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Optical orientation and alignment of excitons in semiconductor indirect band gap quantum dots were studied

theoretically. The study examines a special mode in which the energy of hyperfine interaction between an electron

and lattice nuclei is low compared with the exchange splitting between bright and dark exciton levels, but is

comparable with the anisotropic exchange splitting of a radiative doublet. Dependences of degrees of circular and

linear polarization on an external magnetic field during resonance excitation of excitons by polarized light were

calculated.
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1. Introduction

Several parameters affect the polarization of exciton

luminescence excited in semiconductor quantum dots by

polarized optical radiation: exchange splitting δ0 between

radiative and nonradiative doublets, anisotropic exchange

splitting of each of these doublets, respectively, δb and

δd [1], radiative and nonradiative lifetimes, τr and τnr , and

energy of hyperfine interaction between an electron and

lattice nuclei, εN . In quantum dots grown on the basis

of direct-band-gap semiconductors, εN is low compared

withδ0 and ~/τr , and nuclear spins don’t affect bright exciton

photoluminescence in magnetic fields at which the Zeeman

splitting εB of exciton sublevels is low compared with δ0.

Study [2] investigated the polarized photoluminescence in

indirect band gap quantum dots in a special mode where

the exchange splitting δ0, hyperfine interaction energy εN

and radiative broadening ~/τr are comparable in the order

of magnitude and, therefore, the Overhauser field induced

by nuclear spins plays an important role. This mode is

hereinafter denoted by a Roman numeral I. There is an-

other special exciton luminescence mode (mode II) where

δ0 ≫ εN , εB , but relations between ~/τr , εN , δb and εB are

arbitrary. According to [3,4], the linear dimension scatter in

the (In,Al)As/AlAs quantum dot array makes coexistence

of modes I and II possible for different dots in the same

sample. This study addresses exciton luminescence mode II

that hasn’t been investigated theoretically before.

Importance of this field of study is associated with the

explosive development of quantum technologies based on

the entanglement phenomenon. Quantum dots make it

possible to generate and examine entangled photon pairs

in biexciton cascade recombination [5–8], in particular, to

verify experimentally the Bell inequalities [9]. The degree of

entanglement of two photons is defined by the exciton fine

structure [10] and may be limited exactly by the hyperfine

interaction when δb < εN [11–13]. However, as mentioned

above, ~/τr ≫ εN is satisfied in ordinary quantum dots, for

example, InGaAs/GaAs, and the nuclear effect is low in

them. It will be shown that in mode II with εB ≪ δ0
when mixing of bright and dark excitons may be neglected,

luminescence polarization may be, nevertheless, controlled

by the hyperfine interaction. A case of stronger magnetic

fields at which the Zeeman splitting εB exceeds δb, εN , ~/τr ,

is comparable with δ0 and ensures intersection of bright and

dark exciton sublevels is addressed in the second part of the

work.

2. Exciton Hamiltonian

A radiative exciton doublet localized in the AlAs/AlGaAs

quantum dot and formed by an electron in valley X and

hole in the vicinity of center Ŵ of the Brillouin zone

is addressed. The presence of a quantum dot boundary

provides addition of the Bloch states to the X-electron wave

function in the vicinity of the Ŵ-dot and, consequently,

zero-phonon exciton luminescence also occurs, besides the

phonon luminescence. When the exchange splitting δ0 is

high and exciton spin relaxation is neglected, dark exciton

states don’t occur. Further, a laboratory coordinate system

x0, y0, z is set up with the z axis along the structure

growth axis. Moreover, the lateral x , y coordinates are

introduced for each of the quantum dots in accordance with

its anisotropy.

