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We consider tip-enhanced Raman scattering (TERS) on phonons in two-dimensional materials such as graphene
or transition metal dichalcogenides. The main question addressed here is what information about phonons at non-
zero wave vectors can be extracted from the dependence of the Raman spectrum on the tip position with respect
to the sample. It is shown that for single-phonon non-resonant scattering the measurable quantity is the convolution
of the phonon spectral function with respect to wavevector with a certain integral kernel, which is determined by
the geometry and dielectric properties of the whole structure. The explicit form of this integral kernel is calculated
in the simplest model, where the tip is represented by a point polarizable dipole.
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Introduction

Theoretical study of the optical properties of low-
dimensional structures was started in the pioneering work
by VM. Agranovich and O.A. Dubovsky [1]. Ahead of its
time by decades, this work received the deserved attention
closer to the end of the 20th century when advances in
nanotechnology made it possible to grow structures with
predefined properties [2,3]. In the 21st century, production
of two-dimensional monolayers of graphene [4] and of tran-
sition metal dichalcogenides [5,6] gave a powerful impetus
to development of optics of low-dimensional structures.
One of the important optical methods of investigating two-
dimensional materials is the Raman scattering spectroscopy,
primarily involving scattering on phonons [7].

For translationally invariant samples, momentum conser-
vation in the sample plane imposes a restriction on the
total momentum of excitations emitted or absorbed in the
material during Raman scattering in its standard version:
since the photon momentum is negligibly small compared
to any typical scales in a solid, the total momentum of the
excitations may be taken equal to zero. The situation may
change significantly when scattering occurs in the presence
of a sharp metallic tip that enhances the local field of the
photon. If the field varies spatially on near-atomic length
scales [8,9], then probing of excitations with substantially
non-zero momenta becomes possible, which is of particular
importance for scattering on a single optical phonon.

Another advantage of such tip-enhanced Raman scatter-
ing (TERS) is the possibility of changing the distance zr
between the tip and the sample within the same experiment,
while in the standard version of Raman scattering the only
control parameters are the frequencies and the polarizations
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of the incident and the scattered photons. The measured
dependence of the spectrum on the distance zp [10]
obviously contains information about the phonons emitted
in the sample. Theoretical studies [11,12] investigated in
detail the dependence of TERS spectra on the geometry
of experiment (in particular, on the distance zr), but the
question of which phonon-related quantity determined the
TERS spectrum, and how to deduce that quantity using the
measured dependence of the spectrum on zt was not fully
clarified.

In the present work, an answer to this question is
formulated for the case of one-phonon non-resonant Raman
scattering. Formally, this answer is expressed by equa-
tions (3) and (4) below. The quantity in question turns
out to be the phonon spectral function which depends
on frequency w and wave vector q, and includes both
dispersion and decay of the phonon. The TERS spectrum
is determined by the convolution of this spectral function
in q with a certain integral kernel derived from solution of
Maxwell’s equations for the specific geometry of experiment
and depending on the distance z1. Knowing the measured
spectrum as a function of frequency and distance zr and
assuming the isotropic dependence of the spectral function
on q, one may in principle reconstruct the spectral function
by deconvolution. The integral kernel is calculated here
explicitly for the simplest model geometry where the tip is
represented by a polarizable point dipole.

General relations for non-resonant
one-phonon scattering

Let us consider a two-dimensional crystal in the z =0
plane. Optical phonons is such crystal may be described
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by the phononic displacement field operator consisting of
a single scalar component U(r)) for the scalar Ajg-phonon
or two components Uy(r)), Uy(r) for the degenerate Ejq-
phonons (for example, in graphene). Here, rj = (X, )
denotes coordinates in the crystal plane. Three-dimensional
photons are described by the electric field operator E(r),
where r = (X, Y, z).

