. [1–5].
The concept of a magnetic structure of the antiferromagnetic

type was proposed by Néel and Landau [6,7]. The basic

theory, according to which antiferromagnets consist of sub-

lattices with antiparallel orientation of magnetic moments,

was developed by Néel [8–11]. The dynamics of the

magnetization of each of the sublattices obeys the Landau-

Lifshitz-Gilbert equation (LLG) [2,6].
The development of terahertz (THz) technologies [12],

and the advancement of ultrafast memory based on spin

systems [13,14] require studying the dynamics of magneti-

zation over ultrashort time intervals. Thus, the possibility of

switching the magnetization of an AFM by femtosecond

laser pulses was discussed in Refs. [14,15]. Theoretical

studies have shown that it is necessary to take into account

the inertia of the magnetization when describing ultrafast

relaxation processes and ultrahigh-frequency properties of

magnetic materials [16,17]. The inertia of the magnetization

changes the nature of the motion of the magnetization

vector, namely, the nutation motion is superimposed on

the regular precession around the effective field [18–22].
The nutation of the magnetization vector is caused by a

continuous redistribution of a small fraction of the energy

(since the inertia is quite small) from potential to kinetic and

back during the motion. The nutational nature of the motion

of the magnetization vector is reflected in the occurrence of

a nutation resonance (NR) in the THz part of the spectra of

the components of the susceptibility tensor of the magnetic

material. In addition, if the time of external exposure is

so short that the orientation of the magnetization virtually

does not change during exposure, the magnetization, due to

the presence of inertia, can acquire kinetic energy sufficient

to overcome the potential barrier between metastable states

after the end of exposure. This mechanism of magnetization

switching becomes especially relevant on femtosecond time

scales [16]. In this case, the choice of optimal switching

parameters of the activating pulse directly depends on the

dynamic characteristics of the magnetization.

The role of inertia of magnetization has been theoretically

studied in ferromagnets (FMs) [22–25], AFMs [26,27], as
well as in the formation of nutation waves [28–31]. Only

recently the most convincing experimental data on the

observation of NR at THz frequencies have been presented

for ferromagnetic films NiFe, CoFeB [32,33] and for Co

films [34]. The inertial dynamics of the magnetization

of antiferromagnetic particles can differ in many ways

from ferromagnetic particles due to properties inherent in

antiferromagnetic materials. The AFM resonant frequencies

shift into the high-frequency region of the spectrum due to

the exchange interaction even in the non-inertial limit [6,26].
The frequencies of NR associated with the inertia of

magnetization in AFMs can also shift to the high-frequency

region of the spectrum [27].
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AFMs with two sublattices are considered next. The

inertial dynamics of the magnetizations Mi (i = 1, 2) of

the AFM sublattices coupled by exchange interaction can

be described by a system of interrelated LLG equations

supplemented by inertial terms [18–22] containing second-

order time derivatives of the magnetizations, namely

Ṁi = γi
[

Heff
i × M i

]

+
αi

M0
i

[

Mi × Ṁi
]

+
τi

M0
i

[

Mi × M̈i
]

,

(1)
where M0

i = |Mi | is the length of the magnetization vector

that does not change during the motion, Heff
i is the

effective magnetic field, γi is the gyromagnetic ratio, αi is

the dimensionless dissipation parameter, and τi is the

inertial relaxation time of the ith sublattice (τi = τ for

identical sublattices). Theoretical models confirming the

inertial behavior of magnetization described by the inertial

term in Eq. (1) have been developed in addition to the

phenomenological approach to accounting for the inertia

of magnetization (see, for example, [18,22]). In particular,

they include studies based on the calculation of the torque

correlation [35], on the generalization of the Fermi surface

model [36], on the application of the electronic structure

analysis method [37], on the consideration of relativistic spin

dynamics [38], and others. The value of the parameter τ

associated with the inertial term plays an important role,

since it is necessary to take into account the effects

caused by the inertial term on sufficiently small time scales

(smaller than τ ) [32]. Recent theoretical studies show a

significant variation in estimates of τ , ranging from tens of

femtoseconds to tens of picoseconds [18,20,37–40]. A more

precise value of this parameter is determined experimen-

tally [32], for example, based on the magnetization nutation

recorded in ferromagnetic thin films with an extremely

high frequency f n = ωn/2π, which is several orders of

magnitude higher than the Larmor precession frequency,

namely f n ∼ 0.5THz (τ ∼ (2π f n)
−1 ∼ 0.3 ps) for NiFe,

CoFeB films [32] and f n ∼ 2.09, 1.40, 1.31 THz (τ ∼ 0.76,

0.11, 0.12 ps) for Co films with three different types of

crystal lattices [34]. The effective magnetic field Heff
i of

i-th sublattice in the Eq. (1) is defined in terms of the free

energy density of the magnetic material V (M1,M2) as

Heff
i = − 1

µ0

∂V (M1,M2)

