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1. Introduction

Motion of a foreign atom in a crystal lattice is usually
considered as a 3D motion in a potential field generated by
the lattice atoms. Methods of molecular dynamics are used
most widely for this purpose [1-6]. In this case, the foreign
atom is represented by a particle with the weight of this
atom; sometimes quantum state of the atom is also taken
into account [7].

At low temperatures the light atoms (hydrogen, helium)
can also be described as particles with quantum properties,
since de Broglie wavelength for these atoms is comparable
with the lattice constant [8—11]. The mobility of these atoms,
characterized by the diffusion coefficient, reveals abnormal
properties. Thus, deuterium and tritium isotopes, which
are twice and three times heavier than hydrogen atom,
respectively, move on the surface of tungsten crystal with
higher velocity than hydrogen [12,13], practically irrespec-
tive of temperature. The same anomaly was discovered in
silicon crystal for deuterium and hydrogen: the diffusion
coefficients at low temperatures indicate that deuterium
actually moves faster than hydrogen [14].

Higher mobility of a heavier atom does not fit into
the classical theory of atom motion in a crystal where
the frequency of the foreign atom transitions between the
neighboring positions in a crystal corresponds to v ~ 1/,/m
Such an effect also could not be explained in terms
of quantum mechanics, since de Broglie wavelength is
inversely proportional to the weight of the foreign atom
A~h/m

9*

In all these cases the foreign atom is considered as a parti-
cle of non-zero mass moving in the potential field formed by
the crystal lattice atoms, while the effect of the atom on this
potential field is usually neglected [1-11]. The above effect,
however, does take place; it is manifested as excitation of
the lattice phonon sub-system. Under the action of a foreign
atom the lattice atoms may perform two kinds of motion.

1. Oscillations near the equilibrium position. Collective
nature of these oscillations is manifested as a phonon
subsystem of the lattice [15,16].

2. Independent displacement of the lattice atom equi-
librium position induced by interaction with the foreign
atom. This type of displacement is generally neglected when
considering the motion of the foreign atom in the crystal.

In this paper it is suggested to take into account the
displacement of the lattice atoms induced by a foreign atom
and to show that light atoms such as hydrogen and helium
move through the crystal not like an isolated particle, but as
a collective consisting of this atom and the accompanying
reversible displacement of the nearest lattice atoms. The
motion equations for such collective have a solution in
the form of a discrete 1D Frenkel—Kontorova soliton. In
other words, the translational motion of a foreign atom
in the lattice field is only possible when accompanied by
reversible displacements of the adjacent lattice atoms, while
the motion of the foreign atom in the potential field is only
possible in the oscillating mode.

The 1D form of the Frenkel—Kontorova soliton appears
in many problems [17-19]. However, this unidimensionality
occurs either due to the Frenkel—Kontorova model itself, or
as a result of introducing the periodic potential [17,20,21].
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In order to show the possibility to proceed from complex
3D translation motion to 1D one, we have selected two
model objects:

1) Simple atoms of hydrogen and helium were selected as
a foreign atom. Both of these elements have isotopes, which
makes it possible to estimate the effect of atomic weight on
the motion velocity.

2) Silicon crystal with a diamond-like lattice was selected
as a medium. This type of lattice has a wide variety of
interstices [22-28]. In particular, the volume of tetrahedral
interstice can well accommodate either hydrogen or helium
atom. The hydrogen atom in this position forms an unstable
defect [22,23], and moves across the tetrahedral interstices
mostly in the neutral state [22,24-28] and with a minimal
activation energy.

2. Trial Lagrangian

To be specific, let us consider the hydrogen atom which,
if introduced into the perfect silicon lattice, may only move
through the tetrahedral interstices. The motion of the foreign
atom can only be judged based on the difference between its
kinetic and potential energy (T — U). This difference makes
a Lagrange function [29,30]. The principle of minimum
action functional allows the motion equations for the foreign
atom as well as for the lattice atoms to be found.

In general, we may introduce a trial Lagrange function
for the hydrogen atom in the lattice

Z = i’ ~ UL (&)

Mnéo 1
+ Z 2§ ) Zac(gn _gnfl)ﬁ(gnﬂ _gn)ﬁ ,
n B
(1)

where m — hydrogen atom weight; I' — H atom displace-
ment vector; £, — displacement vector of n-th atom of
the lattice in nth position; M, — weight of Si atom in
n-th position; ac — elastic interaction constant between the
lattice atoms. Lower index S denotes a set of coordinates.

The upper line (1) describes the motion of a light atom
in the potential field U(T, {£,}) of the neighboring atoms
of the lattice, the second line describes the behavior of
the silicon atoms. At that, potential energy U(I',{4,}) of
the foreign atom in the lattice field depends on both the
position of the light atom I' and positions of the lattice
atoms {&}.

To find the equation for motion of the light atom in
the silicon lattice, we need to find the potential energy
U (T,{&n})- For this, we need to know the local structure of
the silicon lattice near the interstice hosting the light atom
(hydrogen and helium).

n nt+2 nt+4

n—1 n+l1 n+3

Figure 1. Diagram of the foreign atom (hydrogen) bonds with the
lattice in the ordered medium and transitions of this atom between
the neighboring interstices. The atoms of the neighboring lattice
environment for convenience were numbered as follows: n — 1,
n, N+ 1, n+ 2 and etc.

