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Analytical description of hopping electrical conductivity of compensated
semiconductors and calculations on the example of p-Ge:Ga
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Analytical expressions are proposed for the prefactor oyp; and the thermal activation energy of direct current
electrical e3-conductivity on = 093 exp(—e3/ksT) of compensated n- and p-type semiconductors for hydrogen-like
impurities. The obtained formulas are applicable to describe the hopping migration of both holes via acceptors and
electrons via donors. For certainty, we considered p-type crystalline semiconductors in the range of doping levels
corresponding to the insulator side of the insulator—metal (Mott) concentration phase transition. For simplicity, it
was assumed that the majority and compensating impurities form a single simple nonstoichiometric cubic lattice
in the crystal matrix. The calculation of o3 and e3 values is based on the preliminary determination of the
characteristic temperature T3, in the region of which phonon-assisted tunnel hopping of holes via nearest neighbor
acceptors is observed. The shift of the top of the v-band deep into the band gap due to the formation of a
quasi-continuous band of allowed energy values for v-band holes from the excited states of neutral acceptors is
taken into account. The distribution of the density of hole states in the acceptor band was assumed to be Gaussian.
The influence of the configurational entropy and thermal entropy of holes in the acceptor band on the values of g3
and &3 was also taken into account. The values of 093 and &3 calculated from the obtained formulas for moderately
compensated p-Ge:Ga are in quantitative agreement with the known experimental data on the entire insulator side

of the Mott transition.
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Introduction

Temperature dependence of hopping conduction oy in
case of hole hops between the closest by distance hydrogen-
like acceptors in covalent semiconductors (for certainty let
us consider the crystalline semiconductors of p-type) is
represented in the form [1-5]:

1 &3
= — = - 1
Oh o 003 €Xp ( kBT> ) (1)

where 093 = 1/pg3 — prefactor determined by extrapolation
of dependence Inpy(1/T) to zero of reciprocal temperature
1/T — 0 (Fig. 1), &3 — energy of thermal activation of
hopping transfer of holes by acceptors, kg — Boltzmann
constant, T — absolute temperature.

Derivation of analytical expressions are of interest and
represents a major challenge using equation (1) for values of
prefactor op3 and energy of thermal activation €3 depending
on concentration of N, acceptors and degree of their
compensation K by hydrogen-like donors. Thus, for lightly
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Figure 1. DC electrical resistivity of crystalline semiconductor

of p-type pac at Arrhenius scale. At temperature T =T, band
ovj = 1/pvj and hopping on = 1/pp electroconductivities are
equal; T3 =~ T;/3 — temperature, at which thermal energy of
hopping electroconductivity activation is determined; BC (band
conduction) — band electroconductivity, HC (hopping conduc-
tion) — hopping electroconductivity, NNH (nearest neighbor
hopping) — phonon-assisted tunnel hops of holes between closest
by distance acceptors in charge states (0) and (—1) with activation
energy &3; VRH (variable range hopping) — hops of holes
between acceptors optimized by energy of activation and length.
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doped semiconductors according to Shklovskii and Efros [3]:

)
where pg — unknown power function of N, and T; §(K) —
parameter depending on the compensation ratio (for exam-
ple, §(0.2) ~ 1.78, §(0.5) ~ 1.81, §(0.8) ~ 1.98); a; —
radius of localization of a light hole on a single acceptor.

At temperatures and levels of doping satisfying the
inequation 0.3 < ezNi/ 3ai /4meenT < 1, dependence of en-
ergy of thermal activation €3 on concentration of acceptors
N, and their compensation ratio K for lightly doped
semiconductors has the form [3]:

e?N.)/3
€3 =
dmecgg

F(K), 3)

where e — elementary charge, &, — relative static dielectric
permittivity (determined by electrons of v-band on the
background of ion cores of the crystal matrix), &y — electric
constant, F(K) — function of compensation ratio K (for
example, F(0.2) ~ 0.71, F(0.5) = 0.73, F(0.8) ~ 1.12).

However, calculations using equation (3) give values of
€3 that are higher than the ones experimentally observed.
Besides, this equation is only applicable in the region of
low concentrations of the majority impurities, which yet
does not show the overlapping of their wave functions,
i.e. it does not take into account the contribution to &3-
conductance from the splitting of the energy levels of closely
located majority impurities (,,molecular pairs®).