∂Mi
, (2)

where µ0 = 4π · 10−7 J/(A2m) in the international SI sys-

tem of units. The function V (M1,M2) has several local

minima [6], the positions of which depend on the strength

of the external magnetic field. It is not only the positions of

the minima that can change with a change in the strength

of the external field, but also their number, which allows

identifying several different states of the AFM [6].
Although the inertial equation of LLG has been success-

fully used to study NR in FM [18–25], a limited number

of papers have been devoted to the study of the effect of

inertia on the frequencies of antiferromagnetic resonance

and NR in an AFM [26,27]. For instance, only one of the

possible AFM states in a uniform external field is considered

in [26], namely, a state corresponding to a weak external

field applied along the easy axis of the sublattice in the

approximation of two identical AFM sublattices. Changes

of the AFM state due to changes in the magnitude of

the external field (
”
spin-flop“ and

”
spin-flip“ transitions)

were not considered in Ref. [26]. Expressions for the

eigenfrequencies of an AFM were obtained in Ref. [27] in
the approximation of a negligible dissipation αi → 0.

We analyze in this paper the effect of the inertial

dissipative (αi 6= 0) dynamics of the magnetization of AFM

sublattices, located in a uniform external field of arbitrary

strength, on its spectral characteristics. In particular, we use

the general method of theoretical mechanics to study small

oscillations in the coordinates of complex systems charac-

terizing the position of the system through the linearization

of their related dynamic equations [6]. In our case, this

approach allows one to obtain analytical expressions for the

eigenfrequencies of the AFM, which, in turn, determine the

frequencies of the antiferromagnetic (now inertia-corrected)
and nutation resonances in all possible AFM states corre-

sponding to different values of the external field [6]. The

method was successfully applied earlier to estimate NR

frequencies in single-domain ferromagnetic nanoparticles

and in ferromagnetic films [23,41]. In this paper we consider

an AFM with two sublattices of the ferromagnetic type

having uniaxial magnetocrystalline anisotropy with parallel

easy axes. This type of magnetocrystalline anisotropy

is widely used in basic models for studying relaxation

processes in magnets and materials [6,42]. We consider

two main directions of the external field, namely along and

across the special (easy) axis of the internal anisotropic

potential of the sublattices, and analyze the dependence of

the nutation frequencies on the strength of the external field.

Moreover, we demonstrate how the inertial relaxation time

affects the precession and nutation frequencies, increasing

or decreasing them depending on the AFM state. The

contribution of the dissipation parameter to the half-widths

of the NR lines is also discussed.

2. Eigenfrequencies of small oscillations
of the magnetization components
of the AFM sublattices in
the inertial regime

Solving coupled equations, Eq. (1), is an important point

in the theory of magnetic oscillations in AFM. To find

solutions of vector Eqs. (1) it is convenient to transform

them into a system of scalar equations for spherical

coordinates of the magnetizations of Mi of the sublattices,

which have the form

τ ϑ̈i − ϕ̇i sinϑi − τ ϕ̇2
i cos ϑi sinϑi + ∂ϑiV + αϑ̇i = 0, (3)

τϕ̈i sinϑi + ϑ̇i +2τ ϑ̇i ϕ̇i cos ϑi +
1

sinϑi
∂ϕi V + αϕ̇i sinϑi =0,

(4)
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where ϑi and ϕi are the polar and azimuthal angles of the

spherical coordinate system defining the orientations of the

magnetizations Mi , and V = γV/(µ0M0) is the normalized

free energy density function. We consider an AFM with

identical sublattices in Eqs. (3) and (4), for simplicity, and

neglect the difference of the length of the vectors Mi , so

that |Mi | = M0
i = M0, γ = γi , τ = τi , and α = αi .

We find the eigenfrequencies of small orientation os-

cillations of the components of the vectors M1 and M2

by studying the case of their small deviations from stable

orientations (minima of free energy density). In this case,

the coordinates of these vectors make small oscillations

near the angular coordinates ϑmin
i and ϕmin

i , corresponding

to the minima of the function V (ϑ1, ϕ1, ϑ2, ϕ2), namely

ϑi(t) = ϑmin
i + 1ϑi(t) and ϕi(t) = ϕmin

i + 1ϕi(t). Substitut-
ing these expressions into Eqs. ( (3) and (4) and discarding

the terms nonlinear in 1ϑi and 1ϕi , we obtain a system

of eight linear differential equations for eight variables

1ϑi , 1ϕi , ωϑi and ωϕi (i = 1, 2), namely, 1ϑ̇i = ωϑi ,

1ϕ̇i = ωϕi and

ω̇ϑi =
1

τ
ωϕi sinϑi −

α

τ
ωϑi

− 1

τ

∑

j=1, 2

(

V ϑiϑ j1ϑ j + V ϑiϕ j1ϕ j

)

, (5)