3. Approximation of the local chains
of an ordered structure

Silicon lattice is a cubic face-centered diamond-like lattice,
where each atom is surrounded by four other atoms [22,23].
The volume of silicon tetrahedral interstice is 0.00963 nm?,
while hydrogen atom volume (based on the atomic radius of
12nm) equals to 0.00724 nm3. Thus, a hydrogen (helium)
atom can fit into this interstice.

The hydrogen atom residing in the tetrahedral interstice
interacts with the neighboring silicon atoms. Using the
approximation of a pair interaction, as in [31,32], we can
distinguish the following pair interactions of the hydrogen
atom with the neighboring lattice atoms (Figure 1):

Slnle and Hsln SlnH and HS1n+17 S1n+1H and HS1n+27

SinH and HSin:; SinioH and HSin_1; Sin_1H and HSin.1.
(2)

Such pairs can be written as the following combinations:
Sij _(HSij:

Sin—1HSin,  SinHSing1,  Sing1HSingo,

SipnHSiny2,  Sing2HSin—1,  Sin—1HSiny1,

which are part of the local chains (see below (3)).

Any local chain should contain a foreign atom and
the neighboring lattice environment atoms (as illustrated
in Figure 2):

... Sin_4Sin_>SinHSin:2Sins4 . . . ;
... Sin_4Sin_2SinHSin+ 1 Sin:3Sinss . . - 5
... Sin_4Sin_2SinHSin_1Sin_3Sin_s . . . ;
... Sin_7Sin_sSin_3Sin_1HSin+1Sin:3 . . .
.. . Sin_7Sin_sSin_3Sin_1 HSin:2Sinss . . -;
... Sin_Sin_4Sin_2SinSins2HSin; 1Sin 3Sinss . ... (3)

These chains are considered as independent.

Physics of the Solid State, 2024, Vol. 66, No. 7



Modes of motion of light atoms (hydrogen and helium) in diamond-like lattice 1125

Thus, for the tetrahedral position of the interstice accom-
modating the hydrogen atom, the number of local chains
is 6 (while the number of silicon atoms neighboring to
the hydrogen atom is 4). The elastic interaction of the
hydrogen atom with the neighboring lattice atoms that is
now expressed through the chains (3), can be equivalent to
potential U,.

On the other hand, the hydrogen atom experience trans-
lational motion from the initial position to the neighboring
one, Figure 2. This is equivalent to transition N — n+ 2.

For example,

e Sln_4sln_2slanln+2sln+4 cee T
.. Si_4Sin_2SinSins2HSiniaSinss ... (3a)

This transition, (3a), implies the presence of a trans-
lational potential, U;, dragging the hydrogen atom to the
neighboring position, Figure 1. Thus, motion of the foreign
atom occurs under the action of two different fields: elastic
field, U, of the chains (3), induced by the nearest neighbors
of the atom, and U; field causing the translational movement
of this atom to the neighboring position.

U(T, {&}) = U1 + V.. (4)

To find the potential (4), we need to make use of the
specifics of local chains approach (3), namely, occurrence
of a new multi-dimensional space where hydrogen atom can
move in some way.

4. Construction of a 6-D space
in the approximation of local chains

Each local chain (3) can be associated with vector pj,
(j=1,2,3,4,5,6); any chain contains a foreign atom.
Each vector indicates a possible exit of the hydrogen atom
from the corresponding chain (3). For convenience, when
moving to the neighboring position we’ll consider only
silicon atoms neighboring to this hydrogen atom.

SinHSiny2 ~ 74,
SinHSiny1 ~ 75,
SlnHSlnfl ~ y3

. ) (5)
Sin_1HSin1 ~ p4
Sin_1HSin ~ p5
Sin2HSin, 1 ~ pg
Since the chains are independent the vectors
1727374 V5, Vs (5a)

are also linearly independent.
orthogonal

This means that they are
Vik—1"Pkks1 =0 (6)
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and each of them is a 6 x 1-D column.

Y1.x,

71 Ve = (6a)

S O O o O
(=l e e =]

Y6,xs

Moreover, the neighboring site is not connected with the
previous one

Vikst " Pkemk—1 = 0 (6b)

In this case, the full displacement vector I' of H atom may
be decomposed into these independent vectors without the
need for normalization

n
I'= Z?k,kfl’ (6c)
k=1

where N — number of local chains.

(NB: construction of linearly independent vectors (5a)
implies the selection of their directions in such a way that
only one of them could be directed towards the neighboring
position.  Such vectors arrangement (5a) simplifies the
motion equation sufficiently.

5. Conversion of potential U,

Let us represent the potential U, as a bilinear form since
the atom displacement in each of the local chains (3) is
regarded independently

k=n
1
Uy =3 DD Utk Pk — Sk 1)pEk — P s
k=1 B
(7)
Uk—1kps is the interaction constant (ie. amount of

energy per one bond) between H-atom in the corre-
sponding chain with the nearest silicon atoms in po-
sitions kK—1 and k; B = X1, X2, X3, X4, X5, Xg. Under
the summation symbol there is a scalar product of
difference in displacement vectors in every local chain
Sik—1HSik (k1 x = $k—1) - (§k — Pk_1.k)> Where § — dis-
placement vector of k-th atom of silicon; p,  ; — displace-
ment vector of the hydrogen atom enclosed in k-th local
chain (3) and (5).

