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Vacuum birefringence and dichroism are investigated in the setup involving a probe photon traversing a strong
standing electromagnetic wave formed by two counterpopagating plane-wave laser beams. The analysis is based on
the evaluation of the polarization tensor. We consider both the regime of relatively low laser frequency and photon
energy and the domain where the energies are of the order of the electron rest energy. In the former case, if the
external field is sufficiently weak, one can obtain very accurate predictions by means of the local values of the
leading-order contribution to the Heisenberg-Euler effective Lagrangian. However, to address the high-energy and
strong-field domains, one has to employ different methods. Here we utilize the locally-constant field approximation
(LCFA) and compute the real and imaginary parts of the polarization tensor varying the propagation direction of
the probe photon. It is demonstrated that if the propagation axis of the photon is parallel to that of the laser beams,
then the effects are governed entirely by the counterpropagating beam, while the copropagating one is irrelevant.
If the photon travels perpendicularly to the laser beam axis, the two plane waves are equally significant. In this
case, within the Heisenberg-Euler approximation, it is sufficient to multiply the corresponding single-wave result
by a factor of two, whereas the LCFA predictions are less trivial as they incorporate the higher-order nonlinear

contributions.
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1. Introduction

According to quantum electrodynamics (QED), the phys-
ical vacuum state cannot be reviewed as a trivial void space
because of vacuum fluctuations which manifest themselves,
e.g, as some non-linear phenomena occurring in the
external electromagnetic fields. Classical Maxwell theory
is added with quantum corrections leading to non-trivial
polarization properties of vacuum [1-8] and to the effects
of vacuum birefringence and dichroism. In this study,
we investigate these phenomena in a superposition of two
opposing laser beams forming a standing electromagnetic
wave.

From the experimental standpoint, in the laser low-
frequency mode and at low frequencies of the probe
photon (compared with the rest energy of the electron
divided by the reduced Planck constant), we may try to
use the high-precision experimental methods in the relevant
arca [9-19]. To obtain the exact theoretical predictions
in such a mode it is enough to review only external
field as a locally constant field and use the confined
expression for the efficient Heisenberg-Euler Lagrangian. If
the external field is relatively low, we can consider only the
higher-order quantum correction included in the effective
Lagrangian [20]. If the external field is high, so that the
Heisenberg-Euler approximation is no longer valid in the
leading order, then a computation can be made based on the
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local values of the polarization operator obtained in constant
crossed fields [21-25]. Such nonperturbative approach is
called a locally-constant field approximation (LCFA). It
turned out that LCFA also allows partially investigate the
domain of high laser frequencies and high-energy probe
photons [26]. From an experimental point of view, this
mode may also prove to be very promising, since generally
it corresponds to higher values of the signal [25,27,28].
Moreover, LCFA also predicts non-zero imaginary part of
the polarization operator, and, thus, allows for the vacuum
dichroism effect. According to the optical theorem, the
imaginary part determines the total probability of the photon
disintegration into an electron-positron pair, which can be
considered as a probability of photon absorption. If this
value depends on the polarization of the probe photon,
then, the quantum vacuum exhibits dichroic properties in
the presence of an appropriate electromagnetic background.
In this study well use both, LCFA and Heisenberg-
Euler approximation to study the vacuum birefringence and
dichroism phenomena in the field of standing electromag-
netic wave. Our aim — is to compare two theoretical
approaches in a wide range of the field parameters for
various energy (frequency) values of the probe photon. To
obtain new information about the nonlinear effects under
consideration, we will also change the direction of photon
propagation and compare the standing wave with a scenario
where only one plane electromagnetic wave is included.
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This study is structured as follows. Section 2 outlines the
task in whole. In Section 3 it is discussed how to study the
vacuum birefringence using the efficient Heisenberg-Euler
Lagrangian. In Section 4 the LCFA-based approximation
method is formulated. Section 5 contains the results of our
computations. In Section 6 conclusions are provided.

