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Analytical solution for the populations of the energy levels of alkali

metals under optical pumping and mixing of excited state sublevels
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The paper presents the results of an analytical calculation of the system of balance equations describing the

populations of the energy levels of the ground state and the total population of the excited state of alkali metals

under optical pumping under conditions when collisions with a buffer gas cause complete mixing of the sublevels

of the excited state. This situation is realized in a number of quantum sensors, such as frequency standards,

gyroscopes, magnetometers, using a cell with alkali metal vapor and a buffer inert gas as a sensitive element. A

comparison with the experiment is given. The results can be used for spectroscopic non-destructive testing of the

gas composition of such cells.
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Introduction

Among quantum optical sensors the special place by

their prevalence and variety belongs to the sensors based

on various modifications of the optically detected magnetic

resonance (ODMR) in the ground state of alkali metals.

Development of compact sources of laser pumping such as

semiconductor lasers with distributed feedback, and then

with vertical cavities enabled development of miniature

optical quantum sensors [1], such as microscale frequency

standards [2,3], quantum magnetometers [4–8] and rotation

sensors or gyroscopes [9,10]. The main sensitive element

in all of these devices is a transparent cell containing alkali

metal atoms, as well as a buffer inert gas or a mixture of

inert gases, slowing down the diffusion of atoms to the cell

walls, and, accordingly, relaxation of sublevels of the alkali

metal ground state.

One of the most complicated tasks in production of

miniature quantum sensors is to make cells with strictly

maintained pressures of the gas mixture components [11,12]
and do their non-destructive testing, which after cell

sealing (tapping) may only be done with spectroscopic

means [13,14]. Each buffer gas causes spectral absorption

lines shift and broadening that are unique to it, therefore

study of these parameters in case of one- or two-component

gas mixture may provide the complete information on its

composition [15].

This method suggests scanning of the laser light fre-

quency in the vicinity of D1- or D2-absorption lines and

detection of absorption in the cell. In this case, the

parameters of the absorption line turn out to be distorted

by the processes of optical (firstly, hyperfine) pumping:

to bleach the medium with hyperfine optic pumping,

the intensity that is lower by many orders is required

compared to the bleaching that is
”
traditional“ for the optical

spectroscopy due to saturation of the optical transition. The

bleaching value at the same time turns out to be frequency-

dependent, which causes distortions of the spectral line

contour. The accounting for these distortions requires

calculation of populations in the conditions of presence

of the optic pumping and buffer gas. Such calculations

were done many times, starting from the fundamental

papers [16–18] and until recently [19–21]; the solution to the

specific task for 87Rb is given in [22]. This paper presents

a simple model for such calculation and its universal, i. e.

valid for any alkali metal, analytical solutions.

Theory

As we have already mentioned, the working cells contains

alkali metal atoms and the buffer inert gas (or a mix of inert

gases), which moderates the wall relaxation. The exchange

of spin states between metal atoms becomes the mechanism

governing relaxation in this case. Since the cross sections

of collision with atoms (molecules) of buffer gas for the

excited states exceed by many orders the cross sections for

the ground state, the cells with buffer gases or gas mixtures

already at the pressures of around 3−10 Torr demonstrate

the so called mixing of excited state sublevels — for the

time when the atom stays in the excited state, populations

of this state sublevels manage to balance themselves through

collisions [18]. As a result the velocities of ground state

sublevel occupation become identical (it is easy to confirm

that by summing the probabilities of transitions to each
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Figure 1. Schemes of Zeeman sublevels of the ground state of alkali metal atoms: (a) rubidium 87Rb and (b) Cs. Digits on the arrows

indicate relative probabilities of excitation under the effect of light with circular (σ +, σ−) and linear (π‖, E ‖ B) polarizations, resonant

to transition F = I + 1 → F ′ = I − 1.

sublevel of the ground state from all sublevels of the excited

state, see below), and the difference of their occupations

is only caused by the difference in the velocities of optical

excitation — the so called (
”
depopulation pumping“).

Let us consider (fig. 1) the scheme of sublevels of the

alkali metal atom ground state with nuclear spin I = 3/2.