The main contribution to Raman scattering comes from a
process where electronic excitations serve as intermediate
states [13]. In the case of non-resonant one-phonon
scattering where energies of these intermediate states are
far from the incident and scattered photon energies, depen-
dence of the photon-photon-phonon vertex on momenta and
frequencies may be neglected, so one may work with the
effective Hamiltonian describing the local photon-photon-
phonon interaction in the long-wavelength approximation,

Hine = %/dzrua (r)Ej (ry, 0)Gy (ry), (1)

where i, ] = X, y are the Cartesian indices in the plane, and
the index u labels the phonon field components. The form
of the tensor Eij, = Ejj, is determined by the crystal ge-
ometry: Ejj u= = Eéjj for the scalar Alg phonons (for Wthh
the index u is absent), or Exxy = —Eyyy = Exyx = Byxx = &
for the Eg-phonons (see [14,15] for graphene; here, the
component Uy is taken with the opposite sign). The effective
dimensionless coupling constant & may have a smooth
dependence on the incident photon frequency and electronic
doping level. It can be related to an observable quantity —
free-space Raman scattering efficiency 7, i.e. the absolute
probability, for normally incident photon with a given linear
polarization and frequency w; = ck;, of being scattered into
the full solid angle 4ot with any polarization. Specifically, the
Fermi golden rule in the lowest-order perturbation theory
with respect to Hamiltonian (1) for the scalar phonons Ay
gives

 4nE? ho?(w; — wpn)?

B 3 poa)phC4

(2)

where po denotes the mass density of the crystal. For the
doubly degenerate Eq-phonons, the expression is the same,
but with an additional factor of 2.

We will assume that the crystal is excited by
a classical monochromatic external field with fre-
quency ;i >0, which may be represented by a
shift of the electric field operator, Ei(r) — Ej(r) +
+&j(rje”'®t + &1 (r)e'", in Hamiltonian (1). The spatial
profile of the excitation field &;j(r) should be found from
the solution of Maxwell’s equations in the given geometry
and in the presence of the tip. Intensity of the scattered
signal at frequency ws > 0 measured in an arbitrary point ry
is proportional to the electric field correlator [16],

10T /1
S(r, ws) = hm /ZT /dre (E(r, )E(r, t + 7)),

(3)

Optics and Spectroscopy, 2024, Vol. 132, No. 8

where the field operators are taken in the Heisenberg rep-
resentation including the interaction with phonons and with
the external oscillating field (the latter formally necessitates
time averaging because the correlator may depend not only
on the time difference). If detection is performed upon
focusing by a lens, then instead of the field in a given point,
an integral over the corresponding solid angle should appear.

Expansion of the evolution operator in the interaction
representation up to the second order in the coupling
constant = and in the pumping field gives the following
expression for the electric field correlator entering the
expression for the detected signal [3] (taken in different
spatial points for greater generality):

T—oo

T [ele]
) dt i - =
lim /ﬁ / dTeleT<Ej1(r1’t)EJ2(r2’t+T)>

=5 ", 2 2
= BijuZirj /d rd’r’ G (r2, 1y, @) éiry)

X 1hD g, (1) — 1, @5 — @) i*/(r”)GJAJl(ril, ry, ws), (4)

where convolution with respect to all repeated indices
is implied. The Green’s functions of photons (G) and
phonons (D) are defined below.

The retarded photonic Green’s function GiRj (r, v, )
defines the electric field response to an external three-
dimensional polarization P*™'(r’,t’) oscillating at fre-
quency w without accounting for the interaction (1), but
accounting for the whole dielectric/metallic environment,
including the tip. Assuming that this environment is fully
defined by the local dielectric function &(r, w), the retarded
Green’s function can be found from Maxwell’s equations,

w? o?
e(r, a))g -V xVx|E(r,w) = —4ﬂ§P (r, w),
(5a)

E(r,w) = —/d3r’Gﬁ(r, v, 0) P§(r, w), (5b)
ie. GR(r.r,w) (up to a factor) is an operator in-
verse to the differential operator on the left-hand side
of equation (5a) with boundary conditions correspond-
ing to outgoing waves. The advanced Green’s function
Gii(r.r, w) = [GR(,r, w)]".