In the article we use the following units of measurement
h=c=1, a=¢e*/(4x) (a — fine structure constant),
e<0.

2. Parameters of external field and probe
photon

The task setting includes a probe photon with an energy
q° = qo and a standing electromagnetic wave expressed as
a vector potential of the following kind:

é
AL, z) = ;Osinwtcoswzex, (1)

where w — wave frequency, & — field strength amplitude,
and the unit vectors along the Cartesian axes are denoted
as {ej} (x = Xex + yey + ze;). Scalar potential 7, is equal
to zero. Vector potential (1) corresponds to the following
expressions for the components of electric and magnetic
fields:

E(t, z) = —(0i#x)ex = —&) cos wt cos WZ ey, (2)

B(t, z) = (3,4x)ey = —Epsinwtsinwzey. (3)

A standing electromagnetic wave is formed by two counter
linearly polarized laser beams propagating along the z axis:

AL, 2) = (52{2) [sinw(t +2z) +sinot —2) e, (4)

In the task under consideration, there are no constant
components of the electromagnetic field (the possibility of
experimental observation of birefringence in a magnetic field
has been studied, for example, in papers [29,30]).

The probe photon is propagating in an arbitrary direction
defined by angles 0 and ¢, ie. 4-momentum ¢ is
selected as g = qp (1, sin 0 cos @, sin O sin @, cos G)t. Let us
designate the final 4-pulse of photon as k*.

Later, it will be convenient to use the following dimen-
sionless parameters:

|edo] e/’

é T e X0 = m (5)
The first parameter is called the relativistic field amplitude
parameter (it is also often referred to as ag). If £ > 1, then,
the external field accelerates the electrons to the relativistic
energies. Planck constant is not included in the expression &.
The second parameter in (5) — is the so-called parameter of
quantum nonlinearity which plays central role in the analysis
of QED-effects in strong external fields (it is proportionate
to 7).
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In the leading order for the fine structure constant «
effects of vacuum birefringence and dichroism are observed
in Feynman diagram shown in Fig. 1. The initial and final
states of the photon (wavy lines) may differ due to the
presence of a vacuum loop containing electronic Green’s
functions in a given external field. In the right part of the
Figure the high-order contributions for the external field
strength & are shown. These terms will be calculated
approximately using an approach based on the use of one-
loop effective Heisenberg-Euler Lagrangian. The diagram
on the left side will be calculated by locally constant field
approximation (LCFA).

In accordance with Feynman rules in QED, the amplitude
corresponding to the diagram on the left side of Fig.1 can
generally be represented as

S(q, k) = 1**(q, k)e; (k), 6
where [1"Y — polarization tensor in the external field, and
£,(q) and e,(k) — 4-vectors of polarization standing for

the initial and final states of the photon, respectively. Well
discuss only the field-dependent part of this tensor, which
describes the effects under consideration. Despite the fact
that a fermionic loop in the Feynman diagram can lead to
a nonzero transfer of the energy-momentum, ie. k¥ may
differ from @“, and further well focus on the elastic process
(k = q), that corresponds to the birefringence and dichroism
phenomena.

3. Heisenberg-Euler approximation in the
leading order

In this section, we will consider an approach based on the
perturbative expansion of the polarization tensor over the
field strength. It can be derived from a single-loop effective
Lagrangian in the presence of a constant electromagnetic
field (see [20]). Three Feynman diagrams shown on the
right side of Fig. 1 can be approximately calculated using a
closed expression for the corresponding Lagrangian of the
leading order. Within the framework of this approach, the
polarization tensor can be represented as follows [20]:

uv K) — a € d4x of (k—a)x
T (a, )_EW xe

x [4(qF)*(kF)" +7(aG)*(kG)"],  (7)

where x = (t,x), (kF)* = k;F*, while tensors F*’ and
G*¥ depend on X. Here we use standard expression for the
electromagnetic tensor, F,, = d,.7, — d,.7,. Dual tensor
is defined as Gy, = (I/Z)E#MUF“’, where €,,,, — Levi-
Civita tensor. Calculating the integral in the equation (7)
leads to conservation laws that change the momentum and
energy of the photon by +2w or leave them unchanged.
Since only elastic scattering is of interest to us, we will save
only those terms that contain §*)(k — q). We may directly
get