Such atoms include 7Li, 23Na, 39K, 41K, 87Rb. Most

frequently the schemes of quantum sensors use atom 87Rb,

and further we will mean this atom as the alkali metal

atom. The next by the degree of utilization in the quantum

sensorics are the cesium atoms Cs with nuclear spin

I = 7/2, 87Rb (I = 5/2) and potassium isotopes 39K and
41K (I = 3/2). The solutions for them are found in a similar

way. Every hyperfine level F = I ± 1/2 of the main (S1/2)
and excited (P1/2) states in the magnetic field is split into

2F + 1 magnetic (or Zeeman) sublevels with projections

of moment mF = −F , F + 1, . . . , F − 1, F . The total

number of these sublevels is N = 2(2I + 1), accordingly in

case of 87Rb N = 8. At room temperature the Zeeman

sublevels of the ground state are occupied evenly, since

the hyperfine splitting of the ground state 5S1/2 for 87Rb

(6.8GHz) and 6S1/2 for Cs (9.2 GHz) in the energy scale

does not exceed 10−3 of the thermal energy kT . Due to

mixing of excited state sublevels they may be considered

as one level with population ne and decay velocity Ŵ.

As a result we obtain the system of N + 1 linear balance

equations for occupations of type















d
dt ni = −pi ni − γni + γ

N

N
∑

i=1

ni + Ŵ
N ne = 0,

d
dt ne = −Ŵne +

N
∑

i=1

pi ni = 0,

(1)

where i = 1, 2, . . . , N, ni — populations of Zeeman

sublevels of the ground state, γ — dark (i. e. measured

in the absence of pumping light) velocity of relaxation in
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Table 1. Optical pumping velocity coefficients C i for magnetic sublevels of the ground state of rubidium atoms 87Rb when pumped

with light of D1-line with subsequent polarizations: circular σ +, circular σ−, linear π‖ (E ‖ B), linear π⊥ (E ⊥ B). For clarity of the

representation the values were multiplied by a common denominator k

F → F ′ mF

F ′ = 1 F ′ = 2

σ + σ− π‖ π⊥ σ + σ− π‖ π⊥

F = 1

−1 0 5 5 2.5 6 1 3 3.5

0 5 5 0 5 3 3 4 3

1 5 0 5 2.5 1 6 3 3.5

k 10 10

F = 2

−2 0 6 0 3 0 2 4 1

−1 0 3 3 1.5 2 3 1 2.5

0 1 1 4 1 3 3 0 3

1 3 0 3 1.5 3 2 1 2.5

2 6 0 0 3 2 0 4 1

k 10 10

the ground state, pi ∼ C i P(ω)I p — velocity of optical de-

pumpung from level i , ω — light frequency, I p — intensity

of pumping light, P(ω) — distribution corresponding to the

shape of the absorption line, coefficients C i are proportional

to the squares of the modules of the dipole matrix elements:

C i ∼ |d f i |2.
Values of coefficients C i for all possible transitions of

D1-line in atom 87Rb are given in table 1, in Cs atom —
in table 2. These values may be calculated up to a constant

using formula

|d f i | ∼
√

2F1 + 1

{

I J1 F1

1 F2 J2

}

CF2mF2
F1mF11p, (2)

where p = 0,±1 — polarization, I — nuclear spin of the

atom, J — full electron moment, F — full atom moment,

indices 1, 2 mean the initial and final states, accordingly.

The formula uses 6 j-symbols and Clebsch−Gordan coeffi-

cients [23,24]. Value p = 0 corresponds to π‖-polarization

of light (linear with azimuth parallel to the field), values

p = −1 and p = +1 — to circular polarizations σ−

(1mF = −1) and σ+ (1mF = +1) accordingly.

In fig. 2 the optical pumping velocity coefficients C i given

in tables 1 and 2, are presented graphically. It can be seen

from the graphs that in all the considered cases the effect of

optical pumping is absent when the intensities of radiations

with circular σ+ and σ− are equal (accordingly, the sum

of these radiations is a linearly polarized radiation with

intensity Iπ⊥ = Iσ+ + Iσ− = 2Iσ+ = 2Iσ−), and each of

these intensities is equal to intensity of radiation with linear

π‖-polarization (Iσ+ = Iσ− = Iπ‖), from which Iπ⊥ = 2Iπ‖
follows. This condition is met when pumped with linearly

polarized radiation, the plane of polarization of which is

located at angle ϕM = arccos(1/
√
3) to magnetic field (so

called
”
magic angle“ [25]). As the value of the magnetic

moment increases, as well as the number of the involved

sublevels, the coefficients approach the classic limit.