ω̇ϕi = − 1

τ sinϑi
ωϑi −

α

τ
ωϕi −

1

τ sin2 ϑi

×
∑

j=1, 2

(

Vϕiϑ j1ϑ j + Vϕiϕ j1ϕ j

)

. (6)

All functions and derivatives V x i x j are calculated for

ϑi=ϑmin
i and ϕi=ϕmin

i in Eqs. (5) and (6). This con-

dition guarantees that for the function V (ϑ1, ϕ1, ϑ2, ϕ2)
all its derivatives with respect to ϑi and ϕi at the point

θmin = {ϑmin
1 , ϕmin

1 , ϑmin
2 , ϕmin

2 } of four-dimensional space

are zero, namely V ϑi

∣

∣

θmin
= 0 and Vϕi

∣

∣

θmin
= 0. The follow-

ing linear approximations are used as a result

∂V
∂ϑi

≈
2

∑

j=1

(

∂2V
∂ϑi∂ϑ j

∣

∣

∣

∣

θmin

1ϑ j +
∂2V

∂ϑi∂ϕ j

∣

∣

∣

∣

θmin

1ϕ j

)

, (7)

∂V
∂ϕi

≈
2

∑

j=1

(

∂2V
∂ϕi∂ϑ j

∣

∣

∣

∣

θmin

1ϑ j +
∂2V

∂ϕi∂ϕ j

∣

∣

∣

∣

θmin

1ϕ j

)

. (8)

The system of linear differential equations can be reduced

to a matrix equation

C(t) + AC(t) = 0, (9)

where the vector C(t) consists of eight variables, namely

C(t)=

(

1ϑ1(t), 1ϕ1(t), 1ϑ2(t), 1ϕ2(t), ωϑ1
(t), ωϕ1 (t), ωϑ2

(t), ωϕ2 (t)
)T

.

(10)

Here, the symbol
”
T“ means transposing a row into a

column. The system matrix A includes four submatrices

A =

(

Z −I

V D

)

, (11)

where Z and I are the zero and unit submatrices, re-

spectively. The submatrix V is determined by the second

derivatives of the function V (ϑ1, ϕ1, ϑ2, ϕ2)

V =
1

τ























V ϑ1ϑ1 V ϑ1ϕ1
V ϑ1ϑ2 V ϑ1ϕ2

Vϕ1ϑ1

sin2 ϑ1

Vϕ1ϕ1

sin2 ϑ1

Vϕ1ϑ2

sin2 ϑ1

Vϕ1ϕ2

sin2 ϑ1

V ϑ2ϑ1 V ϑ2ϕ1
V ϑ2ϑ2 V ϑ2ϕ2

Vϕ2ϑ1

sin2 ϑ2

Vϕ2ϕ1

sin2 ϑ2

Vϕ2ϑ2

sin2 ϑ2

Vϕ2ϕ2

sin2 ϑ2























, (12)

whereas the matrix D is given as

D =
1

τ











α − sinϑ1 0 0

sin−1 ϑ1 α 0 0

0 0 α − sinϑ2

0 0 sin−1
ϑ2 α











.

(13)
Equation (9) has the general solution [43]

C(t) = exp[−At]C(0) = Ue−λtU−1C(0), (14)

where λ is a diagonal matrix composed of the eigenvalues

{λk} of the system matrix A, and U is a right-sided

matrix composed of the eigenvectors of the matrix A.

The eigenvalues of the system λk = −iωk = −i(ω′
k + iω′′

k ),
which determine the oscillation frequencies ω′

k and their

attenuation rate ω′′
k , are found from the solution of the

characteristic equation

det(A− λI) = 0. (15)

If the exchange coupling between the sublattices is negli-

gible, the variables in the free energy density are separated

by V (ϑ1, ϕ1, ϑ2, ϕ2) = V (ϑ1, ϕ1) + V (ϑ2, ϕ2), and the two

sublattices behave like two independent FMs with similar

equations for eigenvalues (ϑi = ϑ and ϕi = ϕ), namely,

λ2
(

(τ λ − α)2 + 1
)

+
γλ(τ λ − α)

µ0M0

(

Vϑϑ +
Vϕϕ

sin2 ϑ

)

+
γ2(VϑϑVϕϕ −V 2

ϑϕ)

(µ0M0 sinϑ)2
= 0 (16)

The solution of Eq. (16) is given in Ref. [23] for α = 0 and

in Ref. [41] for α 6= 0. The solution of Eq. (16) for α = 0

gives the well-known Sula-Smith formula for ferromagnetic

resonance frequencies in the non-inertial limit τ = 0 [6].
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Figure 1. Geometry of the problem: a−c — the easy axis is directed along the Y-axis, n = eY , the external field is directed along the

easy axis H0 = H0eY ; d, e — the easy axis is directed along the Z-axis, n = eZ , the external magnetic field H0 is applied perpendicular to

the easy axis H0 = H0eX .