_ l6r’a

HFIjI];E, elastic(q’ k) - 45 I'T12X§5(4)(k - q)‘@llfl‘;i’ (8)
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Figure 1. Feynman diagram describing the effects of vacuum dichroism and birefringence, and its expansion with respect to the external
field strength. Zero order contribution is neglected. Double lines correspond to the electronic Green functions in the external field, single
lines — to propagators of free electrons, wavy lines — to the initial and final photon, and vertices with crosses — to interaction with the

external classical field.
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Figure 2. The real and imaginary parts of dimensionless values A", A?) and A, calculated within LCFA depending on the quantum
parameter of nonlinearity yo in case of @ = ¢ = 0. According to formulae (12)—(14), Heisenberg-Euler approximation gives Al({lé =2,

(zé = 7/2 and Aug = 3/2 irrespective of yp.

v
gb‘lle =
sin® 6
« (1+% sin? (p) sin 6 cos @ % sin @ sin @ 0
sin 6 cos @ 1+ cos?6 0 —% sin 26 cos ¢
% sin 0 sin ¢ 0 % (1+0052 9) —% sin 20 sin ¢
- . ] sin® 6
0 —3sin20cosp —gsin20sing ><(1+% sin2¢)

©)
Physically observed quantities are determined by the am-
plitude of the process (6). To study the effect of vacuum
birefringence we need to compute a non-zero difference
of two amplitudes for the two perpendicular 4-vectors of

polarization 8,811)) (w =1, 2) of the probe photon. Let us
introduce

8&1) = (0, cos 0 cos @, cos O sinp, — siné')t , (10)

sff) = (0, —sing, cos @, 0)" . (11)

The amplitude (6) is proportional to &, ()2 ¢} (K), so we
will discuss our results further in terms of the following
quantities:

3
Agé = efll) H”Ea()l) =(1+ cos”0) (1 + 7 sin’ (p) , (12)

Ap = eP P el? = (1 + cos?0) <1 + %cos2 w) - (13)

We see that the dependencies on 6 and ¢ are factorized.
The difference is written as

(1 4 cos? 0) cos 2.

2 1
Aue = A — Ay = (14)

Bl w

It follows from this expression that, in the Heisenberg-
Euler approximation, the birefringence of the vacuum in
a standing wave is maximal if the probe photon propagates
along or against the direction z. The effect fades away, if
the probe photon is propagating along the bisecting lines of
plane Xy (¢ = z/4+ wn/2).

Further, we will also compare our results for a standing
wave with the results obtained when taking into account
only the first term in equation (4). This corresponds to the
plane wave propagating along the negative direction of axis
z. In case 6 = ¢ = 0 see the results, e.g., in paper [26]. For
arbitrary angles the polarization tensor is written as

1673
HFIjI];E W, clastic (0> K) = 5 mPxg6™ (k — q)g#}ll‘;a PW>

(15)
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%smze (1 + %Sinzq)) Isin@cosp(l +cos®)  ZsinOsing(l + cosb) ésm 9( sin® ¢ — 1)
s - 1sin@cos (1 + cos6) 2cos*0/2 0 —1sinOcosp(1 + cos0)
HE, PW ;smesm(p(l—i—cose) 0 Icos*6/2 —1Isin@sing(1 + cos0)
lsin?6 s1n o—1 —Lsin@cosp(1 +cos) —IsinOsing(l+ cosh Lsin?0 (1+ 3sin’
2 2 8 2 1
(16)
Here Here Gi(u) and Ai(u) — Scorers [31] and Airy functions,
| 1 3 respectively. The value of parameter y is varied in space
Al(_lé PW = 5 1+ cos6) ( Z ) ) (17) and with time and defined by local values of the external
fieldF#”.  Correspondingly, u also depends on time t
@) 1 3 and spatial coordinate z. Average value over t and z
Aie, pw = j 1+ 0059 Z cos’ ¢ (18) in expression (20) (angle-brackets) demonstrates that the