5.1. Properties of bilinear form

First property. The rank of characteristic matrix
(Uk—1,kp — AE) for (7) is equal to zero (E — unit matrix),
since the bilinear form (7) is reduced one. In this case, all
eigenvalues are equal to each other, ie. 4; =4, =... =4
Hence, all Ux_1 ks elements of bilinear form are equal to
each other.

kal,k;ﬁ = ay. (8)
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The bilinear form (7), with account for (8) has the form

k=n
1
V2= 2 Z Z(yk—l,k —&k—1)p)Ex — 7w 9)
k=1 p
Thus, U, is characterized by the same interaction

constant «, of the foreign atom with the surrounding
environment for all local chains (if the crystalline lattice has
also other atoms, e. g., germanium atoms (in system Si—Ge),
the interaction will be characterized by two interaction
constants ).

Second property. The number of terms in the bilinear
form corresponds to the number of local chains binding
the hydrogen atom with its neighbors. E.g., number of
terms (9) is equal to six for the number of bonds Z = 6.
This allows the defects in silicon lattice to be taken into
account.

Third property is manifested only after partial trans-
formation of equations of hydrogen motion in the lattice
and taking into account the specific nature of defects in
this lattice. The sum of displacements differences for the
hydrogen (helium) atom and any two nearest silicon atoms
in any local chain, belonging to the given defect cavity,
does not depend on the position of j or k in this cavity (see
below (14) and (15)).

5.2. Motion equations

Equations for the foreign atom motion along direction j

are
d ( 0Z ) 0Z
— |7 )—-—=0
dt \dyjp/  vip
The motion equations for some k of (9) comprise six sets,
six equations in each set. By summing up the left parts of

the first (second and etc.) motion equations and taking into
account the properties (6a), we obtain

d2 d?
ae (Vj,Xj) = a2 Iyj. (10)

where | = 1,2,3,4,5,6.

Thus, the full displacement vector, I, of (6¢) can be
written as:

I = (V1.x05 V205 V3.x35 Vdixas V555 V6.x6 ) - (11)
Or in the final form:
I'= (FI,X1;F2,X2;F3,X3;F4,X4;F5,X5;F6,X6)' (lla)

To finish the transformation of potential U, the influence
of defects should be taken into account.

5.3. Defects

The most important among the lattice defects in this
case are the vacancies and Frenkel defects occurring near
the foreign light atom residing in the interstice (Figu-
re 2). The defects significantly change the potential energy
U(T, {&}) of interaction between light foreign atom and
the nearest environment (4), however, the number of lattice
atoms + hydrogen atom remains the same.

As illustrated in Figure 2 the local chains for Frenkel
defects have the following form:

. e Sln_4sln_3sln_2sln_1H SinSin+2Sin+3 ey

... Sin_4Sin_3Sin_2Sin_1SinH Sin-1Sins2 . . . ;
... Sin_4Sin_3Sin_2SinH Sins2Sins5 . . . ;
... Sin_4Sin_3Sin_2Sin_1SinH Sin:3Sin4 . - -;
... Sin_4Sin_3Sin_2Sin_1H Sins3Sins4. . . ;
. .. Sin_4Sin_3Sin_2Sin_1H Sins1Sinsa . . . ;
. . Sin_4Sin_3Sin_2Sin_1Sins1H Sins2Sins3 . . . ;
. . Sin_4Sin_3Sin_2Sin_1Sins2H Sins3Sine4. . . ;
. . Sin_4Sin_3Sin_2Sin_1H Sin+2Sin+3Sins4. . . ;
... Sin_4Sin_3Sin_2Sin_1Sins 1HSins3Sinsg....  (12)

10 local chains were obtained in total.

Following the logic of constructing linear spaces (3),
(5)—(6b), in case of Frenkel defect we would obtain the
dimension 10, and in case of vacancy — 15. Such an
approach would entangle the problem completely. However,
there is another way of solving this problem, that allows
to fully use the initial properties of an undisturbed lattice.
For convenience of further analysis of potential U, we only
consider Frenkel defect (where the number of chains is less
than for the vacancy, and all operations are the same).

5.4. Conversion of potential U,

Note, that, in accordance with the second property of
a bilinear form, U, is proportional to the number of local
chains (9). Then, potential U, for the imperfect structure
(structure with defects) can be represented as a sum of
regular U,(Z) and disturbed U, (c) potentials

Uy = Us(Z) + Ua(£). (13)

The number of terms in U,(Z) corresponds to the number
of local chains (of the nearest hydrogen environment in the
undisturbed structure), and the number of terms in U, (&) is
equal to . In the considered problem the number of local
chains Z is 6, and the number ¢ of local chains in case of
Frenkel defect is 4.

With the increase of excess silicon atoms (number of
defects is p) in the hydrogen atom environment with Frenkel
defect the potential energy is increasing (13). Number of
atoms in the system ,crystal + foreign atom“ remains the

Physics of the Solid State, 2024, Vol. 66, No. 7
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n nt+2 nt+4

1 n+3 n+5

°oo

n—1 n+l n+3

Figure 2. Top: Frenkel defect (a) and a vacancy (b). Bottom: diagrams of the hydrogen local chains in silicon lattice with defects (a) in
n+ 1 position and (b) in n + 2 position. For convenient account for bonds the neighboring atoms were numbered (see Figure 1).

same. If now we compare the number of additional local
chains for a vacancy, n, and Frenkel defect, o, respectively,
it turns out that the square of excess silicon atoms (p?)
is less than a dependence of n, o from p (Figure 3).
(p?) is considered for a reason, because each fragment of
the bilinear form corresponds in size to the area spanned by
vectors
(7j.j-1—&j-1) and (§; — 7j.5-1),

and this means that, to describe a motion system it is
better to replace the excessive local bonds by an area,
formed by excessive silicon atoms, i.e. by p®. Especially
since the potential energy of hydrogen atom with such area
reduces U,.