3. Solution of the characteristic equation
for the longitudinal and transverse
directions of the external field

Next, we consider an AFM with two sublattices having

one axis of cyclic symmetry of the magnetocrystalline

anisotropic potential (uniaxial magnetic anisotropy). In the

general case, the energy density V (M1,M2) of the AFM

in a uniform external magnetic field H0 consists of the

densities of the exchange energy, the energy of interaction

with the internal field due to magnetic anisotropy, and the

energy of the Zeeman interaction with the external field.

The energies of interaction with the internal and external

fields are composed of the corresponding energies of each

sublattice of the AFM. If we take n as a unit vector along

the easy axis of the AFM, then the free energy density

V (M1,M2) is equal to [6,26]

V (M1,M2)=
3

M2
0

M1 ·M2 −
∑

i=1,2

(

K
(Mi · n)2

M2
0

+µ0H0 ·Mi

)

.

(17)
where 3 is the parameter of the exchange interaction

between the sublattices, and K = Ki is the constant of

uniaxial anisotropy of the sublattices.

We are interested in two cases when the external mag-

netic field is directed along the easy axis (H0 = H0eY and

n = eY ) and perpendicular to it (H0 = H0eX and n = eZ)
(see Figure 1). Here eX , eY and eZ are unit vectors along

the axes X , Y and Z, respectively. The positions of the

minima of the function V (M1,M2) (or the orientations of

the stable positions of the magnetizations M10 and M20

of the sublattices corresponding to the coordinates of the

minima ϑmin
i and ϕmin

i ) vary depending on the magnitude

of the field H0. Moreover, three different states are possible

in the case when the field H0 is directed along the easy axis

(Figure 1, a−c), and two different states are possible in the

case when the field H0 is perpendicular to the easy axis

(Figure 1, d and 1, e) [6].
The normalized free energy density V in a spherical

coordinate system has the form

V ‖ = ω3(sinϑ1 sinϑ2 cos(ϕ1 − ϕ2) + cos ϑ1 cos ϑ2)

−
∑

i=1,2

(

ωK

2
sin2 ϑi sin

2
ϕi + ω0 sinϑi sinϕi

)

(18)

for H0 ‖ n and

V⊥ = ω3(sinϑ1 sinϑ2 cos(ϕ1 − ϕ2) + cos ϑ1 cos ϑ2)

−
∑

i=1,2

(

ωK

2
cos2 ϑi + ω0 sinϑi cosϕi

)

(19)

for H0 ⊥ n, where ω3 = γH3, H3 = 3/(µ0M0) is a field

due to the exchange interaction of sublattices, ωK = γHK ,

HK = 2K/(µ0M0) is a field due to magnetic anisotropy, and

ω0 = γH0 is the Larmor precession frequency in an external

magnetic field.

It follows from the symmetry of the problem that the

stable directions of the magnetization M10 and M20, the

Physics of the Solid State, 2025, Vol. 67, No. 1
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Table 1. States of the AFM and the positions of the minima in them

Field direction Range of field values (Figure 1) Positions of minima

H0 ‖ n (a) 0 < H0 <
√

HKHC
+ ϑ

mina
1 = ϑ

mina
2 = π/2, ϕ

mina
1 = π/2, ϕ

mina
2 = 3π/2

(b)
√

HKHC
− < H0 < HC

− ϑ
minb
1 = arcsin[ω0/ω

C
−], ϑminb

2 = π − ϑ
minb
1 ,

ϕ
minb
1 = ϕ

minb
2 = π/2

(c) H0 > HC
− ϑminc

1 = ϑminc
2 = π/2, ϕminc

1 = ϕminc
2 = π/2,

H0 ⊥ n (d) 0 < H0 < HC
+ ϑ

mind
1 = arcsin[ω0/ω

C
+], ϑ

mind
2 = π − ϑ

mind
1 ,

ϕ
mind
1 = ϕ

mind
2 = 0

(e) HC
+ < H0 ϑ

mine
1 = ϑ

mine
2 = π/2, ϕ

mine
1 = ϕ

mine
2 = 0,

Table 2. Equations for eigenfrequencies in various states of the AFM

Figure 1. Equation

(a)
(

ω(τ ω − iα) − ωC
+

)(

ω(τ ω − iα) − ωK

)

− (ω0 ± ω)2 = 0

(b) (ωτ − iα)
[

ω2
0 − (ωC

−)2
]

+
[

(ωτ − iα)2 − 1
]

ωωC
− = 0

(ωC
−)2

(

ω2(ωτ − iα)2 − ω2 − (ωτ − iα)ωωC
− − 2ωKω3

)

− ωC
+ω

2
0

(

ω(ωτ − iα) − 2ω3

)

= 0

(c)
(

ω(τ ω − iα) − ω0 − ωK ± ω
)(

ω(τ ω − iα) − ω0 + ωC
− ± ω

)