Previously in [6-8] the model was proposed for calcu-
lation of concentration dependences of prefactor oy3 and
energy of thermal activation &3 in crystalline semiconductors
of p- and n-type. It was believed that atoms of impurities
create in a crystal matrix a single simple cubic nonstoi-
chiometric lattice. Hops of holes take place at thermally
activated ,,alignment” of energy levels of acceptors in charge
states (0) and (—1), while their compensating donors block
some of the sites in the impurity lattice.

However, in papers [6-8], when values of oy3 and €3 were
calculated, the selection of the characteristic temperature
was not justified, at which hops of holes are implemented
between the nearest atoms of the majority impurity. Later
in [9] the analytical expression was obtained for temperature
T3 =T;/3 as the characteristic temperature, at which the
hops are implemented in the nearest neighbors (NNH).
Here T; — temperature of transition from ,free“ motion
of holes of v-band to their hopping migration between
acceptors in charge states (0) and (—1). Besides, [6-
8] did not take into account the shift of the top of v-
band deep into the band gap due to the formation of a
quasi-continuous energy spectrum due to the overlap of the
excited states of acceptors with their concentration quite
high. Note that the contribution to values of 0p3 and €3 may
be made by configurational and thermal entropies (see, for
example, [10-12]). Note that in [6-8,13] the impact of
compensation ratio on values of €3 and op3 was not studied.
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The purpose of this paper is to propose the model
for quantitative description of the hopping conductivity in
the nearest impurities, including behavior values of o3
prefactor and energy of thermal activation &3 with the
change of the doping level and compensation ratio in the
moderately compensated semiconductors on the insulator
side of the insulator—metal (Mott) phase transition, and
also to compare the analytical and numerical calculations
performed on its basis with experimental data [14-23] for
crystals p-Ge:Ga. Selection of the material for comparison
is caused by the fact that homogeneous and controlled
introduction of the majority impurities may be carried out
in it — of acceptors (gallium) and compensating donors
by neutron transmutation doping with thermal reactor
neutrons with subsequent annealing of radiation-induced
defects. Physical and technological aspects of such doping
in respect to germanium of various isotope composition are
presented in [24-26].

1. Model of impurity lattice in crystal
matrix for calculation of
e;3-electroconductivity

Let us consider a crystalline semiconductor of p-type,
doped with hydrogen-like acceptors with concentration
of N, =Nz o+ Nz _; and compensated by hydrogen-like
donors with concentration of Ng = KN,. Here N, and
Na,—1 — concentrations of acceptors in charge states (0)
and (—1) respectively, 0 < K < 1 — degree of acceptor
compensation by donors (compensation ratio). All com-
pensating donors are in charge state (+1). The condition
of electrical neutrality of the crystal at concentration of
holes of v-band p < K(1 — K)N, has the following form:
N, —1 = KN,. Therefore: N, o = (1 — K)N,.

In a crystalline semiconductor of p-type the density of
stationary hopping current Jyp = Jo,—1 of holes between
neighbor acceptors in charge states (0) and (—1) has
the form [7]:

d N dN
Jnp=eNpp [MhE—Dh & <N a’ol)] —o,E—eDy, d;"’,
o

where Npp = Na oNa, —1/Na = K(1 — K)N, — effective con-
centration of holes hopping between acceptors, M —
hopping drift mobility of holes, E — external electric field
strength directed along X axis in a semiconductor, Dy, —
coefficient of hopping diffusion of holes; 6, = eNppMp.

In a crystalline semiconductor of n-type the density
of stationary hopping current Jy, = Jo+1 of electrons
between neighbor donors in charge states (0) and (+1) has
the form [6]:

d N dN
Jin=eNpn [MpE+Dp — In [ —22 ) | =6,E+eDy —=2,

dx Nd,+1 dx
where Npn = Ng,oNg +1/Ng — effective concentration of

electrons hopping between donors, My and Dy, — hopping
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drift mobility and coefficient of hopping diffusion of elec-
trons; oy, = €NpnMy,.

Note that expressions for densities of hopping currents of
holes via acceptors (Jnp) and electrons via donors (Jun) are
in general identical to expressions (see, for example, [27,28])
for densities of currents of delocalized holes of v-band
and electrons of c-band.

