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Accuracy and applicability of the standardized methods of processing
the temperature data in laser and piezoelectric laser calorimetry
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Analytical expressions for the correction factors allowing to account for the finite thermal conductivity in the
measuring optical absorption coeffcieint by laser calorimetry (LC) and piezoelectric resonance laser calorimetry
(PRLC) methods were obtained. It was proven that the PRLC method compared to the LC method is far more
resistant to the effects of the finite thermal conductivity of the sample. In practice, the main sources of error in
measuring the absorption coefficient by the PRLC method turn out to be variations of the ambient temperature
and of the heat transfer conditions. Modifications of the standardized methods are proposed that allows to partially
account for the non-ideal experimental conditions. The correction factors that were obtained may broaden the scope
of the PRLC and LC methods to the large samples or to the ones having the low heat conductivity.
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Introduction

Currently, laser calorimetry (LC) is a standardized
method for measuring optical absorption coefficients [1].
This technique measures the temperature dependence of
the sample on time T(t) when heated by laser radiation
during time ty and subsequent cooling after switching off the
laser source. To determine the optical absorption coefficient,
several methods have been proposed, called exponential,
pulse, and gradient [2]. Each of them is based on a
heat balance equation that does not take into account the
temperature distribution inside the sample:

I —QO(ty —t) — I(T — Ta)

(1)
T(O) =T,

where Q = P(1 — exp(aL))/mc ~ aLP/mc — sample-
averaged heat source associated with laser radiation absorp-
tion under low optical absorption aL < 1, P — radiation
power, L — sample length, 6(t) — Heaviside theta-function,
to — moment of deactivation of laser radiation, m= pV —
weight of sample, p — density, V — volume, ¢ —
specific heat capacity, ¢ — optical absorption coefficient,
I'=hS/mc — rate of heat exchange, h — heat-exchange
coefficient, S — sample surface area, T, — environmental
temperature.

The gradient method analyzes the difference in temper-
ature derivatives at time points corresponding to the same
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temperature Ty during heating and cooling:

o= (%)l (%)

From (1) it follows, that under unchanged environmental
temperature G = Q.

Assuming the constancy of the parameters I' and T,, the
solution of equation (1) is expressed as

t<to t>to

(2)

t=to =T

1—e Tt

e Tt (e — 1),

o) t <ty
:Ta+9

T =T+ 3

(3)

t>1t

Exponential and pulse methods are based on the ap-
proximation of the experimental dependence T(t) by an
exponential function

f(t)=A+Be ™ (4)

during heating (t < tp) and cooling (t > ty) respectively.
The set of optimal parameters A, B and C gives a possibility
to define the heat source Q. Next, we will denote the values
obtained by approximating the kinetics of heating by index
exp, and the kinetics of cooling —by index ”puls”. In case
of exponential method:

E= Aexpcexp = Q_, (5)
for the pulse method:
o Cpulsf (t0/2) A
I o 2sh(Cpu15t0/2) o Q (6)
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The final thermal conductivity of the sample distorts
the results of all the above-mentioned techniques, but the
gradient method is the most sensitive [3], because the
value G is strongly dependent on the position of the external
temperature sensor. For this reason, the gradient method
was excluded from ISO 11551 standard in 2003. Despite
this, it is the only one that allows measuring the time
dependence of the optical absorption coefficient, which
opens up wide possibilities for studying the optical elements
degradation under the influence of laser radiation [4].

One of the main disadvantages of laser calorimetry is
the use of an external thermal sensor, the temperature of
which cannot be fully identified with the temperature of the
sample due to the presence of thermal resistance between
the sample and the sensor. Moreover, the thermal sensor
may absorb scattered radiation which result is distortion of
readings [2]. For samples with piezoelectric properties (in
particular, all nonlinear optical crystals have such proper-
ties), a piezo-resonance laser calorimetry (PRLC) technique
has been developed where temperature dependence of the
frequencies of the sample’s intrinsic acoustic modes is
used. After pre-calibration, the frequency change during the
heating process can be converted into a temperature change.
Since the acoustic mode is distributed over the sample, the
temperature measured in this way can be identified with the
average crystal temperature [5].