Thus, an excessive Si atom in the vicinity of H atom
creates ,surface” or ,,cavity“ with an area of p2.

Hence, the perturbed potential Uy(¢) can be written in
one of the given forms below

Uz (&) ~ ZZ(J’k,kq — & 1)pEx — V-1
kK B
N§Z(J’j,j_1 =& =7y -0p
B
szz(i’j,j—l—fj_l)ﬁ(fj _yj,j—l)ﬁ' (14)
B
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At that, the summation in (14) in two lower lines is
performed only by coordinates.

6. Transfer to 1D motion

An important property of the equations (13) and (14) is
that the sum in Eq. (14) may host any two silicon atoms
from the vicinity of the hydrogen atom in the generated
cavity with randomly arranged indices

i-Lj j—-1,j+1 j—1,]j42 etc. (15
including also the indices of a pair of atoms providing
the direction of entering into the defect. Such random
atom arrangement in the environment for a light atom
allows the potential energy of the defect to be expressed
through potential energy of regular lattice. It implies that
the direction of exit from the defect coincides with the
direction of entrance into this defect. Thus, we can assume
that the defect influence does not change the direction of
motion. Consequently, we may select the most convenient
direction corresponding to the problem that would make
the motion equation most simple and clear. Fir this purpose
we may convert the system of vectors (5) or (6a), (1la)
so as to choose the most convenient direction. We also
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Figure 3. Dependence of excess local chains on the number of
defects p for various types of defects: for vacancy n and for Frenkel
defect 0; p?> — square of excess silicon atoms that emerged in the
new positions p.

may use a more simple approach by selecting for (11),
(11a) some arbitrary direction, e.g., the direction towards
the neighboring interstice. For this, without the loss of
generality, let us select the direction for the vector I' (11a)
allowing for the note to (6¢) corresponding to

I'ix, = (F1.x,30;0;0;0;0). (16)

To save the direction of motion in potential energy U,, we
rewrite the expression (9) in an equivalent bilinear form for
the Frenkel defect (12). The bilinear form (9) for 10 local
chains may be divided into a part responsible for the regular
order U,(Z), that include six sums over coordinates and a
part arisen from defect occurrence U, (&) that consist of the
four such sums. Given that the condition (15) is fulfilled
in these last sums we may express Uy(¢) as (14), second
line. Since 4 identical defect lines can be represented as part
of the sum of initial local chains, this sum can be written
as 4/6 of the total number of identical local chains. Then,
the expression U, allowing for defect influence, U, (&)

Us(é) = 3 PU:(2),

can be written as

U, = (1 + % p2> Uy (2). (17)

It follows from this equation, that the defect (3 p?)
from (17) does not distort the direction (16) along which
hydrogen atom can move.

Moreover, the relation (17) indicates that potential energy
of interaction of hydrogen atom with its environment doesn’t
depend on the location of the defect. It means that potential
energy of hydrogen atom interaction with the defect is de-

localized.

In case of a vacancy the potential energy U,, after similar
transformations, differ from (17) only in terms of the type
of the defect form

U, = <1 + % p2> Us(2). (18)

Thus, in the problem of calculating the potential energy
it is enough to consider only transition along the direc-
tion (16).

The motion equation for the system ,crystal with de-
fect 4 foreign atom™ may now be written as:

d2 — dys  dyp’

d*énp

M W = +ac - [(én+1,ﬁ + én—l,ﬁ - 27/'n,ﬁ)

+ (Gns2p +én—1.8 — 2np) + (dns3p +én—1.8 — 2¥np)
+ (&ns2p T éni1p — 20np) + (énsap +énvr1s — 2¥np)
+ (§n+3,ﬁ +éni2p — ZVn,ﬁ)]

2 5
+ay- 3 bp® - [(&nr1s +én-15 — 2Vnp)
+ (§n+2,ﬁ +én_18 — 2Vn,ﬁ) + (§n+3,ﬁ +én-1p — 2Vn,ﬁ)
+ (énop + énr1p — 2vnp) + (éns2p +éns1p — 20np)
+ (éni3p +éns2p — 2Vn,ﬁ)]’

(19)
where ﬁ = X1, X2, X3, X4, X5, X¢.

The new system of motion equations represents a system
of interlocking differential equations linking the foreign atom
displacement with the atomic displacements of the nearest
lattice.

For simplicity we use the adiabatic approximation which
states that atomic displacement of lattice &np(t) cannot
exceed displacement of the foreign atom yg [31,32]:

np(t) < pp(t). (20)

Then, the hydrogen atom displacement between the two
lattice sites is added [31,32]

2, @Png
énr1p +én1p —2np=7"" ae (21)

to the difference of displacements between the neighboring
lattice sites [21,32]:

d?y
Envip+én1p—2p T2 Tz‘ﬁ’ (22)

where f = X1, X2, X3, X4, X5, Xg.