= 0

(d) ω2
[

(ωτ − iα)2 − 1
]

(ωC
+)2 + ωC

+

(

ω2
0ω

C
− + (ωC

+)2ωK

)

− ω(ωτ − iα)
[

ω2
0ω

C
− + 2(ωC

+)2(ωK + ω3)
]

= 0

ω2
(

(ωτ − iα)2 − 1
)

ωC
+ +

(

(ωC
+)2 − ω2

0

)

ωK + ω(ωτ − iα)
(

ω2
0 − 2ωC

+(ωK + ω3)
)

= 0

(e) (ω(ωτ − iα) − ω0)
2 + (ω(ωτ − iα) − ω0)ωK − ω2 = 0

(ω(τ ω − iα) − ω0 + ωC
+)(ω(τ ω − iα) − ω0 + 2ω3) − ω2 = 0

field H0 and the easy axis of magnetic anisotropy lie in the

same plane [6]. The potentials V ‖,⊥(ϑ1, ϕ1, ϑ2, ϕ2), given
by Eqs. (18) and (19), projected onto these planes, represent

the closed lines shown in Figure 1 for all considered cases.

These contours in polar coordinates {r, θ} are defined as

r j (θ) = V ‖,⊥(θ, ϕ
min j

1 , π − θ, ϕ
min j

2 ) −V ‖,⊥(θmin j ), (20)

where j=a, b, c, d, e, and θmin j =(ϑ
min j

1 , ϕ
min j

1 , ϑ
min j

2 , ϕ
min j

2 )
is the minimum point for the state j . A more general

procedure for finding the minima and transitions between

states with a change of the external field H0 is described,

for example, in Ref. [6], where the non-inertial dynamics of

magnetization is considered.

The positions of the minima corresponding to different

directions and ranges of the external field strength H0

are listed in Table 1. For instance, the stable states

of the magnetizations M10 and M20 have an antiparal-

lel orientation in the case of a longitudinally directed

relatively weak external field (0 < H0 <
√

HKHC
+, where

HC
± = ωC

±/γ = 2H3 ± HK) (not to be confused with the

orientations of the magnetizations themselves M1 and M2)
(Figure 1, a). A transition to a non-collinear state takes

place as the field increases (Figure 1, b), which is known as

”
spin-flop“ transition [2,6].

Both states (a) and (b) are possible in the range of fields
√

HKHC
− < H0 <

√

HKHC
+. This interval is quite narrow,

since HK ≪ H3 for most AFMs. For this reason it is

possible ignore the difference between HC
+ and HC

− and

use the approximation HC
+ ∼ HC

− ∼ 2H3. With a further

increase of the external field, the angle between the direc-

tions M10 and M20 decreases, and a transition takes place

to the third state with parallel directions of M10 and M20 at

H0 > HC
− (Figure 1, c). This transition is known as

”
spin-

flip“ [2,6]. MnF2, FeCl2, GdAlO3, K2[FeCl5(H2O)], FeF2
are examples of AFM in which

”
spin-flop“ and/or

”
spin-flip“

transitions were observed [2,6]. The field required for the

”
spin-flop“ transition to occur (H0 ∼

√
2HKH3) varies from

∼ 1T (GdAlO3) to ∼ 42T (FeF2) [2,6]. The angle between

M10 and M20 gradually decreases with the increase of H0 in

the case of the transverse direction of the uniform external

field (Figure 1, d). A transition to a state with co-directional

M10 and M20 takes place at H0 > HC
+ (Figure 1, e).

The AFM eigenfrequencies are found from the solution

of the quartic equation in the presence of dissipation and an

inertial term. These equations corresponding to the different

states of the AFM are given in Table 2. The solutions of

the equations are complex. They can be found analytically

using, for example, the Ferrari method [44]. These solutions

(precession frequencies ω
p
1,2 and nutation frequencies ωn

1,2)
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Table 3. Eigenfrequencies for different AFM states

Figure 1. Frequencies

(a) ω
p
± ≈

√

ωKω
C
+ ± ω0 − (ωK + ω3)

(
√

ωKω
C
+ ± ω0

)[

τ
(
√

ωKω
C
+ ± ω0

)

− iα
]

/
√

ωKω
C
+

ωn
± ≈ τ −1(1− iα) + ωK + ω3 ± ω0

(b) ω
p,n
1 = 1√

2τ

√

1 + τ ωC
− +

τ ω2
0
ωC

+

(ωC
−

)2
∓ D1/2

1 + iα
2τ

(

1∓ D−1/2

1

)

,

ω
p,n
2 =

δ1∓1

τ
D1/2

2 + iα
2τ

(2− δ1∓1)
(

1∓ D−1
2

)

,

D1 =
(

1 + τ ωC
− +

τ ω2
0
ωC

+

(ωC
−

)2

)2
+ 8τ 2ω3

(

ωK − ω2
0
ωC

+

(ωC
−

)2

)

