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Based on the numerical solution of the system of material equations for the density matrix together with the

wave equation for the electric field strength, the effect of the particle concentration of a three-level medium on the

dynamics of microcavities during the collision of 2π-like unipolar attosecond pulses of self-induced transparency

in a three-level medium is studied. The effect of changing the temporal shape of the pulses during propagation

in a dense medium on the shape of the microcavities is also studied. It is shown that with increasing particle

concentration the formation of microresonators is preserved, but their shape can be distorted.
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1. Introduction

Over the past few years, nonlinear optics of unipolar half-

cycle pulses has become a new, rapidly progressing area of

modern physics and optics [1]. Numerous papers [2–14]
and reviews [15–17] as well as monograph [18] have

addressed this topic. Unipolar half-cycle pulses contain

only one half-wave of electric field strength and therefore

have extremely short duration in a given spectral range. For

them, an important characteristic is the electrical area of the

pulse, which is defined as the integral of the electric field

strength E over time t at a given point in space r [19–21]:

SE(r) =

∫

E(r, t)dt. (1)

The interest in half-cycle pulses is due to the ability to

rapidly transfer mechanical momentum to an electron in

one direction, making them promising for ultrafast control

of the quantum system properties [22–26]. Currently the

pulses with a well-defined half-wave field are available with

duration in the attosecond range [2–14], which makes the

optics of unipolar pulses an important part of modern

attosecond physics [15–17]. Because of the short duration

of such pulses (less than one field period), many new

phenomena arise on such small time intervals that are

impossible with conventional multi-cycle pulses of several

field half-waves [1,15–17].
One of such phenomena is the recently predicted possibil-

ity of creating and ultrafast control of dynamic microcavities

(MC) during the collision of unipolar half-cycle pulses in

a resonant medium [27–32], see also a review [33]. The

effect occurs during coherent interaction of pulses with

the medium when their duration and the delays between

them are shorter than the relaxation time of the medium

polarisation T2. In case of a simple two-level medium in

the region of pulse overlap the population difference is

almost constant. And outside of this area, it changes in a

stepwise fashion and has another constant value or changes

with the coordinate according to some law, i.e., a population

difference lattice [34]. Such a structure represents an MC.

In [32] an analytical theory of the formation of such

MCs in a multilevel medium in the approximations of a

weak field (when perturbation theory is valid) and a sparse

medium is presented. Numerical calculations carried out

in a strong field and for a dense two-level medium when

2π-like Gaussian pulses of self-induced transparency (SIT)
collide in it, have revealed a number of new features

not predicted in the framework of a simple analytical

model. These include the localisation of MC in the collision

region of the pulses, the dependence of its shape on the

initial polarity of the colliding pulses, etc. According to

estimates, the Q-quality of such MCs can reach 104 at a

significant concentration of atoms in the medium. Thus,

the concentration of particles is an important parameter

affecting the MC performance. Also, during coherent

propagation of half-cycle SIT pulses in a dense medium,

their shape can change [35,36]. In particular, the pulse

may be split into sub-pulses, each of which will act on the

medium as a SIT pulse.

In this study, the influence of the concentration of

particles in the medium and the effect of changing the shape

of SIT pulses on the MC dynamics during the collision of

such pulses in a three-level medium are investigated. The

case when Gaussian SIT pulses and hyperbolic secant pulses

collide is considered. In both cases, a significant change

in the shape of the MC as the concentration of particles
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in the medium increases is revealed. The reflection of

sample attosecond pulses from such structures can be used

to study the ultrafast electron dynamics in solids [37] and

other materials [38–40].

2. Theoretical model

The following system of equations for the density matrix

of a three-level medium together with the wave equation

describing the evolution of the electric field strength in the

medium [41] was used in the following calculations:

∂

∂t
ρ21 = − ρ21/T21 − iω12ρ21 − i

d12

~
E(ρ22 − ρ11)

−i
d13

~
Eρ23 + i

d23

~
Eρ31, (2)

∂

∂t
ρ32 = − ρ32/T32 − iω32ρ32 − i

d23

~
E(ρ33 − ρ22)

−i
d12

~
Eρ31 + i

d13

~
Eρ21, (3)

∂

∂t
ρ31 = − ρ31/T31 − iω31ρ31 − i

d13

~
E(ρ33 − ρ11)

−i
d12

~
Eρ32 + i

d23

~
Eρ21, (4)

∂

∂t
ρ11 =

ρ22

T22

+
ρ33

T33

+ i
d12

~
E(ρ21 − ρ∗

21)

−i
d13

~
E(ρ13 − ρ∗

13), (5)

∂

∂t
ρ22 = − ρ22/T22 − i

d12

~
E(ρ21 − ρ∗

21)

