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The differential flow near by polar cap surface of neutron star in the case
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The flow in a liquid layer at the neutron star surface due to magnetospheric electric current in the case of
homogeneous inclined to star surface magnetic field is considered.
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Introduction

One of the main neutron star deceleration mechanisms
is short circuiting of electric current, that flows in the
magnetosphere along magnetic field lines, in the star’s
surface layers [1,2]. Pulsar deceleration by electric current
flowing through the magnetosphere and distribution of the
braking torque on the star surface layers were discussed,
for example, in [3]. Flow induced by electric current in the
flat layer of conducting liquid was addressed, for example,
in [4]. This work, following studies [5,6], discusses the flow
induced by this current in the liquid layer on the neutron
star surface.

1. Model

As in [6], we assume that the neutron star surface
is covered with liquid layer ,ocean“ with the depth
L ~ 10—100m [7]. Since L < rps, where rps ~ 10km —
is the neutron star radius, then we neglect the surface
curvature and assume that the ocean is an infinite flat layer
with the depth L (Figure 1). We address the liquid flow
in the neutron star’s frame of reference and assume that
the liquid flow doesn’t depend on the time t in this frame
of reference. In this work, as in [6], we limit ourselves
to the simplest case, when the pressure p depends only
on the liquid density p. Liquid viscosity and conductivity
are also assumed as isotropic for simplicity. In this case,
magnetohydrodynamics equations may be written as

pQIQ XV + (v V)v) = ~Vp+ < i < B + Fuis + 08
(1)

1
~V®+ —[vxB|=Rj, divB=0,

4
rotB = Tﬂ j, div(pv) =0,

(2)

where v is the liquid flow velocity in the frame of reference
that rotates together with the star, B is the magnetic field
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induction, j is the current density, ® is the electrostatic
potential, R is the liquid resistance, p = p(p), Fis is the
viscosity force, g = —(ge; is the gravity field intensity, and
we assume that g is independent of coordinates, Q is
the star’s angular rotation rate, 2 = 27/P, P is the star’s
rotation period. We assume that to the zero approximation
the ocean has no flow v = 0 and electric currents j = 0.

Equations (1) and (2) then are written as

Vp<0) = pP(0) - 9€z, diVB(()) =0, I'OtB(()) =0, V@(O) = ((),)

3
where p) = p(p)) and (0) mark the zero approxi-
mation quantities. In this work, we limit ourselves
only to a special case of uniform magnetic field
B(g) = Bo)(cos e, + sinBex), where By and B are con-
stant quantities (Figure 1). Assume also ®) =0 and that
Pw)> P©) and Ry depend only on z. We now consider
small disturbance induced by the current flow through the
ocean. We assume p = p) +p and p = p( ) + o and
limit ourselves only to a linear case in v, j, §p and dp. Then

.

Figure 1. Schematic diagram of the liquid layer on the star
surface. The liquid layer is shown grey, hard crust is shown yellow,
magnetic field lines are shown by green arrows.
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equations (1) and (2) may be written as:

B
20(0)[Q x V] = %[_} x eg] + Fyis — cﬁVSp — dpge,,
(4)
B(o) Lo .
Vo + T[V x eg] = R(g)j, divj = 0 and div(p(g)v) = 0,
(5)
where eg = B(g)/B(p and c2= E(p(o)). As boundary

conditions on the ocean surface z = 0, we require 5 3“* =0,

aauzy =0 and v; =0 to be met, the first two condltlons

correspond to the tangential component continuity of the
stress tensor at the boundary of the liquid layer and
magnetosphere, the latter means that there is no liquid
flow from the ocean to the magnetosphere [5]. We also
assume that j, is set at z =0, ie. the current flowing
into the ocean from the magnetosphere [5]. On the ocean
bottom at z= —L, we assume v=0 [5]. In addition,
for simplicity we assume that the hard crust has infinite
conductivity and, thus, ® =0 at z=—L. We suppose
that L ~ 10°m, p ~ 10%gem™3 [7], the shear-viscosity co-
efficient 1) ~ 10*gm="s~! [8,9], Ry ~ 1071 CGS [10].
The Ekman number E = 1)/ (QL%*p()) ~ 107" and the
Hartman number Ha = (B o)L)/(C\/7(0)Rjo)) ~ 10'". Since
Ha?>> E~!>> 1, then the Coriolis forces can be ne-
glected and everywhere, except the surface layers, the
viscous forces F,is can be also neglected. The nonlinear
term p(v-V)v is also neglected because the Reynolds
numberRe = p()vL/ne) in our case will be very low
Re ~ 1072—-10"%. Equation (1) also neglects the small
term p[Q x x| and doesn’t assume centrifugal forces due
to their smallness compared with the gravity pg [5]. An
approximate solution of equations (4) and (5) outside the
boundary layers may be written as