Two | + 1〉 and | − 1〉 exciton sublevels that are optically

active in the σ+ and σ− polarizations may be conve-

niently described in the pseudospin description method [14].
Hamiltonian describing the exciton level fine structure is
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generally written as

H =
1

2
~� · σ . (1)

Here, σ is the vector of the Pauli matrices in this basis,

� is the effective Larmor pseudospin precession frequency

with three components �i , i = 1, 2, 3. �1 and �2 result

from the localizing potential anisotropy taking into account

the long-range exchange interaction [5–20]. δb defined in the

introduction is obviously equal to ~

√

�2
1 + �2

2. The third

component is

�3 = �N + �B , (2)

where �N is associated with the nuclear spin fluctuation

action of the crystalline lattice, and �B is equal to

g‖µB B z/~, where g‖ is the longitudinal g-factor of exciton,
µB is the Bohr magneton, B z is the z -component of the

magnetic field B. Lateral components of the magnetic field

B and the Overhauser field in linear approximation are not

included in Hamiltonian (1). A case of quite weak magnetic

fields where ~�B ≪ δ0 is considered hereinafter.

Hyperfine spin interaction of the electron S and hole J

with nuclei is short-range and may be written as

Hh f = v0

∑

n

[

SÂeInδ(re − Rn) + JÂhInδ(rh − Rn)
]

, (3)

where n enumerates the nuclear spins In located at the

crystalline lattice sites Rn, v0 is the lattice cell volume,

re,h are the electron and hole radius vectors in the smooth

envelope method, Âe,h are the energy-dimension hyperfine

interaction tensors that, for simplicity, are assumed equal

for all nuclei. Due to the time reversal symmetry, the

electron and hole states of interest in the quantum dot may

be considered as described by the real envelopes of wave

functions 8e(re), 8h(rh). Single-particle size quantization

energy is assumed to be higher than the exciton rydberg.

Then the longitudinal nuclear field applied to the exciton is

given by

~�N = v0

∑

n

[

Ah8
2
h(Rn) − Ae8

2
e(Rn)

]

In,z , (4)

where Ae = Ae;z z , Ah = 3Ah;z z and the off-diagonal tensor

components Âe and Âh are taken to be equal to zero. This

takes into account that the | ± 1〉 exciton state is formed by

a hole with a spin of ±3/2 and an electron with a spin of

∓1/2.

In our opinion, nuclear spin dynamics occurs at times that

are much longer than the exciton lifetime, and the dynamic

nuclei polarization effects are not taken into account, so the

nuclear spins In are randomly oriented. As a result, �N

is also a random quantity that may be described by the

Gaussian distribution function.

F(�N) =

√

2

π
T∗
2 e

−2(�NT∗

2 )2 , (5)

where the reverse dephasing time [21]

1

T ∗
2

=
v0

~

√

∑

n

4

3
In(In + 1)

[

Ah8
2
h(Rn) − Ae82

e(Rn)
]2
.

(6)
defines the random field dispersion: 〈�2

N〉 = 1/(2T ∗
2 )2.

3. Polarized luminescence

Note that both the reverse radiative exciton lifetime τ −1
r

and the radiative doublet splitting δb = ~�⊥ = ~

√

�2
x + �2

y

resulting from the long-range exchange interaction are

proportional to the squared matrix element of optical

exciton excitation, in particular, to squared wave function

overlapping of the electron and hole in the real and

momentum spaces [22]. Therefore, the overlapping integral

is excluded in �⊥τr ≡ wQD . In the direct band gap

quantum dot, this product may take arbitrary values from

very high, wQD ≫ 1, to very low, wQD ≪ 1 depending on

the anisotropic form of the quantum dot. Therefore, for

indirect band gap quantum dots, such scatter of the values

of wQD is still possible. Here, the discussion is limited to

the analysis of the most interesting case wQD ≫ 1, and the

non-radiative recombination and spin relaxation not related

to the hyperfine interaction are neglected [4].
Let’s introduce the three-component vector P(0) from the

Stokes parameters P(0)
1 , P(0)