6.1. Simplified motion equations

Now we may replace the parentheses for the mutual
atomic displacements in the lattice and mutual displacement

Physics of the Solid State, 2024, Vol. 66, No. 7
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of the light atom and lattice atoms in the system of equa-
tions (19) with (21) and (22), and, allowing for (6a), (11)
and (11a), we obtain the system of equations.

Having selected the vector direction T, (16) we simplify
the motion equations written in (19). Now we obtain the
system (23) that indicates that motion of the foreign atom
is unidimensional and rectilinear.

rn# dzl—‘)(1 8U1

TR T

Ty,
dt2

dzl—‘)(3
u e

2
f ddfzx - =0
dry,
dt?
dry,
dt?

dz‘gn,xl _
dt2

i B2énx,
dt2

# dz‘gn,x,%
dt2
d%&nx,

# —
W =0

d?¢
# nXs _
W =0
dz‘gn,xs
dt2

:0’

:0’

M

Mm* =0,

where m is effective mass of the foreign atom,

m' =m-—q,7? (23a)

M# — effective mass of lattice atom from the nearest
environment of the foreign atom

M* =M — ac72. (23b)

a, — Interaction constant of the foreign atom with
the nearest environment atoms, «c — mutual interaction
constant of the lattice atoms.

The system (23) consists actually of the non-related
equations which facilitates their further investigation.

Physics of the Solid State, 2024, Vol. 66, No. 7

6.2. Discreteness of foreign atom motion,
momentum conservation law

The seventh line of the system of equations (23) can be
expressed in another way

d? 2b
w (Mﬁénj + Tp C(y ZFXI) =0. (24)

This indicates the following two facts:
1) Locally, the momentum of sub-system ,,Si, + H* is
preserved (n-th atom of the silicon lattice and foreign atom):

2
d (Mﬁén,z + 2bp° ayrzl“ﬁ) = const. (25)
dt 3

The equation (25) is defined with an accuracy up to the
momentum imparted to the lattice.

2) Since the displacements of &,; n-th atoms of the
silicon lattice are discrete, (i.e. &, each is attributed to
its nth node), they only take on discrete values I'gpn.
Moreover, this leads to the discreteness of the hydrogen
atomic displacement vector itself

r=r, (26)

Displacements of the foreign atom appear to be discrete
and controlled through the interaction with the nearest
Sip, — atoms.

Given the (26), the first equation of the system (23)
provides a possibility of being re-written as

d’T, aU;

7. Expansion of potential U,

Motion of the foreign atom in a disordered structure is
well defined by the regular portion of the potential (17)
and (18). When the foreign atom in the regular lattice
is moving from one position to another, the environment
of this atom remains unchanged and, consequently, the
potential energy of this interaction remains the same.
Therefore there should be a transition operator T, acting
as follows:

T(ap)Uy(T) = Uy (T + ay),

where a;, — minimal displacement vector of H-atom in
direction towards n-th position,

F - nan.

Let’s expand U; (I' + ap) in a series in a point defined by
the end of the vector I':

o~ 1 9
U](r+an) = me U1
m=0

L am
(Z m or™

(Day

m) Ui (I1) = T (an) Ui (I').
(28)
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The forward motion of the light atom along its possible
positions is equivalent to backward motion, because the
direction was not specified in the first place. Therefore, the
operator of transition from one position into the neighboring
one does not depend on the direction of this transition. In
this case, the nearest member of series (28), which in the
disordered system is irrespective of the transition direction,
and only depends on distance, is a second order operator
with the squared distance (a2).

1 92U (I)

2 a2

(ap) = T (aq)Ur (ID).

As follows from (28), operator T(a,) commutes with
operator 32/dT', and they have same eigenfunctions. Here,
the eigenfunction is U;(I"), which represents the potential
field dragging the foreign atom from one position to
another. In this case the behavior of functions U;(T),
as a value preserved in transition from position I, to
I'ny1 =T'h + a, may be represented as a Sturm—Liouville
eigenvalue problem

92U, /0T? = —AU,,

here A — eigenvalue. Thus, the eigenfunctions have a form
of a space-periodic function:

U (Tk) ~ exp[£j2aTy/an).

It means that preservation of the short-range order during
random transitions between the nearest spatial tetrahedral
positions will lead to a space-periodic function of potential
U;(I'x). Let us choose the cosine type for such poten-
tial [21,33]:

U; = A[l — cos(2al'n/an)]. (29)

Hence, the first equation of system (23) with poten-
tial (29) results in Frenkel—Kontorova equation

dr, 27 27Ty
o 2T AL
i a sin a (30)

where m? is effective mass defined by the ratio (23a), A is
amplitude of periodic potential defined by the property
and configuration of the crystal short-range order [31].
Equation (30) is called Frenkel—Kontorova equation. This
equation in our problem defines the displacement of
nth node of the virtual chain of possible light atom
locations.

Thus, having reviewed potential energies from the
Lagrangian (1) and having significantly transformed the
motion equations we obtained the Frenkel—Kontorova equa-
tion. By solving this equation we may describe the ,kink*
(inflection) translational motion [21,31,32]:

Ih= <%> arctg Cy exp <i‘2’;‘—ﬂ\/—A/rrf* S(t— nr)> .
n

(31)

The following Lagrangian corresponds to the equa-
tion (30):

2
e~ [(%) 4o (T
—A(l - COS(2ﬂFn/an))]

This Lagrangian describes 1D I'y kink motion and
contains data about the defects of the 3D lattice.