, D2 = 1 + τ ωC
− − τ ω2

0

ωC
−

(c) ω
p,n
1 =

∓1+iα+
√

(1∓iα)2+4τ (ω0+ωK )

2τ
,

ω
p,n
2 =

∓1+iα+
√

(1∓iα)2+4τ (ω0−ωC
−

)

2τ
,

(d) ω
p,n
1 = 1√

2τ

(

1 + 2τ
(

ωC
+ − ω3 +

ω2
0
ωC
−

2(ωC
+)2

)

∓ D1/2
1

)1/2
+ iα

2τ

(

1∓ D−1/2
1

)

+ O(α2)

ω
p,n
2 = 1√

2τ

(

1 + 2τ
(

ωK + ω3 − ω2
0

2ωC
+

)

∓ D1/2

2

)1/2
+ iα

2τ

(

1∓ D−1/2

2

)

+ O(α2)

D1 = 4τ ωC
+ +

(

1 + 2τ
( ω2

0
ωC
−

2(ωC
+

)2
− ω3

))2
, D2 = 4τ ωK +

(

1 + 2τ
(

ω3 − ω2
0

2ωC
+

))2

(e) ω
p,n
1 = 1√

2τ
(1 + τ (2ω0 − ωK) ∓ D1/2

1 )1/2 + iα
2τ

(1∓ D−1/2
1 ) + O(α2)

ω
p,n
2 = 1√

2τ
(1 + τ (2ω0 − ωK − 4ω3) ∓ D1/2

2 )1/2 + iα
2τ

(1∓ D−1/2

2 ) + O(α2)

D1 = 4τ ω0 + (1− τ ωK)2, D2 = 4τ ω0 + (1− τ ωK)2 − 8τ ω3

are provided in Table 3 in the form of a parameter expansion

α with only the linear term for α for simplicity. The

exceptions are cases (a) and (c). The complex solutions

are simplified for the case (a) by the decomposition into two

smallness parameters τ and α, whereas the general solutions

have a simple form for the case (c). Since both experimental

and theoretical estimates of the parameter α give values

of the order of 0.001−0.1 [42], it is sufficient to use the

expressions from Table 3 for many computational purposes.

It should be noted that the solutions presented for α = 0

are consistent with the results obtained in Ref. [27], where

the dissipation in the system was not considered, which

made it possible to find the eigenfrequencies of the AFM

from the solution of the second-order equation. Setting

the inertial relaxation time τ to zero one obtains the well-

known expressions for the frequencies of antiferromagnetic

resonance [6].

4. Components of the susceptibility
tensor

Let us consider the dynamics of the magnetization of the

AFM sublattices under the impact of a weak alternating field

H∼(t) = H∼ exp[iωt], where the field amplitude is given

as H∼ = H∼(sinϑ∼ cosϕ∼, sinϑ∼ sinϕ∼, cos ϑ∼). In this

case, the Zeeman energy in an alternating field will be

added to the free energy density V (M1,M2)

Ṽ (M1,M2)=−µ0H∼ · (M1 + M2) = −µ0M0H∼ exp[iωt]

×
∑

i=1,2

(cos ϑ∼ cos ϑi + sinϑ∼ sinϑi cos(ϕ∼− ϕi)).

(21)
The solution of Eqs. (3) and (4) is sought

in the form ϑi(t) = ϑmin
i + 1ϑi exp[iωt] and

ϕi(t) = ϕmin
i + 1ϕi exp[iωt]. After substituting these

expressions into Eqs. (3) and (4) and their linearization,

taking into accoun Eq. (21), we obtain a system of algebraic

equations that can be represented in matrix form

(ω2I− iωD− V)X = F, (22)

where

X =









1ϑ1

1ϕ1

1ϑ2

1ϕ2









, F =
1

τ











Ṽ ϑ1

sin−2 ϑ1Ṽϕ1

Ṽ ϑ2

sin−2
ϑ2Ṽϕ2











. (23)

Here we take into account that in the general case

Ṽ ϑi

∣

∣

θmin
6= 0 and Ṽϕi

∣

∣

∣

θmin

6= 0. It should be noted that the

condition for having a nontrivial solution to a homogeneous

system, namely det[ω2I− iωD− V] = 0, leads to the same

solutions as Eq. (15), while the solutions of both equations
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Figure 2. Precession frequency ω′ p
i = Re[ωp

i ] of the total magnetization of the AFM sublattices and the deviation of the magnetization

frequency 1ωn
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i ] − 1/τ depending on the magnitude of the external field H0 for α = 0.01, τ ωK = 0.01, ω3/ωK = 10: (a) the

field is directed along the easy axis; (b) the field is directed perpendicular to the easy axis.
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p,n
= Im[ωp,n

i ] of the complex frequencies of precession and nutation of the AFM magnetization depending

on the magnitude of the external field H0 for α = 0.01, τ ωK = 0.01, ω3/ωK = 10: (a) the field is directed along the easy axis; (b) the

field is directed perpendicular to the easy axis.