2 , P(0)
3 [23] for radiation falling

normally along z to the sample surface and the same vector

P for forward light emitted by the excitons. Indices 1, 2 and

3 are used here instead of l, l′, c [2]. For a backward light

configuration, the sign of P3 characterizing the circular light

polarization shall be reversed. When wQD ≫ 1, the Stokes

parameter sets are interconnected by the following equation

P i =
∑

j=1,2,3

3i jP
(0)
j , (7)

where the coupling matrix [2] is

3i j =
�i� j

�2
(8)

and �2 = �2
1 + �2

2 + �2
3. Because the omnidirectional

photoluminescence intensity doesn’t depend on the exciting

light polarization, this expression may be averaged over

distribution (5) of the nuclear field �N . For each individual

quantum dot, the lateral x , y axes may be chosen in which

�2 = 0 and �⊥ = �1 > 0. Then non-zero components of

the Stokes parameter coupling matrix read

〈311〉 =1− 〈333〉 =

∞
∫

−∞

�2
1F(�N)d�N

�2
1 + (�B + �N)2

=π�1T ∗
2 V (�BT ∗

2 ; 1/2, �1T∗
2 ), (9a)

〈313〉 = 〈331〉 =
�B

�1

〈333〉, (9b)
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where the Voigt distribution (or profile) is determined

according to

V (u; σ, γ) =

∞
∫

−∞

e−v2/(2σ 2)

σ
√
2π

1

π

γ

(u − v)2 + γ2
dv.

Thus, the photoluminescence polarization properties of an

individual quantum dot are described by two dimensionless

parameters �1T ∗
2 and �B T∗

2 .

Magnetic field dependences of three non-zero matrix

components 〈3̂〉 are shown in the figure for three cases

of (a) strong, �1T ∗
2 ≫ 1, and (b) weak, �1T ∗

2 ≪ 1,

anisotropic splitting. In case (a), the hyperfine interaction is

of minor importance and the magnetic field dependences

are not much different from the limit dependences at

�N → 0 [22]:

〈311(�N → 0)〉 =
�2

1

�2
1 + �2

B

,

while 〈333(�N → 0)〉 and 〈313(�N → 0)〉 are expressed in

terms of 〈311(�N → 0)〉 using relations (9b). In case (b),
the hyperfine interaction plays a leading part and equation

(9a) is simplified to

〈311(�1 → 0)〉 = π�1F(�B) .

Comparison with Figure 1a shows that the Overhauser field

suppresses the optical alignment and enhances the optical

orientation.

Let the x , y axis be rotated counterclockwise at φ with

respect to the laboratory system of the x0, y0 axes. Then the

coupling matrix 〈3i0 j0〉 in the x0, y0 coordinates is related

to the matrix components 〈3i j〉 as follows

||〈3i0 j0〉|| =





〈311〉 cos2 2φ 〈311〉 sin 2φ cos 2φ 〈313〉 cos 2φ
〈311〉 sin 2φ cos 2φ 〈311〉 sin2 2φ 〈313〉 sin 2φ

〈313〉 cos 2φ 〈313〉 sin 2φ 〈333〉



.

(10)
When all quantum dots in the array have coinciding

lateral anisotropy axes, then expressions (9a), (9b) are

applicable and shall be averaged with respect to the splitting

distribution �1. If the lateral anisotropy axes are scattered

randomly over the whole circumference, then, after averag-

ing with respect to φ, only the diagonal components of the

coupling matrix will remain non-zero.

〈〈311〉〉 = 〈〈322〉〉 =
1

2
〈311〉, 〈〈333〉〉 = 〈333〉.