The purpose of this study was a theoretical analysis
of the basic assumptions used in standardized methods
of processing temperature kinetics, and an assessment of
their effect on the measured value of the optical absorption
coefficient, as well as an experimental verification of the
applicability of these methods for PRLC.

Consideration of the final thermal
conductivity of the sample

To account for the sample’s final thermal conductivity, it
is necessary to switch from the equation of thermal balance
to the equation of thermal conductivity. We will assume
that the crystal temperature is measured relative to the
environment, which is constant over time. Then, in the
most general form, the equation of thermal conductivity for
a region with boundary conditions as Newton—Richmann
law at the boundary of the region and with initial conditions
corresponding to the thermal equilibrium of the sample with
the environment, it will be written as follows:

Tl — aAT(r, 1) + Q(r, 1)

(—KVT(I‘, t), Il)|aQ = hT(r, t)|aQ (7)
T(r,0)=0
where a = k/cp — thermal diffusivity coefficient, kK —
thermal conductivity coefficient, Q(r,t) — heat source

function, n — external normal to the region boundary.

The standard method for solving such equations is the
Fourier method. The solution is found as a series with
separated variables:

T(r,t) = Zrk(t)sk(r). (8)
k

The functions Sk(r) are eigen functions for the Laplace
operator satisfying the boundary conditions:

ASy (l‘) = —AxSk (r) (9)

(—=kVsk(r), m)|se = hsk(r)[se

When considering the boundary conditions it naturally
results in determining the Biot number, which characterizes
the uniformity of the temperature distribution b = hR/«x,
where R is the characteristic sample size.

It is known that the system of functions sy (r) is complete
and orthogonal in the space L(Q2) of square integrable
functions on Q [7], therefore, the expansion is true and,
in addition, we can write:

Q) = 3 a(t)si(r) (10)
k

where coefficients Qx:

1) = Q%) _ 4 3t Dedas (11)
W= TP = T2mde
Q

By substituting (8) and (11) into (7) we obtain equations
for determining the coefficients 7:

9l — gy(t) — alkw(t)
Tk(O) =0

(12)

Then, the solution of equation
Ok(t) = qxO(to —t) is expressed as

(12) in case of

1 — edMdt, t <t

n(t) =

= an (13)

e M (g 1), t>t

Thus, the time dependence of each decomposition term
is similar to solving the heat balance equation, with
the characteristic time 1/aix and the value gk as the
heat source. In most practically significant cases, the
characteristic time for harmonics with numbers k > 1 is
negligible compared to the measurement time, and their
contribution to temperature kinetics is reduced to a constant:

T I s Mot —t).  (14)

T(r,t) =71(t)s1(r) + N

k=1

The average temperature measured in the piezo-
resonance laser calorimetry method is expressed in terms

Optics and Spectroscopy, 2025, Vol. 133, No. 1



Accuracy and applicability of the standardized methods of processing the temperature data in... 69

of averaged functions Si(r). Integrating both parts of
the upper equality in (9) over Q domain and applying
Ostrogradsky—Gauss theorem, we obtain the expression
Sk(r) through the values of the function Sk at the boundary
of the domain:

_ h
- ds 1
S(r) mm'/sk : (15)
Q2

where |Q2| — d-dimension volume of Q2 domain.

In approximation (14), the exponential temperature-time
dependence is determined by the first term of the expansion,
hence from (13), Cexp =Cpus =at;. The value Ay
represents itself a maximal heating at t — oo, which is a
series of terms Qx/alk. Then we can write:

ety apsdr) = qisi (1)
+uy %‘k‘sk( )=aisi(r)+8(r).  (16)
k=2

For the pulse method, the solution of the optimization prob-
lem gives the following expressions for the parameters Ay,
Bpuls:

Apuls =0,

Byus = 26%41%/2sh(at /2)(,31(1—/11151 (r)