are related as λk = −iωk . The solution of the matrix

Eq. (22) can be formally written as

X = (ω2I− iωD− V)−1F. (24)

The solution of Eq. (24) allows the determination of

the components of the complex susceptibility tensor

χGG = χ′GG − iχ′′GG (G = X ,Y, Z).
Let’s direct the alternating field along one of the axes

X ,Y, Z and consider the projection of the magnetization

on this axis. The following expressions are valid for the

projections of the magnetization

MX(t)/M0 =
∑

i=1,2

sinϑi(t) cosϕi(t)

=MC
X(t)/M0 + χXX(ω) exp[iωt], (25)

MY (t)/M0 =
∑

i=1,2

sinϑi(t) sinϕi(t)

=MC
Y (t)/M0 + χYY (ω) exp[iωt], (26)

MZ(t)/M0 =
∑

i=1,2

cos ϑi(t) = MC
Z (t)/M0 + χZZ(ω) exp[iωt].

(27)
The constant components in the expressions (25)−(27) are

defined as (they can be zero in various configurations)

MC
X/M0 =

∑

i=1,2

sinϑmin
i cosϕmin

i , (28)

MC
Y /M0 =

∑

i=1,2

sinϑmin
i sinϕmin

i , (29)

MC
Z /M0 =

∑

i=1,2

cos ϑmin
i . (30)
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The components of the susceptibility tensor χGG(ω) are

expressed in terms of the elements of the vector X, namely

through 1ϑi and 1ϕi , as

χXX(ω) =
∑

i=1,2

(cos ϑmin
i cosϕmin

i 1ϑi − sinϑmin
i sinϕmin

i 1ϕi),

(31)

χYY (ω) =
∑

i=1,2

(cos ϑmin
i sinϕmin

i 1ϑi + sinϑmin
i cosϕmin

i 1ϕi),

(32)

χZZ(ω) = −
∑

i=1,2

sinϑmin
i 1ϑi, (33)

5. Results and discussion

Figure 2 shows the precession frequencies ω′ p
i = Re[ωp

i ]
of the total magnetization of the AFM sublattices and the

deviations 1ωn
i = Re[ωn

i ] − τ −1 of the nutation frequencies

of the magnetization of the AFM sublattices from the

fundamental frequency set by the inverse value of the

inertial relaxation time τ −1, depending on the magnitude

of the external field H0. The values of 1ωn
i depend

on the field H3 attributable to the exchange interac-

tion and on the field HK attributable to the magnetic

anisotropy. The sharp changes of the curves shown in

Figure 2 at H0 =
√
2H3HK and at H0 = HC

± = 2H3 ± HK

are explained by transitions between AFM states (
”
spin-

flop“ and
”
spin-flip“ transitions) and are analogous to

similar changes observed for precessional frequencies [2].
It should be noted that in inertial corrections in the

expressions for some eigenfrequencies of AFM a factor

with a dimensionless multiplier τ ωC
± ∼ 2τ ω3 dominates

(see Table 3), whereas a similar multiplier in FM is formally

estimated as τ ωC
± = τ ωK (ω3 = 0). Since ω3 ≫ ωK is

common in AFMs, such inertial corrections in an AFM

are significantly larger than the corresponding corrections

for the eigenfrequencies of a FM. This effect of increas-

ing the contribution of inertia to the correction for the

eigenfrequencies of an AFM compared to a FM was noted

in Ref.[26] when considering the case (a). However, as

follows from Table 3, it is not observed in other states for

all eigenfrequencies (see, for example, the expression for

ω
p,n
1 in the case (c)).
Figure 3 shows the imaginary parts of the complex

frequencies of precession and nutation of the AFM mag-

netization as a function of the magnitude of the external

field H0. It should be noted that the imaginary parts of the

complex expressions for the eigenfrequencies of the AFM

determine the half-widths of the resonant lines observed at

these frequencies. As can be seen from Figure 3, an increase

of the magnitude of the external field leads to a change

(increase or decrease, depending on the selected mode)
of the half-width of the NR lines. Moreover, a half-width

change is observed in case of the
”
spin-flop“ transition.