4. Exciton sublevel anticrossing with
magnetic field growth

Now let’s look at a stronger magnetic field at which

energies of one of the dark excitons and one of the bright

excitons are compared, for example, with the projection of

the angular momentum +1 [1]. In this case, the Overhauser

field inducing small perturbation that reduces the system

symmetry, nevertheless, leads to strong resonance mixing

of the approaching levels, i.e. to their anticrossing, and

affects considerably the luminescence intensity and polar-

ization even for direct band gap quantum dots [24–28].
Anticrossing phenomenon due to the field BN may be

observed in the magnetic field B (cr)
e = δ0/(2µB |ge,‖|) or

B (cr)
h = δ0/(2µB |gh,‖|) [1]. Let’s consider a single quantum

dot in the magnetic field B (cr)
e and show how, due to a

nuclear field with the nonpolarized resonance excitation,

exciton radiation from this dot becomes partially circularly

polarized and changes its intensity compared with that of

the non-resonance field B 6= B (cr)
e .

When B = B (cr)
e , sublevels with the projections of the

angular momentum +2 and +1 may be taken as a two-level

system (considering that ge,‖ > 0) with the Hamiltonian

H = ~�
e
NSe ,

where

�
e
N =

v0

~
Ae

∑

n

82
e(Rn)In ,

and it is assumed that Ae;xx = Ae;yy = Ae .

Let’s introduce the angle ϑ by defining it as

cos ϑ =
�e

N,z

|�e
N |
.

In the case of resonance by nonpolarized light, the radiation

intensity I−1 of the exciton |−1〉 is proportional to the

combination of the times τnr/[τr (τr + τnr )] and remains

unchanged in the vicinity of the dot B (cr)
e , while the exciton

radiation intensity from the levels subjected to anticrossing

depends on ϑ . Omitting the calculations, the final result is

shown for the exciton radiation intensity I and degree of

circular polarization Pc during the nonpolarized resonance

excitation

I ∝ τnr

τr (τr + τnr )

a + b cos2 ϑ

c − d cos2 ϑ
, (11)

Pc =
τr (2τr + τnr )

a + b cos2 ϑ
sin2 ϑ. (12)

The following coefficients are introduced here

a = (2τr + τnr )(3τr + 2τnr ),

b = 2τ 2
r + τr τnr − 2τ 2

nr ,

c = (2τr + τnr )
2 , d = τ 2

nr ,

that satisfy a + b = 2(c − d) = 8τr (τr + τnr ).
Similar to (6), the relaxation time T ∗

2,e is introduced:

1

T ∗
2,e

=
v0

~

√

∑

n

4

3
In(In + 1)A2

e8
4
e(Rn). (13)
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Coefficients of linear coupling between the Stokes parameters of the exciting light and luminescence 311 (solid black curve), 313 (dasher
red curve), 333 (dotted blue curve) calculated using equations (9) for �1T∗

2 = 10 (a) and 0.1 (b).

In real structures τnr ≫ τr [29], therefore the dimensionless

parameter

ξ =
τr

τnr

(

δ0
T ∗
2,e

~

)2

may be either greater or less than 1. Equations (11) and

(12) are applicable when ξ ≫ 1 [30], while, when ξ ≪ 1,

dynamic electron spin polarization is implemented [4].
Note that these studies provide, in particular, analytical

expressions for averaged intensity and circular polarization

in both limiting cases.

5. Conclusion

Besides the
”
bright-dark“ exciton δ0 exchange splitting,

epitaxial semiconductor quantum dots contain a smaller

in magnitude exchange splitting of the bright exciton

level δb resulting from the local lateral anisotropy of the

structure. In indirect quantum dots, suppression of the

long-range electron-hole exchange interaction contributes to

the increasing role of the hyperfine interaction with the

crystalline lattice nuclei in the exciton fine structure. This

study investigates a special case of exciton fine structure in

which the hyperfine interaction energy εN is low compared

with δ0, but the relation between εN and δb is arbitrary. It

is shown that nuclear spin fluctuations along the quantum

dot structure growth axis in this mode lead to suppression

of the optical alignment effect and enhancement of the

optical orientation. Dependences of these effects on the

longitudinal magnetic field are generally described by the

Voigt profile. The effect of the Overhauser field on

the radiation intensity and polarization in the region of

magnetically-induced anticrossing of the bright and dark

exciton sublevels is also examined.
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