−i
d23

~
E(ρ23 − ρ∗

23), (6)

∂

∂t
ρ33 = − ρ33/T33 + i

d13

~
E(ρ13 − ρ∗

13)

+i
d23

~
E(ρ23 − ρ∗

23), (7)

P(z , t) = 2N0d12Reρ12(z , t) + 2N0d13Reρ13(z , t), (8)

∂2E(z , t)
∂z 2

−

1

c2

∂2E(z , t)
∂t2

=
4π

c2

∂2P(z , t)
∂t2

. (9)

The following parameters are contained in this system

of equations: ~ — the reduced Planck constant, N0 —
the concentration of particles, P — the polarisation of the

medium, ω12, ω32, ω31 — the frequencies of resonance

transitions, and d12, d13, d23 — the dipole moments of the

transitions. The variables ρ11, ρ22, ρ33 — the populations

of 1st, 2nd, and 3rd states of the medium, respectively, ρ21,

ρ32, ρ31 — the off-diagonal elements of the density matrix

determining the dynamics of the medium polarisation, and

Tik — -the relaxation times. System (2)−(9) was solved

numerically. In calculations given below, the relaxation

times are much longer than the durations of the processes

under consideration and are not significant. The one-

dimensional wave equation describes the propagation of

unipolar pulses in coaxial waveguides [42].

3. Influence of propagation effects on
the MC shape during coherent
propagation of SIT pulses in a dense
medium

In [43], an analytical solution of the system of Maxwell-

Bloch equations was found for a two-level medium in the

form of a unipolar soliton having the shape of a hyperbolic

secant. Subsequently, this soliton was found in numerical

and analytical calculations in [44–49] for two-level and

multilevel media. In this section, we study the effect of

shape change when a pair of SIT pulses in the form of

a hyperbolic secant propagating towards each other from

vacuum collide. The form of these colliding pulses travelling

from left and right into the medium towards each other is

given by:

E(z = 0, t) = E01sech

(

t − 6τ

τ

)

E(z = L, t) = E02sech

(

t − 6τ

τ

)

(10)

In order for the pulse to act as a 2π SIT pulse at the 1−2

main transition of the medium (if the medium is two-level),
the pulse amplitude must be expressed by the following

relation [43]:

E0 =
~

d12τ
(11)

Numerical calculations carried out in two-level [35] and

three-level [36] media have shown a change in the shape of

such a pulse during propagation, in particular the possibility

of its splitting into sub-pulses.

The length of the whole integration region in the

calculations, the results of which are given below, was

L = 15λ0. In this region the three-level medium was located

between points z 1 = 3λ0 and z 2 = 12λ0. We numerically

solved the system of equations (2)−(9) with the initial

condition as two propagating toward each other half-cyclic

pulses of opposite polarity E01 = −E02 = 135570 ESU and

satisfied the condition (12), which corresponded to 2π-like

SIT pulses. The pulse duration wasτ = 388 as. Param-

eters of the three-level medium: concentration of three-

level particles: N0 = 2 · 1020 cm−3, transition frequency

1−2 ω12 = 2.69 · 1015 rad/s (corresponding transition wave-

length: λ12 = λ0 = 700 nm), transition dipole moment:

1−2: d12 = 20D, transition frequency: 1−3: ω13 = 1.5ω12,

transition dipole moment: d13 = d12/2, transition frequency:

ω23 = ω13 − ω12, transition dipole moment 2−3: d23 = 0.

Relaxation times T1k = 1 ns. The half-cycle pulses (10),(11)
at the given parameters of the problem collided in the

medium at the point with coordinate z = z c = 7.6λ0.
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Coherent propagation of such pulses in the medium was

not accompanied by a significant change in the pulse shape,

but only a decrease in their amplitude with preservation of

positive polarity. In this example, the pulses experienced

a single collision in the medium. Figure 1 shows the

spatiotemporal dynamics of the field strength of pulses 1

and 2 (propagation directions are shown by arrows) in the

medium. The time dependence of the electric field E(t) at

the entrance to the medium, z = 0, (blue curve c) and at its

exit, z = L, (orange line) is shown in Fig. 2. The dynamics

of polarisation and population difference at each transition

of the medium are shown in Fig. 3−6 respectively.

Fig. 4−6 shows the emergence of a thin channel at

each transition of the medium. In the collision region the

population difference has a constant value, and outside it

changes in a stepwise manner, a localised MC appears in

the medium in the region of pulse overlap. However, the
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Figure 1. Spatiotemporal dynamics of the electric field E(z , t) in

a three-level medium.
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Figure 2. Time dependence of the electric field E(t) at the

entrance to the medium, z = 0(blue curve) and at its exit, z = L
(orange line).
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Figure 3. Spatiotemporal dynamics of the three-level medium

polarisation P(z,t).
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Figure 4. Spatiotemporal dynamics of the ρ11 − ρ22 population

difference of the three-level medium.

shape of this MC changes with time and decays because of

complex polarisation oscillations in a dense medium. If we

increase the number of pulse collisions in the medium, the

shape of the MC can change after each collision [20–24].