Ay exp(ai; (to + Atc/Z)) Ok

22 sh(aliAte)2) 2o, (17

k=2
where At; — cooling down time. Substituting results in the
expression:

exp(ai; (to + Ate/2))
2sh(aity/2)sh(ai;Atc/2)

I(r) =aqisi(r) +
AT eslr
k=2 k

In the case of the gradient method, assuming that the
difference in temperature derivatives is taken at the time
points at which (14) is performed, we obtain from (7)
and (13):

= Q1S1(r) + Spuis (1) (18)

G(r) = gisi(r) [e @4t + e 2ht (g2hb _1)] | (19)

where the moments of time t, and t; are defined based
on condition of temperatures equality: T(r,tn) = T(r,tc),
th <tp, tc > to. By substituting (13) and (14), we obtain
the ratio

efallth_kefalltc (efa/‘llto_l) — 1
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Table 1. Model parameters

Specific heat capacity ¢ [9] 1060 J/kg/K
Density p [9] 2747 kg/m®
Thermal conductivity coefficient x [9] 3.5 W/m/K
Beam radius over level 1/e* w 1 mm
Dimensions W x H x L 1x1x5cm’

Substitution of (20) into (19) gives

G(r)=ais1(r)+41 Y %Sk(r)ZQ131 (r)+6(r).  (21)
k=2

From expressions (16), (18), (21) It follows that for all
three methods, the first term of the expansion is determined
with some additive correction reflecting the influence of the
higher terms of the expansion. For the exponential and
gradient methods this correction is equal:

=1 Z —sk (22)

for the pulse method:

exp(ai(to + Atc/2)) Az ka (")
2sh(adito/2)sh(adiAt/2) ' 2= 22"

Splus (r) = (23)

The terms of the series (22) and (23) decrease rapidly with
increasing numbers, and the correction for the pulse method
is smaller due to the dependence 1 /lﬁ instead of 1/Ak.
The transition to PRLC method consists in averaging the
eigen function Sy(r), which increases the degree of Ay in
appropriate terms by one (see (15)).

If the temperature has a slightly inhomogeneous distri-
bution (b <« 1) the eigen function s;(r) is almost close to
unity, and the expression (;S; (r) turns out to be close to
the averaged heat source Q. It can be written:

=r(r)Q. (24)

Thus, the absorption coefficient , determined by processing
experimental data, and the true absorption coefficient o are
related by the ratio:

qisi(r)

a(r) = p(rao + Sea(r), 25)

where r — radius-vector of the measurement point.
Asymptotic estimate of correction coefficients for
the rectangular geometry of the sample

The specific type of eigen functions Sk(r) depends on the
geometry of the sample and the boundary conditions (heat
transfer coefficient). In addition, the expansion coefficients
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Figure 1. Configuration of the thermal sensor location used in

the modelling. The intensity profile of the laser beam used in the
experiment is shown in white to scale.

of gk vary depending on the shape of the laser beam and
the place where it enters the crystal. To further specify the
expressions for the correction factors p and 4, it is necessary
to set all these parameters. In particular, the correction
function for the gradient method was considered in [8] for
the case of a cylindrical sample heated by Gaussian laser
beam passing through the center of the crystal.

However, in practice, it is impossible to guarantee the
uniformity of the heat transfer coefficient h on different faces
of the sample, as well as to ensure the exact coincidence of
the sample centers and the laser beam.

In this section, we evaluate the influence of the two
aforesaid factors on the accuracy of determining the optical
absorption coefficient. LBO crystal was considered within
the mathematical model. The model parameters are given
in Table 1.

Within the framework of the model, the temperature on
the upper face of the sample for LC technique and the
average temperature for PRLC technique were analyzed.
The heat transfer coefficients on the upper and lower sides
of the parallelepiped were assumed to be different, while
their average value was set constant, since it is this value that
is determined experimentally from the temperature kinetics.
The beam was also shifted along Y-axis from the crystal’s
center (Fig. 1).