DC hopping electroconductivity oy, is measured at con-
stant external pressure P, temperature T and constant
number of acceptors N,V and donors KN,V in a crystalline
sample with volume of V. Hopping migration of holes
in the acceptor band is characterized by activation energy
e3. Under these conditions the expression for oy, similarly
to Arrhenius equation (see, for example, [29]) may be
presented as

on = 603 exp[—(h3 — s3T)/kgT], (4)

where h3(T) = &3(T) 4+ Pv3(T) — enthalpy averaged over
volume V of sample, &3(T) — average energy necessary for
implementation of an elementary act of thermally activated
tunelling of a hole between two acceptors in charge states
(0) and (—1), v3(T) — average change of the total
Lvolume“ of two acceptors when a hole hops between
them, S3(T) = S3t(T) 4 S3m — sum of the average thermal
entropy S3(T) of hole hops activation and configurational
entropy Ss3m of holes on acceptors (its value practically does
not depend on temperature).

Temperature dependences of quantities &3(T), v3(T) and
S3(T) are related by an equation (see, for example, [30,31]):

T(9s3:/0T)pnv = (0e3/0T )pav + P(0v3/0T )pnv,  (5)

where NV = (N, + Ng)V — number of impurities in a
sample with volume of V.
From (4) with account of (5) we obtain

—kB[a ln(ah/6o3)/8(1/T)]p,NV = h3(T) = 83(T) + Pv3(T),

(6)
i.e. derivative with respect to 1/T from logarithm of
ratio oy/6p3 is proportional to enthalpy hs;(T) of thermal
activation of hopping e3-electroconductivity.

With high accuracy the average change of the total
»volume“ v3(T) of two acceptors in charge states (0)
and (—1) when the hole hops between them is negligibly
low, so from (4) we have

on = 003 exp[—(e3 — S3T)/kgT], (7)

where configurational entropy S3n, is included in prefactor
003 = 6'03 exp(s3m/kB).

Following [8,32], let us suggest for simplification of
calculations that doping and compensating impurities form
a nonstoichiometric simple cubic lattice with translation
period diy in a crystal matrix. Let di, be the length of
hole hopping between acceptors, and consider two options
of the impurity lattice with the translation periods:

1) dim1 = 2Rim = 2[47(1 4+ K)N,/3]71/3
~ 1.24](1 + K)N,] 7173,

where Ri,; — radius of spherical area per one atom of
impurity in the lattice;

2) dima = BY*Rim1 = BY3[4m(14+K)N,/3]71/3

~ 0.867[(1 + K)N,] 1/

— distance between acceptors equal to percolation radius
of spherical area per one acceptor with account of donors
blocking the hole hops. Here B, ~ 2.735 — dimensionless
parameter — average number of ,hopping“ bonds per one
acceptor [3,33-36]. At percolation radius diyy the charge
state (—1) of the acceptor, being activated and ,,detached”
from the donor ion, may migrate in a hopping manner via
acceptors through a crystal. In general quantity dip, reflects
effect of self-avoiding walk (by terminology [37]) of holes
via acceptors.

For impurities forming in a crystalline semiconductor
a nonstoichiometric simple cubic ,lattice” with translation
period diy, the temperature T; of transition from migration
of holes by states of v-band to hopping migration of holes
between acceptors (similarly to paper [9]) let us determine
from the virial theorem at concentration of holes of v-band
p < KN, in the following form

1 e?
= 3kp 4mereoRen’ ®)

where Ry — radius of spherical area per ion of im-
purity in a crystal. According to option 1) the value
of R = [(47/3)2KN,] 13 ~ 0.62(2KN,)~"/3;  option
2) Run = (BY?/2)[(47/3)2KN,]~1/3 ~ 0.434(2KN, ) ~1/3;
2KN; = N, 1 + Ng — concentration of ions of hydrogen-
like impurities in a crystal matrix.

At temperatures T < T; the condition of electric neutrality
of crystal has the form

+0o0o
Na,_lzNa/ f 1Gud(Ea—12) = Na(f _1) = KNy, (9)

where f_; — probability of finding an acceptor in the
charge state (—1) with energy level E, > 0 in acceptor
band, G, — density of distribution of energy levels E,
relative to the thermal ionization energy |, = e? /8merepap
of a single acceptor with Bohr radius a, of the hole orbit.