In equations (1) the first summand describes the depop-

ulation pumping under action of light, the second and third

ones — the spin relaxation of the ground state sublevels,

the fourth one — relaxation of the excited state that is

considered as one level without the hyperfine structure. If

all equations (1) are summed up, we will get the condition

for conservation of the number of atoms in the system

d
dt

( N
∑

i=1

ni + ne

)

= 0. (3)

Let us accept the following condition of normalization:

N
∑

i=1

ni + ne = 1. (4)

The direct solution for the system (1) with the increase in

the number of levels becomes more and more complicated

and bulky. Already for N = 3 and i = 1 it looks as follows:

n1=
Ŵ(γ + p2)(γ + p3)

Ŵp1p2+3p1p2p3+Ŵ(p1+p2)p3+γ2(3Ŵ+p1+p2+

+p3)+2γ(p1p2+(p1 + p2)p3+Ŵ(p1 + p2 + p3))

.

(5)

Nevertheless, this solution may be substantially simplified

and recorded in the form common for any i and N. If

designations Wi = pi + γ are entered (full velocity of atom

exit from level i) and τi = 1/Wi (lifetime of level i), and
also A (average weighted velocities pi with weights τi):

A =

N
∑

i=1

pi

Wi

( N
∑

j=1

1

W j

)−1

=
6i (piτi )

6 jτ j
, (6)
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Table 2. Optical pumping velocity coefficients C i for magnetic sublevels of the ground state of rubidium atoms 87Rb when pumped

with light of D1-line with subsequent polarizations: circular σ +, circular σ−, linear π‖ (E ‖ B), linear π⊥ (E ⊥ B). For clarity of the

representation the values were multiplied by a common denominator k

F → F ′ mF

F ′ = 3 F ′ = 4

σ + σ− π‖ π⊥ σ + σ− π‖ π⊥

F = 3

−3 0 3 9 1.5 28 1 7 14.5

−2 3 5 4 4 21 3 12 12

−1 5 6 1 5.5 15 6 15 10.5

0 6 6 0 6 10 10 16 10

1 6 5 1 5.5 6 15 15 10.5

2 5 3 4 4 3 21 12 12

3 3 0 9 1.5 1 28 7 14.5

k 7× 4 = 28 21× 4 = 84

F = 4

−4 0 28 0 14 0 4 16 2

−3 0 21 7 10.5 4 7 9 5.5

−2 1 15 12 8 7 9 4 8

−1 3 10 15 6.5 9 10 1 9.5

0 6 6 16 6 10 10 0 10

1 10 3 15 6.5 10 9 1 9.5

2 15 1 12 8 9 7 4 8

3 21 0 7 10.5 7 4 9 5.5

4 28 0 0 14 4 0 16 2

k 21× 4 = 84 15× 4 = 60

the solution to system (1) will be

ni =
Ŵ

A + Ŵ

τi

6 jτ j
,

ne =
A

A + Ŵ
. (7)

The produced solution may easily be tested by substitution

in the initial system: using the normalization condition (4),
let us substitute sum

∑

i
ni = 1− ne in the first N equations

of system (1), then we substitute ni and ne (7), the right

parts of the equations will look like

− Ŵ

A + Ŵ
(pi + γ)

τi

6 jτ j
+

Ŵ

A + Ŵ

A + γ

N
, (8)

where by definition (pi + γ)τi = 1, and then

A + γ =
6i(piτi)

6 jτ j
+ γ =

6i(pi + γ)τi

6 jτ j
=

N
6 jτ j

. (9)

This provides for equality of expression (8) to zero, the

last equality of the system is also easily tested by direct

substitution of values (7).
In cells with the alkali metal vapors the ratio Ŵ/γ de-

pending on the buffer gas pressure may be Ŵ/γ ∼ 105−107.