Figure 2 shows the dependence of the measured ab-
sorption coefficient for all three methods on the position
of the beam when the heat transfer coefficients on the
upper and lower faces of the crystal are equal. As the
beam approaches the face on which the temperature is
measured, the amplitude heating changes significantly. The
results from the exponential method are most influenced by
this. The pulse method turns out to be the most stable to
beam displacement, which is consistent with the theoretical
conclusion that the additive correction is small (23).

1.050

1.025

ooy

1.000

0.975

-2 -1 0 1 2
Distance from the center, mm

Figure 2. Deviation of the measured absorption coefficient in
LC method versus position of the beam relative to the crystal’s
center. / — exponential method, 2 — pulse method, 3 — gradient
method.

Figure 3 shows the simulation results under various condi-
tions of heat exchange of the sample with the environment.
As the heat transfer coefficient of the face on which the
temperature is measured goes up, the measured absorption
coefficient decreases for all methods.

Note that the graphs for the exponential and gradient
methods differ from each other, despite the coincidence
of the expressions for corrections (16) and (21), since
the exponential method uses the entire kinetics of heating,
for the initial part of which the condition is obviously not
fulfilled. When the initial section of kinetics is excluded
from consideration, the graphs coincide, the graph for the
exponential method with the exclusion of kinetics initial
section is shown in Fig. 3, bottom left.

This said, in LC method the correction coefficients
should be calculated, in fact, individually for each specific
experiment, which limits their applicability in practice.

In PRLC method, on the contrary, all methods of
processing temperature kinetics give the same result, and,
in addition, the measured absorption coefficient is weakly
dependent on the above parameters. The modeling results
are shown in Fig. 4.

For PRLC, the correction factor is § =~ 0, since the
average values of the eigen functions rapidly decrease to
zero with increasing numbers. For a coefficient p, if PRLC
measurement method is used, the following asymptotic
expression can be obtained for a sample in the form of
a rectangular parallelepiped with dimensions W x H x L:

_ 1 w? 1 w?
y—1—|—<g—v\7)b\N+(g—m)bH7 (26)

where b, = hx/2W, by = hk/2H — corresponding formal
Bio numbers along axes X and y respectively, w — beam
radius to level 1/€?. For our model parameters we obtain
y = 1.013. The corresponding corrections are given in
Fig. 4.
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Figure 3. Results of modeling for LC method. Deviation of the measured absorption coefficient versus position of the beam relative
to the crystal’s center during heat exchange. / — hy = hy = 30 W/m?*/K, 2 — h = 45W/m?%/K, hp = 15W/m?/K, 3 — h = 15 W/m?/K,

hy = 45 W/m*/K.

Analysis of additional sources of error in
determining the optical absorption
coefficient

In addition to infinite thermal conductivity of a sample,
the heat balance equation (1) also implicitly relies on
the assumption that the optical power of the laser, the
environmental temperature and the heat transfer coefficient
are not functions of time.

To assess the influence of the above factors on the
error in determining the optical absorption coefficient using
equation (1) with addition of additional time dependences,
the model temperature kinetics were obtained. The heat
balance equation (1) was solved instead of the more general
equation of thermal conductivity (7), since, as shown, the
resulting temperature kinetics is determined, in fact, by the
first term of the expansion (8), the time dependence of
which obeys an equation similar to the equation of thermal

Optics and Spectroscopy, 2025, Vol. 133, No. 1

balance. Then, the deviation of the absorption coefficient
recovered by various methods from the set value was
estimated. The numerical error in restoring the absorption
coefficient for time-independent model parameters was
about 0.1%.

Influence of environmental temperature
fluctuations

The time dependence of the environmental temperature
leads to an additional term in the heat source function in
equation (1): QO(t —ty) — QO(t —ty) — dT,/dt, which can
be estimated by measuring the environmental temperature
using an additional thermal sensor. In case of gradient
method, it is enough to add the difference of the tempera-
ture derivatives to the value G . However, the exponential
and pulse methods rely on a type of temperature kinetics
that is no longer fully described by the function (4). The
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Figure 4. Results of modeling for PRLC method. All processing
methods provide the same result. Curve I neglecting the correction
factors 2 — with correction factors.

method of environmental temperature transformation by
Fourier method allows representing it as a sum of terms
Ta(w)exp(iwt). Due to the linearity of equation (1) the
resulting solution can be represented as the sum of solutions
for each term of the expansion (including for @ = 0, which
corresponds to Ty = const). The addition related to the
environmental temperature variation is expressed as

vt = 3 T oy explnt) (27

Before approximating the kinetics of temperature by an
exponential function (4) it is necessary to first subtract the
correction (27), which, however, requires the heat transfer
rate I', which is itself determined from experimental kinetics
- therefore an iterative correction refinement process is
necessary.