8. Soliton structure and forms of foreign
atom motion

The magnitude A is an amplitude of periodic field (31)
defined by the ratio [31]:

A= Ga}/4r?, (32)

where G is silicon shear modulus, 79.9 - 10'° din/cm?; a,, is
distance between the neighboring tetrahedral interstices.
Effective mass

2
m=m-aq, (1+2b3p >r2. (33)
Here 7 is decomposition time, 7 < 107135, which now
serves as a parameter of equation. From (32) it follows that
the soliton moves if it has negative effective mass [31,32]:
m* < 0. In order to calculate m" we need to know «,. The
magnitude a, is defined by the atom polarizability S(n):

e2
a, = W’
where e is electron charge equal to 4.8-10710g!/2. cm3/2/s.
The value of the inter-crystalline field in the covalent
crystals reaches the values of &~ 107 +~ 10 V/em. The
intensity of this field is enough to polarize the selected
atoms [34-36]. This field distorts the n-th energy level E,
of the foreign atom by value AE, and is a squared value in
terms of field € [36,37]

AE, = —%,B(”)g?

Hence, the polarizability 8" depends on the quantum
state of the light atom, thus, if there’s no conductivity
electrons in the covalent crystal, then the atom in n-th quan-
tum state placed in the crystal, would remain in the
same state. Thus, the behavior of effective mass defined
by (24a) shows how the atom weight m and quantum state
expressed through polarizability S affect the behavior of
soliton I'y.

Physics of the Solid State, 2024, Vol. 66, No. 7



Modes of motion of light atoms (hydrogen and helium) in diamond-like lattice 1131

Table 1. Effective masses
B =0.667 - 1073 (nm?)

of hydrogen isotopes at

Atom Weight, m, (g) Effective mass m*, (g)
x 1072 x107%
'H 1.67 —2.5059
H 2.1.67 —5.0118
H 3.1.67 —7.5176

Figure 4. Formation of soliton in the virtual chain of possible
locations of the hydrogen atom. Y-axis shows the displacements in
n-th site of the virtual chain (nm). X-axis shows n — number of
sites of the virtual chain.

Effective soliton mass is negative for all hydrogen isotopes
(Table 1). All these isotopes may move in crystal only
as a collective consisting of the foreign isotope and the
accompanying reversible atomic displacements.

Transition of hydrogen atom from one position to another
(as illustrated in Figure 4) allows to monitor the number
of lattice atoms participating in the formation of the
soliton. According to the local momentum conservation
law (25) each virtual location of the hydrogen atom in the
virtual chain is directly related to the silicon atoms. This

0.4 T T

e
—_—
T
|

0 I I
0 2 4 6
n

circumstance allows us to trace how many atoms of the
lattice take part in the soliton formation. Thus, the soliton
in Figure 4, involves 10 atoms (although there are only 4
neighboring atoms), starting from the atom marked in blue
color and other atoms marked in white. The soliton shown
is moving from the left to the right. Black color denotes
the steady states that the soliton has already passed. Blue
color designates the state where the atom is located at the
present moment. White color shows unsteady states where
the atom is yet to come.

8.1. Parameter impact on the soliton structure
formation

Formation of soliton can be traced by selecting different
scale 7 in (31). Since the interaction constant is defined
by polarizability of the foreign atom, the ultimate minimal
time of soliton tracing can be limited, e.g. by the
value 7 ~ 10~!7, which is comparable with the ,period
of the electron circulation in Bohr hydrogen atom™ or
by comparing the reverse frequency of electronic density
oscillations [38] (Figure 5).

8.2. Impact of atom mass and polarizability on
the form of soliton

To form a ,step” for hydrogen: we need 8 atoms for H,
9 atoms for 2H, and 11 atoms for *H (Figure 6,a). Heavier
tritium starts moving earlier than light atoms (hydrogen and
deuterium) and continues longer.

The situation is somewhat different for helium (Table 2).
Each helium isotope, irrespective of its mass, has three
different types of polarization [34,35]. At 8 = 0, 0203 nm?
the effective mass is less than zero which provides the
translational motion. The heaviest *He has the lowest

effective mass, and, vice versa, the lightest He has the
highest effective mass. Two other polarizability types can
only ensure oscillatory motion of helium isotopes, since
their effective masses would be positive. To form the soliton
of helium isotopes a very large number of silicon atoms is
required (Figure 6, b).

0 l l L
0 22 44 66 88 110
n

Figure 5. Form of soliton at 7 = 107'*s (a) and 7 = 107'%s (b). Y-axis shows the displacements in n-th site of the virtual chain (nm).

X-axis shows n — number of sites of the virtual chain.
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Table 2. Effective mass of helium isotopes in three ground states
. Polarizability Weight, m, Effective mass,
Condition Atom B, (nm3) x 1072 g mt, x10~2* g
’He 2-1.67 —2.73098
1's *He 0.0203 3.1.67 —4.09647
“He 4.1.67 —5.46195
He 3.1.67 34691
2's *He 11.8 3.1.67 50203
“He 4.1.67 6.938
He 2-1.67 3.695
2’s) *He 467 3.1.67 5.542
“He 4.1.67 7.389
8.3. Impact of defects

Frenkel defects and vacancies significantly influence the
form of the soliton and the number of atoms in its
environment, (Figure 7).