AHE, pw = AHE W AHE W= § (1 + cos §)* cos 2¢.
(19)
When 0 = 0 the results for the plane wave coincide with
results obtained for the standing wave (12)—(14).

4. Locally constant field approximation
(LCFA)

It turns out that when considering the external field as
locally constant, higher-order contributions in field strength
can be taken into account by estimating the diagram on
the left side of Fig. 1, ie. without using the perturbative
expansion on the right side. For this purpose, we may use
the expression for the polarization tensor obtained in the
case of constant crossed fields [21-23], and then integrate it
over X, using real spatiotemporal dependence of the external
field [24]. For our case the contribution of the elastic process
is expressed as

(k—q)

< {(A-B)F"

1673
HLCFA clastic (0 K) = 3 s
+(A+2B)&"") Pz,

(20)

_ lelv=(kr)® ;13("':)2 (21)

represents a local value of the quantum parameter of

nonlinearity [(kF)? = (kF ) (kF),]. In formula (20) we also

use the following definitions:
(KF ) (kF)”

g _ \RC)\RP)™ v _
7 w7

where

(kG)*(kG)"

Wy - B

1 1
A:/de1/3f’(u), B:/de72/3f/(u)’ (23)
-1 —1

2/3
4 w
w = m, u= (;) N (24)

f(u) = /dre Wrr3) = 7 Gi(u) + izAi(u).  (25)
0
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results shall be averaged in terms of temporal and spatial
period of standing wave. It follows from classical expression
z(t) =z + tcosO for ,photon trajectory”, where we have
to make averaging over zy and t. A simple replacement of
variables with transition from z, to z leads to the technique
described above.

If the local values of x are small, then the following
asymptotic expansions can be used:

1 4 20
X {3+35x +99x+ (x )}

im /3 _
—7\@6/% Y1+ o(x)], (26)

18 20
— _ 43 _— =
B=—x [ T35X T ape X T O )}

imr |3 _
_§\g KR Y01+ o). (27)

We see that the imaginary part of the polarization tensor is
strongly suppressed in x < 1 regime. Expanding the expres-
sion (20), we find that the higher-order contribution exactly
coincides with the Heisenberg-Euler approximation (8), (9).

We also mention that local approximations in various
forms can be used to describe other QED phenomena in
high fields. For example, Sauter-Schwinger effect associated
with the vacuum generation of electron-positron pairs can
be investigated using LCFA [32-41].

5. Numerical results

Lets start our numerical analysis with the most simple
case 0 = @ = 0, corresponding to the probe photon propa-
gating along the axis z and polarized either along direction
x (e), or along y (&®)). First, as mentioned above, in the
Heisenberg-Euler approximation, the result for a standing
wave (9) is exactly equal to the expression for a plane
wave (16), allowing for the amplitudes & and &/2 selected
respectively for these two scenarios. This means that the
second term in equation (4) is absolutely non-essential, i.c.
the properties of the probe photon are in no way affected
by the associated laser pulse. Moreover, this is also true
for LCFA. Fig. 2 illustrates the real and imaginary parts
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Figure 3. The real and imaginary parts of the difference A computed within LCFA in the standing wave field (1) and in the field of a
single plane wave, propagating in the negative direction of the axis z. Values for the plane wave are multiplied by a coefficient of 2. The

probe photon is moving along the axis x (0 = z7/2, ¢ = 0).

of values A(); A® and A as functions xp. In the case of
a plane-wave field, our numerical results turned out to be
exactly the same as those obtained for the standing wave
(1). Secondly, as seen from Fig. 2, it is clear that the
Heisenberg-Euler approximation is accurate only in the area
of small yxo; for xo = 0.5 the real part Ayg differs from
LCFA A prediction by 9%. The imaginary part is zero in
the leading order, therefore, to describe the effect of vacuum
dichroism, the contributions of higher orders, for example,
via LCFA (20), shall be taken into account.