For concentration of electrically neutral acceptors at
T < T; we have

“+o0
Nqo = N, / F0Gad(Ea — 12) = Na(fo) = (1 — K)Na,

(10)
where f — probability of finding an arbitrary acceptor with
energy level E, in charge state (0).

Then, following [38], we assume that energy levels of
acceptors in the band gap have normal (Gaussian) density
of distribution

G, =

~E ) Ia)2> , (11)

— €X
V2mW, P ( 2Wa2

Technical Physics, 2024, Vol. 69, No. 6



Analytical description of hopping electrical conductivity of compensated semiconductors... 783

E,% E, -1
h © © D
@ <o L N
Ep <0 h " hote hop
E,
(Ey) L
AR 1] N S
E,=0 v-band
Ep‘y X
Figure 2. Energy of eclectron E, and energy of hole E,

depending on coordinate X in a single-electron band diagram of
a semiconductor of p-type: E, =0 — top of valence band of
undoped crystal; ,hole hop“ — thermally activated hole (h*) hop
between acceptors (0) and (—1) in the center of acceptor AY~
band; I, > 0 — energy of thermal ionization of a single acceptor,
E\"” <0 — Fermi level, EY’ < 0 — mobility edge for holes of
v-band, 6E, = —E > 0 — shift of the top of v-band deep into
the band gap of the semiconductor due to the merging of excited
states of impurities, W, — root mean square fluctuation of acceptor
energy levels.

where W, — effective width of acceptor band (Fig. 2).
Probability that an arbitratory acceptor with energy level
E, > 0 above the top of v-band (E, = 0) is ionized

@\
E.+E
1+ﬂaexp<%>] . (12)

Here B, — degeneracy factor of energy level of a

foi=1—fo=

hydrogen-like acceptor, Eév) < 0 — Fermi level in band
gap, counted from the top of v-band of undoped crystal,
¢ —kgTIng, = Eév) + 1, — Fermi level counted from
energy level |, of a single acceptor.

With account of Coulomb interaction of ionized acceptor
(in charge state (—1)) only with ions in the first coordina-
tion sphere of a nonstochiometric cubic impurity lattice, the
width of acceptor band is [39]

6 1/2 12
e? 12K\
_ Uz -
Wa o (; PIUI ) 4ﬂ8r80dim (1 + K) ’ (13)

where P; = 2K/(1 4+ K) — probability that near a selected
impurity ion any of the six sites of the impurity lattice in the
first coordination sphere is occupied by an ionized acceptor
or donor; 1/(1 + K) — fraction of acceptors in the sites
of the impurity lattice; |U;| = €?/4me e90im — module of
Coulomb energy of interaction of the selected ion with one
of the nearest ions located at the distance of d;, = 2Ry, in
the lattice of doping and compensating impurities. When
deriving equation (13) it was taken into account that the
crystal-average energy of Coulomb interaction between the
selected impurity ion and ions in the nearest six stres of the
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impurity lattice is equal to zero:

6
Z P;U, = 0.
i=1

Average value of thermal ionization energy of an average
acceptor in charge state (0), i.e. from the center of the
acceptor band (Fig. 2) [40]:

<Ea>_|a<1— ap)_la—SEv, (14)
Rim
where |, — energy level of a single hydrogen-like acceptor,
Rim = dim/2 — radius of spherical area in a semiconductor
per one atom of impurity, §E, = l,ap/Rim > 0 — decrease
in the thermal ionization energy of acceptor in the charge
state (0) due to overlap of excited states of neutral acceptors
with increase of their concentration and formation of a
quasi-continuous band of the allowed energy values for
holes of v-band.
At temperature T3 = T;/3, when W, > kgT3 and

fof -1 — kT3 6(Ea + kT3 Inf, + E),

where 8(E, + kgTsIng, + E")) — Dirac delta-function,

quantity £ = kgT3Inf8, + 1, + Eév) is found from electric
neutrality equation (9) in the form

2K = 1 —erf(¢/vV2W,), (15)

where erf(-) — error function.