The phonon Green’s function Dg, (r), ) (correlator
of the phonon displacements) entering expression (4), is
related to the phonon spectral function or the imaginary
part of the advanced Green’s function D}, (q, @) in the
momentum representation,

S d?q .. 2hImD%, (q, w)
TAD g, (1), @) = / (27)2 et ehw/ﬂTﬂ_ 1 (6)

where T is the crystal temperature. For example, for the
scalar phonons with dispersion wq and amplitude decay y,
the advanced Green’s function is given by

):¢ (7)

—2iwy — w}’

DA(q, w
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For the degenerate Eg-phonons, longitudinal and transverse
modes have different dispersion and decay. The key
result contained in equation (4) is the following: all
information about phonons that can be deduced from
the non-resonant Raman scattering spectrum is contained
in the phonon spectral function ImDﬁﬂ, (g, w).  The
Bose—Einstein distribution included in equation (6) implies
only that a non-zero phonon population is necessary for
the anti-Stokes scattering (ws > w;), while for the Stokes
scattering (ws < w;), D=(w < 0) is non-zero even at zero
temperature, which corresponds to phonon emission into
the crystal.

Equations (3) and (4) are the main result of this work.
They admit a simple physical interpretation. The field at
the point rg, whose intensity is included in equation (3),
is induced by polarization in the sample. The photon
Green’s function GR (or G*) gives the contribution to
the field induced by polarization at the point rj (or
contribution to the complex-conjugate field induced by
polarization at the point ril). The polarization in the
sample induced by the excitation field & is proportional
to the phononic displacement. The correlator of these
displacements (the phonon Green’s function D<), thus,
defines the correlator of the induced polarization in different
points.

As far as the photonic part is concerned, equations (3)
and (4) are equivalent to equation (6) of Ref. [11] (up to the
factor 4rw?/c? in the photon Green’s function definition,
arising from the right-hand side of equation (5a)). However,
equation (6) [11] contains a phenomenologically introduced
object (polarizability correlator) whose relation with the
phonon properties of the sample was not traced down.
Here, this object is explicitly identified with the phonon
Green’s function. It is also obvious that such identification
is essentially based on the assumption of locality of the
effective photon-phonon interaction (1). In case of resonant
scattering, propagation of virtual electron-hole pairs that
serve as intermediate states for the Raman scattering breaks
this locality [14,17] leading to a more complex relation
between the Raman spectrum and the sample properties.
Investigation of this more complex case in beyond the scope
of the present study.

Explicit calculation using the simplest
model of the tip

According to equation (4), the possibility of probing the
spectral function ImDﬁ#, (q, w) at finite wave vectors q
(which would allow measurement of phonon dispersion and
decay) is defined by the spatial dependence of the excitation
field and phonon Green’s functions in the presence of
the tip. Let us determine this dependence for an axially
symmetric experimental geometry, while modelling the
tip as a point dipole with a given polarizability, placed
at the point rr = (0,0,z7) (the z axis coincides with
the symmetry axis, the sample is placed in the z=10

Figure 1. A sketch of the two-dimensional sample, sharp tip,
focused excitation light beam (solid lines), induced dipole at the
end of the tip, and light incident from the tip to the sample (dashed
lines).

plane). The distance zr ~ 1 — 10nm is assumed much
smaller than the wavelength of light 2. For the axially
symmetric tip, the polarizability tensor «;j(w) has only two
independent components: axx(®) = ayy(®) = o) (w) and
azz(w).

For excitation by a radially polarized focused light beam
(as in experiments [10,18]), the component of the beam’s
electric field in the plane of the two-dimensional crystal
vanishes strictly on the axis and grows slowly (at distances
of about 1) away from the axis. Consequently, the main part
of polarization induced directly by the focused beam field
is far from the tip and the scattered signal generated by this
polarization is insensitive to the tip position. At the same
time, the perpendicular component &, of the focused beam
field is not small near the axis; though this component does
not act on the sample (Hamiltonian (1) contains only the
in-plane field), it induces a dipole moment in the tip, and
this dipole induces a field in the sample plane (Figure 1).
This field induces polarization in the sample in the vicinity
of the tip. Thus, the field of the excitation beam itself (S-
and TS-contributions according to [11]) can be neglected,
and the excitation field &j(r)) can be taken as the field
of a point dipole ay;(w;)&o, oscillating with frequency w;
perpendicularly to the crystal plane at distance zyp above
the crystal:

3ZTX|“'

&i(r)) = — gz (w;)Epg ————.
I 2z Z(rﬁ+z%)5/2

(8)
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/ \
4 * * <
Figure 2. A sketch of the two-dimensional sample, sharp tip, light
propagating from the sample directly to the detector (solid lines)

and light going to the detector after scattering on the tip (dashed
lines).