Lets consider non-zero angles 6 and ¢ in the mode of
low-field (low energies) yo < 1. Now the expression for
a plane wave (16) and the result for a standing wave (9)
do not match, since both terms in the equation (4) give
non-zero contributions. For example, as 0 increases, the
birefringence signals (14) and (19) begin to differ notably
from each other. For 0 = 77/2 the expressions for a standing
wave (12)—(14) are twice as much as the results for a plane
wave (17)—(19).

To make the analysis with the derivatives ¥y, lets plot a
curve of A versus yg for 0 = 7/2, @ = 0, which corresponds
to the probe photon moving along the axis x (Fig. 3).
The results obtained for the plane wave scenario shall
be multiplied by a factor of 2. While for yo < 1 the
configuration with one plane wave is equivalent to the
standing wave (1), for large yo this is not true. This
suggests that since the process is nonlinear, the effect of
two identical plane waves in equation (4) does not match
the result for one wave multiplied simply by a factor
of 2. In the leading order, the elastic process under
consideration involves absorption and emission of the same
photon. This is either the quantum of the first laser beam
or the quantum of the second beam. This means that the
two plane waves act independently, which is not observed in
higher-order contributions involving several acts of emission
and absorption. LCFA approximation includes all these
members and unambiguously indicates their significance

in the modeyy =2 1. We emphasize once again that the
imaginary part is always absent in the higher terms as
illustrated in Fig. 1. Finally, lets stress that, in order to
quantify the effects of vacuum birefringence and dichroism,
the pre-factor in (8) should be taken into account, which
contains xg.

Since Heisenberg-Euler approximation in the leading
order represents the limit of small yy in LCFA, it is
reasonable to use it for describing vacuum birefringence if
LCFA itself and yo < 1 are valid, as can be seen from
the analytical expressions and our numerical examples.
Although LCFA is inherently nonperturbative with respect
to the classical field, it is still an approximate method, since
in the framework of LCFA it is assumed that external field
can be considered as locally constant and locally crossed.
The precision of LCFA, apparently depends on w, &) and
energy of the probe photon k°. Thus, according to [26],
for instance, in case of the plane-wave field the application
of LCFA is justified, if £ significantly exceeds yp, which in
practice stands for £ > 1 or yp < & S 1.

6. Conclusion

In this paper, the polarization tensor in the field of
a standing electromagnetic wave was calculated using
the locally constant field approximation (LCFA) and the
Heisenberg-Euler approximation. The real and imaginary
parts of this tensor stand, respectively, for vacuum birefrin-
gence and dichroism. It was demonstrated that for small
values of the quantum parameter of nonlinearity (o < 1),
the latter approach gives accurate and simple predictions:
the real part of the polarization tensor trivially depends
on xo and can be easily associated with the results for
a single laser beam (for example, in case of transverse
propagation, the obtained value should just be multiplied
by 2). If the condition yo < 1 is not fulfilled anymore,
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then it is necessary to go beyond the Heisenberg-Euler
approximation. In this case, taking into account higher-order
contributions by LCFA, we obtain a nontrivial dependence
of both the real and imaginary parts on parameter xo.
The results obtained for a standing wave start to differ
fundamentally from the computations in case of a single
plane-wave beam.

Since a standing electromagnetic wave is featuring a
much more intriguing configuration than a plane wave, it
is advisable to compare local approximations with accurate
results for this case. This issue is a critical line of our further
research.
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