Hopping heat capacity C, = —d(E,)/dT per one hole
in the acceptor A~ band is the derivative with respect
to absolute temperature T from average energy (E,) of
the electrically neutral acceptor and has the following form
(see Appendix):

+o0
— 1 2
= (1_K)kBT2l / G fof1dE ~1s)

— 00

+00

_ﬁ</EaGafof1d(Ea—la))2], (16)

— 0o

where &, > 1 — dimensionless parameter [38]:

+oo
1 keTM, 1
— = = k=1 /Gafof_ld(Ea l). (17)

én eDy

For a narrow acceptor band, when W, < kgT;s
and G, — §(E, —l,), from equation (9) with account
of (11), (12) we obtain & =kgTslnp, + E +1, ~
~ —kgTs In[K/(1 — K)]. In this case from (17) with account
of (11)—(13) it follows that &, ~ 1 and C, = 0.

For a wide acceptor band, when W, > kgT; and

fof,l — kBT S(Ea + kBT3 lnﬂa + EIE‘U))?
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equation (9) with account of (11),(12) takes the form
2K =~ 1 —erf(£/v/2W,). In this case from (17) we have
&~ K(1 —K)pv2mexp(£2/2W2) and Cy = qTs, where
y =W,/kgT; > 1 and q — a certain constant.

Dimensionless parameter &, > 1 characterizes the dif-
ference in the degree of impact from fluctuations of
electrostatic potential energy in a crystal due to its doping on
the coefficient of hopping diffusion and on drift hopping mo-
bility of holes in the acceptor band. For a narrow acceptor
band (W, < kgT3) parameter &, = 1 and Dy,/My, = kgTz/e.

Average thermal entropy S3; = S3;(T) of activation of hole
hops between acceptors is (see equation (A6) from Ap-
pendix)

T

I

Sy = / ChT(T ) g, (18)
0

where C, — hopping heat capacity per one hole in the

acceptor band using equation (16).

Configurational entropy of distribution of electrically
neutral states of hydrogen-like acceptors with number of
Na.oV = (1 — K)N,V per one acceptor in the crystal matrix
of a semiconductor with volume of V over all acceptors is
(see equation (A9) from Appendix):

Sam = —kpIn[KX(1 — K)17K], (19)

where 0 < K < 1.

Note that configurational entropy S, by equation (19)
matches the equation for entropy proposed in paper [12] that
describes the number of ways to distribute ,,free” holes of v-
band over acceptors at hole concentration p < K(1 — K)N,.

2. Equations for prefactor o;
and activation energy &;

Hopping conductivity averaged by all possible orienta-
tions of a nonstoichiometric impurity lattice relative to
direction of external electric field strength o, = 1/pp with
account of thermal entropy S3; = S3(T) by equation (18)
and configurational entropy S, by equation (19) is given
by expression (compare [6-8]):

L @K1 KNG T
T TT2(1 + K)keT

- h3 — S3T &3 — S3tT
=003CXp | — kBiT =003€CXp | — kBiT s
20)

where oy = eNppMy, — hopping  electroconductivity in
direction of external electric field, Nyp = K(1 — K)N, —
effective concentration of holes hopping between accep-
tors, din — length of hole hopping; here it accounts
that 093 = 693 exp(Sam/kp) (see equations (4) and (7)),
and also Dy/My = &,kgT/e — ratio of diffusion constant
of hopping holes to their drift hopping mobility [38];
S3 (T) = S3m + S3t(T).

We specifically note that equation (20) accounts hops of
holes only along the edges of the impurity cubic lattice with
its arbitrary orientation in relation to the direction of external
electric field strength in a macroscopic semiconductor
sample [6,7].

Average frequency of hole hops included in equation (20):

+00

1
M~ ——— Gyfof _1d(Es —1
h T3K(1—K) / al0 1 ( a a)
1 &3 — Sy T
34h 3exp< kgT > @
where I's = 1/ = 1/73 — frequency of hole tunneling

between acceptors in charge states (0) and (—1). Equa-
tion (21) includes Fermi level E{"). To find it, the condition

of electrical neutrality (9) may be resolved relative to the
quantity { — kgTIng, = Eév) +1,. Then we obtain the

value of Fermi level Eév) =¢ —kgTInB, — I, < 0 relative
to the top of v-band in an undoped crystalline semiconduc-
tor of p-type (Fig. 2).