The MC dynamics at each transition of the medium for

three collisions is shown in Fig. 7−9. To create a sequence

of pulses at the boundary of the integration region, zero

boundary conditions (’perfect mirrors’) were used in the

numerical calculations. The pulses leaving the medium

reached the boundary of the integration region, were

reflected from these mirrors and returned to the medium

again, collided in it, and so on. The dynamics of the electric

field is shown in Fig. 10. It can be seen that in these

examples the microcavity shape hardly changes after each

collision. This is due to the fact that the amplitude of the

pulses decreased during propagation in the dense medium

with distance. This can be seen in Fig. 2.
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Figure 5. Spatiotemporal dynamics of the ρ22 − ρ33 population

difference of the three-level medium.
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Figure 6. Spatiotemporal dynamics of the ρ11 − ρ33 population

difference of the three-level medium.

To solve this problem (decreasing the field amplitude

during propagation in the absorbing medium), the losses can
be compensated by amplification. To do this, one can use

half-cyclic dissipative SIT solitons, which can be formed in

a medium in which there is a mixture of active (amplifying)
particles and passive (absorbing) atoms. The formation

of such solitons has been shown theoretically in [45–48].
Their collision dynamics was studied in [50], in which the

possibility of forming population lattices when such solitons

collide in a single-mode light guide was shown.

In the previous example, the amplitude of the pulses

was such that it acted similarly to a 2π-SIT pulse. In the

following example, we will increase the amplitude of both

pulses by a factor of 2 so that the pulse will act like a 4π-

SIT pulse. When propagating in a three-level medium, such

a pulse experiences splitting into a pair of unipolar pulses,

each of which behaves like a 2π-like SIT pulse [27]. This

splitting can be seen in Fig. 11, 12. The concentration value

in this example was reduced by a factor of N0 = 1020 cm−3.

In these calculations, the pulse amplitude was increased by

a factor of 2. The other parameters are the same as in

Fig. 1−6.

Spatiotemporal dynamics of the population difference

during a single pulse passage through the medium is shown

in Fig. 13−15.

From these figures it follows that the microcavity is

formed in the centre of the medium. But its shape is slightly

blurred. In the next section, the MC dynamics during the

collision of Gaussian pulses in the medium is considered.

It can be seen from the above figures that the induced

structures change rapidly with time, with significant changes

occurring over times of the order of 10 fs. Therefore, the

reflection (diffraction) of a test pulse of the attosecond

duration from such structures is preferable for studying

ultrafast processes in matter. The dynamics of carriers

in a solid body due to diffraction of an attosecond pulse
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Figure 7. Spatiotemporal dynamics of the ρ11 − ρ22 population

difference of the three-level medium.
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Figure 8. Spatiotemporal dynamics of the ρ22 − ρ33 population

difference of the three-level medium.
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on atomic population lattices was experimentally studied

in [28].

4. MC dynamics during collision of
Gaussian pulses in a medium with
increasing concentration of the
medium

In the numerical calculations, the results of which are

given in this section, the medium was excited by a sequence

of oncoming half-cycle pulses having a Gaussian shape.

At the initial moment of time, a pair of Gaussian pulses

was sent into the medium towards each other from the left

and at first

E1(z = 0, t) = E01e
−

(t−11)2

τ 2 , (12)

E2(z = L, t) = E02e
−

(t−12)2

τ 2 . (13)

Here, 11 = 12 = 2.5τ . A series of numerical calculations

of the spatiotemporal dynamics of the population difference
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Figure 9. Spatiotemporal dynamics of the ρ11 − ρ33 population

difference of the three-level medium.
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Figure 10. Spatiotemporal dynamics of the electric field E(z , t).
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Figure 11. Spatiotemporal dynamics of the electric field E(z , t)
in a three-level medium.
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Figure 12. Time dependence of the electric field E(t) at the

entrance to the medium, z = 0(blue curve) and at its exit, z = L
(orange line).
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Figure 13. Spatiotemporal dynamics of the ρ11 − ρ22 population

difference of the three-level medium.
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Figure 14. Spatiotemporal dynamics of the ρ22 − ρ33 population

difference of the three-level medium.

at different values of the medium particle concentration

were carried out. The amplitude of the pulses was

E01 = −E01 = 175000 ESU. The pulse amplitude was cho-

sen so that the pulses act like SIT pulses for the 1−2 transi-

tion of the medium. Pulse duration: τ = 777 as. Parameters

of the three-level medium: 1−2: ω12 = 2.69 · 1015 rad/s

(corresponding transition wavelength: λ12 = λ0 = 700 nm),
transition dipole moment: 1−2: d12 = 20D, transition

frequency: 1−3: ω13 = 1.7ω12, transition dipole moment:

d13 = 0, transition frequency: ω23 = ω13 − ω12, transition

dipole moment 2−3: d23 = 1.5d12. Relaxation times.