Since the environmental temperature also obeys the heat
balance equation, the model assumed that its kinetics had
an exponential form (3) with a certain value of amplitude
heating, which in our model was assumed to be equal
to 30% of the crystal heating. Figure 5 shows the
dependence of the modeled deviation of the measured
absorption coefficient from the true value depending on
the ratio of the heat transfer rates of the environment I'y
and the crystal I. As can be seen, when the ratio of these
values approaches 1, the error in determining the absorption
coefficient in our model exceeds 30%. The proposed
procedure allows reducing the errors to almost 1%.

The effect of the variability of the heat transfer
coefficient

The heat transfer coefficient during convective heat ex-
change varies depending on poorly controlled parameters of
the air flows flowing around the sample. This factor may be

removed by placing the sample into vacuum chamber [8,10],
however this approach is technically complex [11], and for
LC method it makes very difficult to provide a good thermal
contact with the external thermal sensor [10].

Theoretical consideration of an arbitrary time dependence
of the heat transfer coefficient is complicated by consider-
able difficulties. In the simplest model, it can be assumed
that the coefficients of heat transfer during heating and
cooling have constant values that do not coincide with each
other. In this case, the type of cooling kinetics depends,
among other things, on the heat transfer coefficient during
heating. Since the exponential method uses information
obtained by approximating only the kinetics of heating, it
does not require correction in this case.

In the pulse method for determination of absorption
coefficient instead of I, defined by the formula (6), it is

0.96

T

0.88

ooy
T T
v
7
4

0.80 6

N

R

0.72 5 e

T W w===

0 0.25 0.50 0.75 1.00
I,/T

Figure 5. Deviation of the measured absorption coefficient
versus ratio of the environment and the crystal heat transfer
rates. 1,2,3 — exponential, pulse, and gradient methods with
correction, 4,5, 6 — exponential, pulse, and gradient methods
without modifications.

1.4}
4.
12+
éo ]’2’3 5 ’f\\;”’
10 L oo -
0.8}
- 1 1 1 1 1
030  —0.15 0 0.15 030

Ah/h

Figure 6. Deviation of the measured absorption coefficient versus
relative changes of the heat transfer coefficient. / — exponential
method, 2 — pulse method with correction, 3 — gradient method
with correction, 4 — pulse method without modifications, 5 —
gradient method without modifications.
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Table 2. Laser source parameters

Wavelength, 4 1030 nm
Pulse repetition rate 5MHz
Pulse duration 2ns
Average power P 40W
| 3 \

G

4

Figure 7. Scheme of the experimental setup. / — laser radiation
source, 2 — crystal resonance frequency meter, 3 — computer,
4 — thermal sensor measuring the environmental temperature,
5 — power meter.

required to use 1%

) Corpf pus(to/2)
exp(Cpuisto/2)(1 — exp(—Cexpto/2))”

(28)

At Cexp = Cpuis the expression (28) transforms into (6).
In case of gradient method from defining (2) the values G
we obtain:
G =Q — To(Cexp — Cpuss)- (29)

Figure 6 shows theoretical deviation of the measured
absorption coefficient from the value of thermal conductivity
coefficient spike relative to the average value. It was
assumed that when heated, the heat transfer coefficient
is equal h— Ah/2, when cooled, h+ Ah/2, to keep the
average value of the heat transfer coefficient constant.

Experiment

To compare the results of processing temperature kinetics
using methods described above, the absorption coefficient of
the LBO crystal was measured using PRLC method. The
crystal parameters coincide with those used in the model
(Table 1).