Therefore, we may assume that in the cells with thermal

atoms Ŵ/γ ≫ 1. Since the optimization of the quantum sen-

sor parameters requires compliance with condition pi ∼ kγ ,

where k = 3−5 [26], we may also assume that Ŵ/A ≫ 1 —
in cells of any size used in practice this is fair for all

technically achievable capacities of the laser pumping. Then

solution (7) is reduced to

ni ∼
τi

6 jτ j
,

ne ∼ 0. (10)

Thus, in the absence of taking into account the finite

relaxation time of the excited state the result is simplified

to the maximum: the population of every level in pure
”
de-

pumping“ is equal to the ratio of the lifetime of this level to

the sum of lifetimes of all levels.

Fig. 3 and 4 show the dependences of the rubidium 87Rb

atom ground state level populations on intensity of light

I/γ , calculated as per (7) accordingly for the left circular

polarization and for the linear polarization parallel to the

magnetic field.

Let us also consider the limit case of strong intensity

of pumping light (6pi/N ≫ γ). Let the light of σ+-

polarization be incident on the system. In this case there

is the only Zeeman sublevel i0, not interacting with optical

pumping — for 87Rb it is sublevel mF = 2, for which the

corresponding velocity is C i0 = 0. Accordingly, one may

expect that most atoms will be exactly in this state. In the

extreme case I → ∞ this quantity will depend on the ratio

of relaxation of the excited state to dark relaxation, Ŵ/γ . By
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Figure 2. Diagrams of optical pumping velocity coefficients C i in Tables 1 and 2 for magnetic sublevels of the ground state of rubidium

atoms 87Rb and cesium Cs when pumped with light of D1-line with subsequent polarizations: circular σ +, circular σ−, linear π‖ (E ‖ B),
linear (E ⊥ B).

carrying out the limit transition I → ∞ in the expressions

for populations (7), we find

ni =
Ŵ

(N − 1)γ + Ŵ
δi,i0 ,

ne =
(N − 1)γ

(N − 1)γ + Ŵ
. (11)

In cells with alkali metal vapors and buffer gas Ŵ/γ ≫ 1

and ni0 ≈ 1.

Experiment

The obtained dependences were tested by us experimen-

tally. For this purpose the absorption profiles were mea-

sured in the cell containing rubidium 87Rb and ∼ 30Torr

buffer gas vapors (mix of Ar and Ne), in the vicinity

of D1-absorption line. A semiconductor laser with an

external cavity produced by VitaWave (Troitsk, Moscow)

was used. Since the absorption contours corresponding to

transitions from one hyperfine level of the ground state

are poorly resolved (insert in fig. 5), we compared the

experimentally measured integral absorption (total area of

contours F = 2 → F = 1, 2) with the calculation result

by (7) and (12):

∫

K(ω)dω =

∫ N
∑

i=1

C i ni(ω)dω. (12)

At the same time the effects of hyperfine pumping that

distort the contour were taken into account (fig. 4). In

process of comparison the theoretical curve was adjusted

by intensity parameter.

Figure 5 demonstrates good agreement of theory and the

experiment. Excessive spread of dots is caused by the error

of basic line definition under the conditions of the final

range of continuous tuning of the laser. Note that such

agreement with the experiment may not be obtained for

each individual contour.
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Figure 3. Populations of rubidium 87Rb atom levels depending

on light intensity. Optical pumping is circularly polarized

(σ +-polarization), the pumping light frequency is resonant to

low-frequency transition F = 2 → F ′ = 1, distribution P(ω) is

considered to be Lorentz with width γL = 400MHz. Light

intensity is normalized by velocity of
”
dark“ relaxation γ , ratio

Ŵ/γ = 106 .
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intensity. Azimuth of linear polarization of optical pumping is
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are the same as in fig. 3.

Conclusions

We obtained the analytical solution to the system of linear

balance equations for the levels populations — common for

any quantity and, therefore, any values of nuclear spin I , i. e.
for any alkali metals. The obtained solution was tested by

comparison with the experiment done in cell with 87Rb. The

results may be used to calculate the spectral characteristics

of absorption in the cells of miniature quantum sensors,

including in the spectroscopic non-destructive testing of the

gas composition of such cells.
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at intensities corresponding to experimental dots in the curve.
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