04 T T T T T T T T T

0.3
—— H(n)
eee D(n)0.2
-~ ~T(n)

0.1

04 T T T T T T T T

0.3

— M(n)
ces P(n)02
-=-0)

0.1

S oo ol

80 90

0
0 10 20 30 40 50 60 70
n

Figure 6. Comparison of transitions to the neighboring position
for hydrogen (a) and helium (b) isotopes. (a) T(n) — tritium,
D(n) — deuterium, H(n) — hydrogen. (b) Q(n), P(n), M(n) —
helium isotopes “He, *He, *He, respectively (short-lived radioac-
tive isotope “He was added to indicate the systematic nature of
dependence). Y-axis indicates the displacements in n-th site of the
virtual chain (nm). X-axis shows N — number of sites of the virtual
chain.

0 ] ] ..°0¢....-

0 20 40 60 80

Figure 7. Displacement of soliton of helium isotope “He in its
ground state in a regular structure corresponds to the function
K(n), kink displacement in the lattice with a defect corresponds
to G(n). Y-axis shows the displacements in n-th site of the virtual
chain (nm). X-axis shows — the number of nodes in the virtual
chain.
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’ \
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Figure 8. Velocity distribution in a soliton formed by helium
atom for various virtual positions.

Physics of the Solid State, 2024, Vol. 66, No. 7



Modes of motion of light atoms (hydrogen and helium) in diamond-like lattice 1133

Table 3. Oscillation frequencies of helium isotopes

o . . Angular frequency
Polarizability | 2'Sy Effective mass 14
w, x10
’He | 3.3528-107%g 0.0940143
11.8nm® | *He | 5.0292-107*¢ 0.0781504
“He | 6.70564 - 10~ ¢ 0.0664782

Finally, let us consider the velocity distribution in the
soliton (Figure 8). Soliton velocity is hard to determine
since its formation involves about 140 lattice atomic dis-
placements (see Figure 8). Velocity of the foreign atom
within the soliton would be different at every lattice node
(virtual path). Maximal velocity in this distribution would
be the sound speed in silicon crystal [39]. Such velocity
maximum corresponds to the most unstable state, e.g.,
position corresponding to the inflection point (Figure 7).

9. Influence of soliton motion
on the lattice

From the last equation of set (23) with account for (31)
it follows that the displacements of lattice atoms are fully
defined by the soliton behavior. Maximal displacement
of this soliton &, ~ 0.02nm is an order of magnitude
less than maximal soliton displacement for the foreign
atom at the node (which is equal to the distance between
the neighboring tetrahedral interstices) and corresponds to
I'n ~ 0.4nm (Figure 9).

10. Oscillatory motion of the foreign
atom

It follows from the ratio (31) that, provided the effective
mass is positive, the value

27 A

ap V¥

is imaginary and equal to the angular frequency of the
foreign atom in the interstice jo = /—A/m¥. Table 3
lists the oscillation frequencies of helium isotopes in the
interstice with such a polarizability when the effective mass
is positive (Table 2). It is evident from the table that
frequency decreases with the increase of mass.

Soliton motion ceases and the foreign atom turns to the
oscillation mode.

11. Conclusion

This paper considers the problem of light foreign atom
(hydrogen, helium) motion through a crystal lattice. It was
taken into account that the foreign atom exerts influence
upon the adjacent lattice atoms.
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Figure 9. Influence of foreign atom soliton on the reversible
lattice atoms displacements. Red color indicates the kink for the
foreign atom moving to the right. Blue color shows the kink for
the reversible displacements of lattice atoms.

The silicon crystal was chosen because of its diamond-like
lattice and a set of interstices capable of hosting the foreign
atoms chosen. Only tetrahedral interstices were taken into
account.

The number of possible interactions (bonds) of the
foreign atom with its environment — lattice atoms, is
provided due to a local structure of the crystal interstices.
This number of local bonds (chains) allowed to introduce
a linear multi-dimensional space where the foreign atom is
moving.

The use of Lagrangian for such system enabled us to find
a motion equation describing the motion of both the foreign
atom and the lattice atoms in a multidimensional space.
The symmetries assumed by the initial (trial) Lagrangian
resulted in appearance of a 1D Lagrangian which helped
us discover various options of the foreign atom motion and
account for the defects in the lattice.

1. The foreign atom may move across the crystal only
as a part of the collective, accompanied by reversible
displacements of the nearest lattice atoms. Effective mass
of such soliton is negative. This collective can be described
by the Frenkel-Kontorova equation (soliton) obtained from
from the 1D Lagrangian.

2. The foreign atom is only manifested in the lattice as
an individual particle when in the oscillations mode. The
effective mass of such atom is positive. Oscillation frequency
of this atom is ~ 1/4/m

Since selected foreign atoms have a set of isotopes
and, independently, possible quantum states that could
be manifested through the polarizability of hydrogen and
helium atoms, the new situations have come about.

3. It turned out that solitons for heavier isotopes move
faster across the lattice compared to the solitons for lighter
isotopes.
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4. Effective mass of soliton depends on the actual mass of
the foreign atom and its polarizability. Therefore, because
of the ratio of the real mass and polarizability the chosen
foreign atoms (isotopes) can manifest themselves either
during motion through the crystal as a Frenkel—Kontorova
soliton, a collective comprising the foreign atom and the
accompanying reversible displacements of the lattice atoms,
or as an individual atom in the oscillation mode.