T1k = 1 ns. The difference of relaxation times for different

levels is not fundamental because the duration of the

considered processes is much shorter than the relaxation

times. The concentration of three-level medium particles

was a variable parameter.

Figures 16, a−18, a illustrate the dynamics of the popula-

tion difference at each medium transition at N0 = 1019 cm−3

as a result of five pulse collisions in the medium. The

instantaneous distribution of the population difference in

space after the first collision is shown in Fig. 16, b−18, b.

The pulses in these examples collide at the point z c = 6λ0.

Since the pulses have opposite polarity, in the vicinity

of the collision point the field strength is close to zero

and the medium is not excited. And at the edges

of this region, a lattice of populations of several pe-

riods appears. Thus, an MC localised in the region

of pulse overlap appears. Similar structures have been

observed during the collision of SIT pulses in a two-

level [35].

The spatiotemporal dynamics of the population difference

at the main transition 1−2 is shown in Fig. 19, a at

N0 = 5 · 1019 cm−3 and in Fig. 19, b at N0 = 1020 cm−3.

Similar dynamics is observed at other resonance transi-

tions of the medium. These figures show that the MC is

preserved in the dense medium as well. As the number

of collisions increases, the number of periods in the lattice
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Figure 15. Spatiotemporal dynamics of the ρ11 − ρ33 population

difference of the three-level medium.

increases, as in the two-level medium [26]. From Fig. 19,

,b, an important result of MC preservation at concentration

N0 = 1020 cm−3 follows. As shown in [26], the MC Q-

quality at such large concentrations can reach 10−1000 in

a dense medium. However, the Q-quality in this study was

evaluated in the stationary lattice approximation. In our

case, the structures are dynamic — they change with time

and exist on times of the order of the phase memory time

of the medium T2. Therefore, the above estimates are valid

on timescales smaller than this time.

Conclusion

In this paper, the formation and control of dynamic

microcavities during the collision of unipolar pulses of two

types: Gaussian and in the form of hyperbolic secant

in a three-level dense medium when the density of the

medium is varied has been studied based on numerical

calculations. The initial pulses had opposite polarity. The

pulse parameters were chosen so that the pulses acted

similarly to 2π- and 4π-SIT pulses on the main transition of

the medium.

It is shown that in the case of collision of 2π-like pulses

in the form of a hyperbolic secant the formation of MC

occurs, the shape of which hardly changes as the number of

collisions between the pulses increases. Only a decay of the

amplitude of the population equality occurs. This is due to

the pulse amplitude decrease during propagation. To solve

this problem, dissipative SIT solitons can be used to create

an MC [45–48]. In case of collision of 4π-like pulses in the

form of a hyperbolic secant, when the pulse propagates in a

dense medium, it splits into a pair of 2π-like half-cycle SIT

pulses. However, this also results in the formation of MC

with smeared boundaries. The MC behaviour at collision

of Gaussian 2π-like SIT half-cycle pulses in a three-level

medium at different values of particle concentration was
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Figure 16. Spatiotemporal dynamics of the population difference ρ11 − ρ22 of the three-level medium (a) and the cross section of this

dependence at t = 30 fs (b), N0 = 1019 cm−3 .
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Figure 17. Spatiotemporal dynamics of the population difference ρ11 − ρ33 of the three-level medium (a) and the cross section of this

dependence at t = 30 fs (b), N0 = 1019 cm−3 .
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Figure 18. Spatiotemporal dynamics of the population difference ρ22 − ρ33 of the three-level medium (a) and the cross section of this

dependence at t = 30 fs (b), N0 = 1019 cm−3 .
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Figure 19. The spatiotemporal dynamics of the population difference ρ11−ρ22 of the three-level medium, N0 = 5 · 1019 cm−3 (a),
N0 = 1020 cm−3 (b).

also investigated. The results of these calculations showed

that MCs can be formed in a dense medium.

The structures considered in this study provide new areas

of research in studying ultrafast processes in matter during

reflection of attosecond pulses from such structures [37–40],
in the physics of space-time photonic crystals [51] and

ultrafast optics for creating attosecond switching of the

medium state [52].
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