Within the framework of the theory of a molecular
hydrogen ion Hj the time of hole tunneling between
two acceptors (indices 1 and 2), located at the distance
dim, given the difference between their energy levels
Ayip = Epp — By = V368 Ea, can be estimated according
to [41], as follows:

ah <Aalz)2 27h
3 = T 1

= = —, 22
5 Eat 5 Eat 5 Eat ( )

where 27h = h — Planck’s constant, SEat(Eév)) — broad-

ening (splitting) of energy levels E, = EY — Eév) of two

acceptors due to hole tunneling between them:

A—BS

OBy = 4By @,

A= (1+p)exp(—p); B=[l—(1+p)exp(—2p)]/p.
p=dm/a, S=(1+p+p*/3)exp(-p).  (23)
Here for option 1) dim~1.24[(1+K)N,]~"/3 and for
option 2) dimz~0.867[(1+K)N,|~1/3; a,=e?/8me&0Eq.
For a prefactor (pre-exponential factor) in temperature
dependence (7) from expression (20) with account of (21)
we obtain
5'03 . ezKlfK(l — K)KNadisz3
KK(I— KK — 1201 + K)&ksT

op3 = (24)
where the time of hole tunneling 1/T'3 = 73 = 77 is deter-
mined by (22), coefficient & > 1 is given by equation (17).

Integral activation energy e3 for hopping electroconduc-
tivity is obtained from (21) with account of (20) in the form

&3 = —kgT ln(Fh/F3) + 53T =kgTIn&, + 53T > 0.
(25)

Technical Physics, 2024, Vol. 69, No. 6
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From (25) with account of (17) it follows that e3 — 0 in
the limit of zero temperature (T — 0), which is, however,
evident from physical assumptions [42].

Note that from (25) an expression for differential ther-
mal activation energy &} of hopping electroconductivity is
obtained in the form

¢ = —kp din(on/003)  d(e3/T)

d(i/T)  d(1/T)’

so & = &3, if &3 does not depend on temperature in the
vicinity of T3 ~ T;/3 (Fig. 1).

Further let us assume that quantity 2A,; /\/§ = Aa12/2 is
approximately equal to splitting of energy levels in two
acceptors 6E, by (23) at resonance, i.e. 24,/ V3 = §E,.
Then the frequency of hole hops between quasi-steady-
states of acceptor energy levels with account of (21) has
the form

+oo
r
Th(Aap) = rim / Gafo(Ea + Agt) f _1(Ea — Aat)

x d(E, — I,) = T3 exp (_M) ,

ks T
(26)

where
fo(Ea+ Au) = {1+ B; " exp[—(EY) + E, + Ay) /kpT]} !

— probability of filling the acceptor with a hole at energy
level E, + Aa;

f 1 (Ea— Ag) = {1+ Baexp[(EY) + E, — Agy)/kpT]} !

— probability that the acceptor with energy level E, — Ay
is ionized; at Ay — 0 we have: f_; =1 — f for all values
of E,. From equation (26) the activation energy follows

£3(Aat) = —KpT In[Th(Ag) /T3] + S3.T. (27)

Equation (27) for a lightly doped crystal
(2Aqt/ V3 =8By < kgTs) changes into equation (25).
Note that in heavily doped moderately compensated semi-
conductors near the Mott concentration phase transition
the holes migrate in the energy range of the acceptor
band with width of 2A, = 8Ey in the vicinity of Fermi
level Eév) between (quasi)resonant pairs of acceptors [43].
Then, similarly to Drude—Lorentz approach (see, for
example, [27,28]), the tunneling electric conductivity Oyn
by acceptors in the limit of the wide acceptor band W, and
low temperature, i.e. when W, > kgT, has the form [43]:

e?K(1 — K)N, 7y 1
( ) aftun Ea®tun = ) (28)
2mp(, Ptun

Otun =

where Ty = wh/SEy — time of hole tunneling between
two acceptors in charge states (0) and (—1), located
at the distance di, when their energy levels coincide

0 Technical Physics, 2024, Vol. 69, No. 6

(Ea1 = Ea2) (see equation (23)); E,=1/(1+K) —
fraction of acceptors in the impurity lattice sites,
Mps — effective mass of hole -electroconductivity in

v-band; Oy, fraction of pairs of acceptors in
charge states (0) and (—1), whose energy levels E,

are +A, = £0.55E, away from Fermi level (—Eév) > 0)
ie. (B —Ay—1,) <E —1, < (=EY 4 Ay —1,), is

given by the relation:
1 EY 4+ A+ 1,
Oun = = |orf | T 2
" 2K(1 = K) l < V2W,

—erf Elgv) —Aa+1a
V2W,
Expression (29) takes into account the fact that some

(1 —K) acceptors are occupied by holes, and some
K are free.