Funding

Maria Gannibal appreciates support from the Russian
Scientific Fund, grant No. 23-27-00416.

Conflict of interest

The authors declare that they have no conflict of interest.

References

[1] G.G. Boiko, G.V. Berezhnoy. Fizika i khimiya stekla 29, 1
(2003). (in Russian).

[2] Kh.T. Kholmurodov, M.V. Altaisky, LV. Puzynin, T. Dardin
FP. Filatov. Physika elementarnykh chastits i atomnogo yadra,
34, 2 (2003). (in Russian).

[3] JM. Haile. Molecular Dynamics Simulation:
Methods. John Wiley & Sons (1992). 489 p.

[4] L. Bilteanu, M. Posselt, J.P. Crocombette.
arXiv:1111.6455 [cond-mat.mtrl-sci] (2011).

[5] AC.Eddin, L. Pizzagalli. JPCS 24, 17 (2012).

[6] D.R. Kaplan, JW. Corbett, C. Weigel. Phys. Status Solidi B

94, 2 (1979).

| AT Paxton, LH. Katzarov. Acta Materialia 103 (2016).

] Y. Kagan, M.L. Klinger. J. Phys. C 7, 16 (1974).

| C.P. Flynn, AM. Stoneham. Phys. Rev. B 3, 8 (1971).

| AM. Stonecham, C.P. Flynn. J. Phys. F 3, 3, 505 (1973).

]

]

]

]

Elementary

S. Fujii, YA. Uemura. J. Phys. Soc. Jpn 40, 4 (1976).

R. DiFoggio, R. Gomer. Phys. Rev. B 25, 3490 (1982).

S.C. Wang, R. Gomer. J. Chem. Phys. 83, 4193 (1985).

KM. Forsythe, N. Makri. J. Chem. Phys. 108, 76, 6819

(1998).

[15] A.S. Davydov. Teoriya tverdogo tela. Nauka, M. (1980) 639 p.
(in Russian).

[16] Ch. Kittel, Kvantovaya Teoriya Tverdykh Tel Nauka, M.
(1967), 493 p. (in Russian).

[17] OM. Braun, YuS. Kivshar, Model Frenkelya—Kontorovoy,
Kontseptsii, metody, prilozheniya, Fizmatlit, M., (2008),
536 p. (in Russian).

[18] A. Bishop. Solitony v deistvii Mir, M. (1981). P. 72. (in
Russian)

[19] S.A. Kukushkin, A.V. Osipov. Surface Science 329, /-2, 135
(1995).

[20] V.G. Makhan’kov, Yu.P. Rybakov, VI. Sanuyk. UFN 164, 2,
121 (1994). (in Russian).

[21] Yal. Fraenkel. Vvedeniye v teoriyu metallov Fizmatlit, M.,
(1958). 368 p. (in Russian).

[22] N.M. Johnson, C. Doland, F. Ponce, J. Walker, G. Anderson.
Physica B 170, 3 (1991).

[23] SK. Estreicher. Phys. Status Solidi B 217, 1 (2000).

[24] U. Lindefelt, A. Zunger. J. Physics C 17, 34 (1984).

[25] LJ. Munro, DJ. Wales. Phys. Rev. B 59, 6 (1999).

[26] C.G. Van de Walle. J. Vacuum Sci. & Technology A 16, 3
(1998).

[27] C.G. Van de Walle. Physica B: Condens. Matter 170, 1 (1991).

[28] C.G. Van de Walle, Y. Bar-Yam, S.T. Pantelides. Phys. Rev.
Lett. 60, 26 (1988).

[29] K. Lantsosh. Variotsionnyie printsipy mekhaniki. Mir, M.
(1965). 408 p. (in Russian).

[30] LD. Landau, EM. Lifshitz. Teoreticheskaya fizika. Mekha-
nika. Fizmatlit, M., (2004), 224 p. (in Russian).

[31] E.Kalashnikov, L. Tolstikhin, B. Lehmann, B. Pevzner. J. Phys.
Chem. Solids 64, 71, 2293 (2003).

[32] E.V. Kalashnikov, LN. Tolstikhin, B.Z Pevzner FTT 52, 7
(2010). (in Russian).

[33] TA. Kontorova, Yal. Frenkel ZhETF 8, 1 (1938). (in
Russian).

[34] K.T. Chung, R.P. Hurst. Phys. Rev. 152, 1 (1966).

35] ALL. Stewart. . Phys. B 2, 1309 (1969).

[36] G. Bete. Kvantovaya mekhanika prosteishikh system. ONTI,
L-M. (1935). 399 p. (in Russian).

[37] LD. Landau, EMM. Lifshitz. Teoreticheskaya fizika. Quantum
Mechanics: Non-relativistic Theory. Fizmatlit, M., (2004),
800 p. (in Russian).

[38] BKh. Bairamov, V.A.Voitenko, LP. Ipatova UFN 163, 5
(1993).

[39] S. Wang, J. Carlier, P. Campistron, W. Xu, D. Callens-
Debavelaere, B. Nongaillard, A.NDieguene. J. Physics: Conf.
Ser. 269, 1 (2011).

Translated by T.Zorina

Physics of the Solid State, 2024, Vol. 66, No. 7