1 ¢ [ 95 _ 2%5p,
Ux =~ (:OS,BB2 (Rf X +1gPRs y )

1 ¢ 9js /(= sin?8
+cosz,3§0)—y<R<0>+ K(Z)), (6)

1 e 35 po 925 o
vy_cosz,liﬁo)(_Rf ay +1gpRy xay)

Ro 9]
(0) 9]B
— (teBRo)js — el
+B<)<g'8 )ie cos? B3 8>Z>’ ™)

c 1 djg
v, =tgf — —K(2), 8
2= 18f Bo) p0)(2) 3y @) ®)

where the following notations are introduced

z

Rio)(2) = /R(O)(z’)dz’, Rt (z) = R)(2)f (2).

—L
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and

f(z) is defined as

f(z) = exp (/Og/cg(z’)dz’).

8pPo and jg depend only on X = x —tgz and y. &py is
equal to

K “+o00o
Sp(x.y) = sinp =2 20 [

— 00

s .
Y)Yy )

In((x —X')?
Correction to pressure §p is equal to §p = 8po(X, y) - f(2)
and correction to density &p is equal to
8p = 8p/c(z), respectively. j(X,y) is defined as
j8(X,Y) = jz(X,y,0)/cosB and equal to the density of
current flowing in the magnetosphere along the magnetic
field lines.

Contribution of the surface layers and consideration of the
Coriolis force only give the corrections ~ 1/(Ha - cos(B))
and ~ E~!'/Ha? to expressions (6)—(8). Moreover, the
liquid flow velocity v in the upper boundary layer re-
mains almost unchanged and expressions (6) and (8)
give correct velocities on the ocean surface with an
accuracy to corrections ~ 1/(Ha-cos(8)). To illustrate
the arising flow, let’s consider the simplest model case,
when the profile of current flowing from the mag-
netosphere into the liquid layer is axisymmetric, ie.
i8(X,y) = jg(r), where r = /X2 +y2, and assume that
cZ = const(z) and Ry = Rsexp(—y(z+L)). The current
proﬁle is taken the same as in [5], ie. assume that

=15 [, _#8(k)Jo(kR)dk, where

jB(k) = (azbz/(b2 a%)) ((1/b)J1(kb)
— (1/a)31(ka)) exp(—ek?).

This current profile for a = 0.9b and ¢ = 10~ is shown in
Figure 2, the left curve. The right curve in Figure 2 shows
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Figure 2. The left curve shows the current profile for current flowing from the magnetosphere. The right curve shows the dependence
of the velocity components vx and vz ony at X = 0 for Z =0 and Zz = —L/2. Due to the boundary conditions v; = 0 at z = 0.

the velocity components vy and v, of the flow that occurs
at such current in the plane X =0 forz=0and z = —L/2
for the case of B =45°, b=L,gL/c2=1and yL=1. It
can be seen that, as in the case of the vertical magnetic field
B =0 [5], almost all current is accumulated near the pulsar
tube boundary, where a current gradient exists.

Conclusion

Expression for liquid flow induced in the ocean on the
neutron star surface by the current jgflowing in the magne-
tosphere in the case of inclined uniform magnetic field B g)
was addressed. As in [5,6], the resulting flow velocity is
extremely low. With B, ~ 10'2Gs and P ~ 1, assuming
that jg ~ QB(g)/(27C), we have v ~ 1071°~10"8 cms~!.
This reflects the fact that current isn’t almost short circuited
in the liquid layer [5], which agrees with the results of [3]
and, in particular, supports the conclusions of [2] regarding
deceleration of the J0901-4046 pulsar by current loss due to
currents flowing through the vacuum gap, including also the
case when a small-scale magnetic field exists on the neutron
star surface. Unlike the case of B = 0 addressed in [5,6],
consideration of the field inclination leads to the occurrence
of a vertical liquid flow components compared in magnitude
with horizontal components. Such flow can probably induce
a very slowly growing instability that is a little similar to that
addressed in [11]. Note also that, when the magnetic field is
close to the horizontal field, cos§ < 0.1, the flow velocity
may grow by a factor of ~ 10>—103 and a situation with
Re > 1 is possible in the area with sharp current gradients.
In this case, the obtained solution is not applicable any more
and instability may occur [11].
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