A pulsed fiber ytterbium laser was used as the radiation
source, the parameters of which are shown in Table 2. The
sample irradiation time was 1000s Such a long time of the
experiment is associated with a large characteristic heating
time of the crystal, due to its significant heat capacity. The
environmental temperature was controlled by an external
thermal sensor located at a distance of 10mm from the
crystal. The crystal resonance frequency was measured by
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Omean = 4.9-107% cm™!
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Experiment number

Figure 8. Absorption coefficient in PRLC method, determined
by various methods. / — exponential method, 2 — pulse method,
3 — gradient method.
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Figure 9. Experimental results with correction of environmental
temperature changes. [ — exponential method, 2 — pulse
method, 3 —gradient method.

method described in [12]. The experimental setup is shown
in Figure 7.

To estimate the random error, the experiment was
repeated several times under the same conditions, each
kinetics was processed using three methods.

Within one experiment, the difference in absorption co-
efficients determined by different methods (Fig. 8) reaches
26%. As mentioned earlier the error related to final thermal
conductivity for our sample was 1%.

The measured output power instability for our laser was
2% with characteristic power change times much longer
than the experimental time, which led to an error in
absorption coefficient measurement of no more than 1%,
according to the numerical solution of equation (1).

In our experiments, the environmental temperature
showed a linear increase, followed by a linear decrease
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Table 3. Summary table of optical absorption coefficient values in cm™

1

Model, Exponential Pulse Gradient Maximal difference
method between methods
Without 4.8+0.3 5.0+£0.6 50+0.4 26%

With 52+0.3 55+£0.8 5.5+£0.5 30%
dTa/0t
With h 52+0.3 52+0.5 53£0.5 11%

after the laser was turned off at a characteristic rate of
~ 1-107%K/s. This type of temperature-time dependence
can be considered a special case of exponential dependence
at 'y — 0. By magnitude the added term 9T,/dt was ~ 7%
of this absorption-related heat source. When taking into
account changes in environmental temperature in processing
of experimental data (Fig. 9), the average value of the optical
absorption coefficient increased by 8% for all three methods,
however, within one experiment, there was still a significant
(up to 30%) difference between the results obtained by
different methods.

Figure 10 shows the results from formulae and for
processing of experimental data modified by pulse and
gradient methods. The coefficients of heat transfer during
heating and cooling were determined from the approxima-
tion of the corresponding kinetic sections by an exponential
function (4). Processing by exponential method didn’t
provide any results.

After such treatment, the spread of absorption coefficients
determined by various methods decreased by almost 3
times, to 11%. Apparently, in order to completely eliminate
the differences between the methods, it is necessary to
develop a more complex model of the change in the heat
transfer coefficient over time.

Ogean = 5.3 1074 cm™!

3

T \'::7'.\\ - o=, ®

o o ~:ﬂ.«£-‘\\\\.‘74 /_,«__,': S

=4 2 L 1
o -
3

=5
s |
2 -

L 1 L 1 L 1 L 1

0 2 4 6 8

Experiment number

Figure 10. Experimental results taking into account changes in
the heat transfer coefficient. / — exponential method, 2 — pulse
method, 3 — gradient method.

The average values of the optical absorption coefficient,
determined by various methods and taking into account
various factors, are shown in Table 3.

Conclusions

In piezo-resonance laser calorimetry method for deter-
mining the optical absorption coefficient, the effect of
finite thermal conductivity can be taken into account using
analytical corrections that depend only on the crystal
parameters and its geometry. In classical LC method, the
calculation of such corrections should also take into account
the conditions in which the crystal is located and therefore
should be carried out individually for each measurement.
In PRLC method, it becomes possible to use the gradient
method, which was excluded from the LC standard due to
problems with measurement accuracy. This method allows
measuring the optical absorption coefficient in almost real
time.

Nevertheless, it has been shown that even when the
heat exchange vary over time, errors in determining the
optical absorption coefficient can reach much larger values.
Thus, the experiment on measuring the optical absorption
coefficient should be set up in such a way as to minimize
the influence of these factors.
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