To account for the tip in the photon Green’s function,
it should be noted that the far field is produced both
directly by the polarization in the sample (oscillating at
frequency ws), as well as by the tip where charges are
induced by the near field from the polarization in the sample
(Figure 2). Since scattered light is detected at distances that
are at least of the order of the wavelength of light, i.e. much
longer than the typical size of the tip and of the sample
area affected by the tip, the far field is determined by the
total dipole moment of the sample and the tip. Thus, if
the photon Green’s function without the tip is denoted by
Gﬁ (r,r', w), then one can approximately write

~R
GJZJ (ro, s ws) = szj3(r0, 0, ws)

X {5,-3]. — ajy, (a)s)é'?4j (rr, 1, )| . 9)

If the scattered light is focused by a lens at some spatial
point ro = (0, 0, z9) where the detector is placed, then
the tensor structure of the first factor in this expression is
simplified due to the axial symmetry:

G_Ex(r()’ 09 ws) = G_)F/Qy(r(h 09 a)s) = gH’
G, (ro, 0, ) = gs.

In this case, the whole detection scheme is characterized
by two constants g and g;. In the second factor in
equation (9) in G ,; ('T, T||, @s) one may neglect retardation
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(ie. take it in the static dipole-dipole approximation).
Then, expression (9) takes the form (where X, , X are
components of r| in the crystal plane, while the z-
component is treated separately):

a) (ws)
GR . (ro, 1|, w5) = g6j,]  QE— V.
J21] Il [192] (rﬁ+z%)3/2
Lagy @I X (10a)
SGEECE
$)ZTX|) ]
G; (ro’ l‘”, ws) _ _3gzazz(w ) TR (10b)

(ri +2z7)°2°

By substituting these expressions into general equations (3)
and (4), we obtain an explicit result for the scalar phonon
case:

S(ro, ws) = |’g2

|2-77azz (wi)gOZ

d’q ., -
x/(zﬂ)zlhD (q, ws — w;)

3 s _ 2
x [|g”|2 qe @ 4+ a||z(3w)2/3,1(QZT)ZTJ1,1(qu)
T
+g2|? 3atzz(ws) 3f2.0(027) |
z3 Z7

(11)
Here, integrals of the Bessel functions Jn(z) are intro-
duced:

oo

él+1€
zr) = z 12
Fnloen) = [ S Smh@ms. (1)
0
some of which may be expressed in terms
of the modified Bessel functions: Fan(0zr) =

= (QZT)4K4_n(q2T)/384.

For the doubly degenerate E,g-phonons, the calculation
can be done in the isotropic approximation, valid for
sufficiently small wave vectors (when, in fact, the effective
Hamiltonian (1) is only applicable). Then the phonon
Green’s function has an explicit tensor structure expressed
in terms of the longitudinal (L) and transverse (T) compo-
nents:

Qulu’
2

Dy (¢, @) = DL(a, @)

+ (o~ ) Dr@o). (13
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In this approximation, we obtain

d’q
(27)?

S(ro, ws) = |2maz; (a)i)é’02|232/

x [ihD(q, ws — ;) + 1hDT(q, 0s — w;)]

e, 39 (@) g (9zr) — 27 (gzn) |
2 azr Il 3.1 ,
X Dgnl =5 77
+lgy 2 3y (@s) 373.(qz1) [
I z3 271
L 19:P [3az(0) 3.2(q20) [
2 Z% ZT ’

Qualitative discussion

The point dipole approximation used for the tip is valid
only at distances zr that are much longer than the typical
tip size Rr. Since for a metal tip without resonances
the polarizability «ij(w) ~ R}, the cumbersome terms
with integrals ¢ n(qzr) proportional to @/z3 are beyond
the scope of the approximation and may be discarded.
In this case, the integral kernel takes a very simple form
o gq?e~2%r, However, if the scattered photon frequency
falls near a plasmon resonance in the tip, then a situation
with @ > R} is possible; then all terms in expressions (11)
and (14) become important.