Figure 4 shows the frequency dependences of the real

χ′ZZ and imaginary χ′′ZZ parts of the AFM linear suscep-

tibility tensor χZZ in the case (a). A general precession
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Figure 4. Realχ′ZZ (a) and imaginary χ′′ZZ (b) parts of the linear

susceptibility tensor component χZZ = χ′ZZ − iχ′′ZZ (Eq. (33)) AFM

depending on ω/ωK for α = 0.01, τ ωK = 0.001, ω3/ωK = 10 and

various values of ω0/ωK corresponding to the state (a). Frequency
labels are solutions of equation (a) from Table 2 for α = 0.

of the sublattice magnetization is observed in a weak

external field, which leads to the occurrence of only one

AFM peak. The AFMR is divided into two peaks with

an increase of the external field relative to the anisotropy

field. The frequencies of these resonances can be estimated

as ω
p
± ∼

√

ωKω
C
+ ± ω0 (for a more accurate estimate

(see Table 3, case (a)). As can be seen in Figure 4, a

weaker paired NR appears at frequencies exceeding by two

orders of magnitude the frequency of the AFM resonance

ωn
± ∼ τ −1 + ωK + ω3 ± ω0 in addition to the paired anti-

ferromagnetic resonance caused by the precessional motion

of the magnetization of the AFM sublattices. The frequency

separation between the peaks decreases as the magnitude

of the external field H0 decreases, and they merge at

ω0 = γH0 = 0. It can be seen from the expressions for

the resonance frequencies that the relative frequency shift

of NR due to the external field 1ωn
±/τ

−1 ∼ τ ω0 is not
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as significant as the similar relative frequency shift of

AFM resonance 1ω
p
±/

√

ωKω
C
+ ∼ ω0/

√

ωKω
C
+. The inertial

correction to AFM resonance frequencies is estimated as

∼ τ ω3(ωKω3)1/2 according to the expression for ω
p
± from

Table 3 (case (a)). This correction can be compared

with the inertial correction to FM resonance frequencies,

which can be formally estimated as ∼ τ ω2
K if we put

ω3 = 0 in the expressions for ω
p
±. Thus, the ratio of

correction values is determined by the frequency ratio

as ∼ (ω3/ωK)3/2, which means that the inertial correc-

tion for AFM is significantly greater than for FM, since

ω3 ≫ ωK [24].
Figure 5 and 6 show the dependencies for the compo-

nents of the susceptibility tensor for the states (b) and (d),
respectively. Figure 5 shows that as the magnitude of

the external field increases, the resonant frequencies ω
p,n
1

(see Table 3, case (b)) shift to the high-frequency region

for χZZ(ω), whereas the resonant frequencies ωn
2 are shifted

to the low frequency range for χYY (ω). A similar picture

is observed in Figure 6, where, with an increase of the
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magnitude of the external field, the resonant frequencies

ω
p,n
1 (see Table 3, case (d)) are shifted to the high frequency

range for χZZ(ω), and the resonant frequencies ω
p,n
2 are

shifted to the low frequency range for χXX(ω).

6. Conclusion

The method of linearization of the system of inertial

LLG equations describing the inertial dynamics of the

magnetization of AFM sublattices, taking into account

the dissipation in them, enables one to obtain analytical

expressions for the eigenfrequencies of AFM. The real parts

of these expressions determine the frequencies of both

antiferromagnetic resonance and NR, while the imaginary

parts affect the half-widths of these resonance lines. The

dependences of both the resonant frequencies and the

half-widths of the lines on the magnitude of the external

field are presented, taking into account the dissipation in
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the AFM material. It is shown that the direction of

the shift of the resonant frequencies with the increase of

the field depends on the AFM state and the considered

resonant mode in this state. The individual components of

the AFM magnetization tensor in the inertial regime are

calculated. It is demonstrated how switching the AFM

state by an external field impacts the NR frequencies in

the AFM. The expressions obtained also make it possible

to evaluate the effect of magnetization inertia on resonant

frequencies and half-widths of lines in various AFM states.

It is noted that the more inertial corrections there are for

FM, the greater the ratio ω3/ωK in different AFM states

for individual resonant modes. A decrease of the half-

width of NR lines on individual modes by an external

field (see Figure 3) while maintaining the area under the

resonance curve (Gordon’s integral rule [45]) leads to an

increase of the resonance amplitude, which may be useful

in developing a technique for experimental observation of

nutation resonances. Moreover, the effective half-width of

the nutation resonance line, defined as the ratio of the

imaginary part of the complex resonant frequency (see Ta-

ble 3) to its real part Im[ωn
i ]/Re[ω

n
i ], decreases in some

AFM states with the increase of the ratio H3/HK = 3/2K.

Accordingly, the resonance amplitude will be greater in

such an AFM, which makes them more convenient for

observing the nutation resonance [26]. For example, such

an AFM include structures containing NiO [46,47] and

CrPt [48,49]. The results obtained correspond to weak

external variable fields (the condition for linearization of

the equations). The fact that AFM and ferrimagnets

have a similar magnetic ordering nature [6,26] allows the

generalization of the presented method for analyzing the

resonant frequencies of ferrimagnets. In the future, it is of

interest to study nonlinear corrections to the components

of the linear susceptibility tensor and to study nonlinear

effects in AFM in the field of nutation resonance. The

results of the study of nonlinear effects in FM under the

conditions of inertial dynamics of magnetization can be used

as a basis [50]. We hope that the presented results will be

useful in setting up future experiments for the study of NR

in AFM structures.
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