In typical experiments, zr can be generally made ap-
proximately equal to or even smaller than the typical tip
size Ry, so to describe such situation realistically, it is
necessary to go beyond the dipole approximation for the
tip. However, two other approximations used above (axially
symmetric geometry of experiment and smallness of the
tip size compared to the wavelength of light) remain quite
realistic. In this case, to generalize the above calculation,
it is necessary to solve numerically the Poisson equation
in the specified dielectric structure (substrate, tip) at each
value of zr. As a result, three scalar functions of the
radial coordinate r || should be calculated. First, one should
find the radial electric field produced by charges which
are induced in the tip by a homogeneous external field
along the z axis, to use it instead of Eq. (8). Second, to
generalize Egs. (10), one should find the radial and the axial
components of the tip’s dipole moment induced by the field
of a point charge placed at a point (r |, 0, 0). As a result, the
integral kernel, to be convoluted with the phonon Green’s
function, will be determined by one-dimensional integrals
of these functions and their derivatives with respect to r
with Bessel functions. Such calculation would be justified
for modeling a particular experiment and, thus, goes beyond
the scope of the present study.

Nevertheless, the obtained results give an insight into
the qualitative picture. In the realistic case, the inte-

gral kernel should have a smooth wave-vector depen-
dence on the typical scale g~ min{1/zr, 1/Rr}. Thus,
measuring the dependence of the signal on zr enables
one to probe the phonon spectral function on the scale
g < 1/Rr. Note that, if the dependence of this spectral
function on q at this frequency has some fine struc-
ture on scales smaller than q itself (for example, has
a narrow peak at some finite value of g defined by
the phonon dispersion, with a width defined by weak
phonon decay), then it might be difficult to reconstruct
this fine structure from the dependence of the signal
on Zr.

Conclusion

Dependence of the TERS spectrum on the tip position
is determined by two main factors: the photonic factor
depending on the electric field configuration in the whole
structure (incident field, sample, tip and detector) and the
factor describing excitations in the sample and interaction
between these excitations and field. The photonic factor
is determined from the solution of Maxwell’s equations
in the given structure and was studied in detail for two-
dimensional materials in [11,12]. As for the sample
whose excitations at final wave vectors become available
for probing due to the tip’s near field, the situation is
more complicated. The corresponding factor obviously
depends on the type of excitations, their dynamics, and their
interaction with light.

The present study investigated the one-phonon non-
resonant Raman scattering on long-wavelength phonons in
two-dimensional materials when the interaction between a
phonon and photon may be taken as local and instantaneous
(in other words, dependence of the corresponding vertex on
momenta and frequencies may be neglected). It is shown
that the sample factor defining the TERS signal at a given
frequency reduces to the spectral function of the emitted
phonon. Its convolution in momentum with the photonic
factor gives the TERS signal at each frequency. Thus,
when the photonic factor for each of the tip positions is
known, information about the phonon spectral function may
be in principle extracted by deconvolution. For resonant
scattering, the assumption about locality of the effective
interaction may be substantially violated, therefore this case
requires a separate study.

The corresponding factors were calculated explicitly for
the simplest model geometry where the whole structure is
axially symmetric and small compared with the wavelength
of light, and the tip is represented by a polarizable point
dipole. It is necessary to go beyond this latter approximation
in order to describe experiments realistically (because
the distance between the tip and sample may be quite
comparable with the typical tip size), and the Poisson
equation should be solved numerically in a dielectric
structure corresponding to each given experiment. It may
be also useful to address a more general geometry (various
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detector positions relative to the tip, light polarization
measurements) to obtain additional information about the
sample (for example, about the tensor structure of the
photon-phonon interaction), but it would require more
cumbersome calculations.
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