< 1L (29)

3. Comparison of calculations with
experimental data on p-Ge:Ga

From experimental works on p-Ge:Ga the data was
selected for samples with moderate compensation ratios
0.15 < K < 0.85 and gallium concentrations N, < Np,
where Ny ~ 1.85-10"7 e¢cm~3 — concentration corre-
sponding to Mott transition at K a2 0.35 (see, for exam-
ple, [43,44]).

When calculating the energy of thermal activation &3
and prefactor pg3 in crystals p-Ge:Ga the following values
of parameters were used: relative dielectric permittivity
& = 15.4 [45]; gallium atom energy level degeneracy factor
Ba = 4 [406]; energy of thermal ionization of a single gallium
atom |, = 11.32meV [47,48]; effective mass of electrocon-
ductivity of hole of v-band mp, = 0.26my [43,49]; my —
mass of electron in vacuum; ap = e? /8megply = 4.13 nm.

Note that experimentally observed [50] temperature
values T, for crystals p-Ge:Ga with gallium compen-
sation ratio K=0.3 are: T,=4.03K for concentration
N,=3.57 - 10 cm—3; T;e=5.02K for N, =7.59 - 10 cm™—3;
Tie = 8.03K for N, =3.10- 10 em~3; T;e = 11.20K for
N, = 1.49 - 10'® cm~3. Calculations of temperatures T;; and
Ti> using equation (8) for options 1) and 2) provide values:
Tji =3.49K and T, =4.99K for N, =3.57- 10" cm™3;
Tji =4.49K and T, =6.41K for N, = 7.59- 104 cm~3;
Ti = 7.17K and Tp = 10.25K for N, =3.10- 101> ecm—3;
T = 12.10K and Ty, = 17.30K for N, = 1.49 - 10'¢ cm 3.
So, the calculations T; using equation (8) for two options
of the impurity lattice periods generally agree with the
experimental data [50].

Fig. 3 presents the dependence of the thermal
activation energy &3 of hopping electroconductivity
in crystals p-Ge:Ga on concentration of gallium at
K =0.35. The calculation was carried out using
equation (27) at temperature T;/3 for distances be-
tween impurities dim1 &~ 1.24[(1 + K)N,]~13 (curve 1I);
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Figure 3. Dependence of activation energy &3 of hopping
conductivity in p-Ge:Ga on concentration of acceptors N, in
units of apN;/ 3, where ap — Bohr radius of the hole on the
gallium atom. Solid lines — calculation using equation (27)
for K = 0.35 at temperature T,/3 for dimi ~ 1.24[(1 + K)N,] ™"/
(curve 1) and dimz ~ 0.867[(1 4+ K)N,]~"/3 (curve 2); dashed line
3 — calculation using model [3]; points — experiment: a —
[14,15], b — [16-18], ¢ — [19], d — [20], e — [21], f — [22],
g— [23].

dim2 &~ 0.867[(1 + K)N,] =3 (curve 2). Dashed line 3
in Fig. 3 shows calculation &3 ~ 0.762N;/ 3 /4me ey using
model [3] for K = 0.35. It is seen that calculation by (27)
generally agrees with the experimental data [14-23], and
approximation diyy better describes the ascending part of
experimental dependence in Fig. 3, while approximation
dim1 — the descending one. While the model [3] gives
overestimated values of activation energy &3 of hopping
conductivity and is applicable only for the ascending section
of experimental dependence at low doping levels.

Fig. 4 shows with solid lines the calculated dependences
of the pre-exponential factor (prefactor) po3 = 1/0p3 by (24)
for hopping resistivity p, = 1/0w on concentration N, of gal-
lium atoms in p-Ge:Ga. The calculation was carried out at
compensation ratio K = 0.35 and temperature T;/3 for dis-
tances between all impurities O & 1.24[(1 + K)N,]~1/3
(curve 1) and dim ~ 0.867[(1 +K)N,]™1/3 (curve 2).
Dashed lines in this figure show dependences of tunneling
resistance pn, using equation (28) of model [43] for
distances between impurities ding ~ 1.24[(1 + K)N,]~1/3
(curve 1I') and dipy ~ 0.867[(1 + K)N,] =13 (curve 2).
It is seen that when Mott transition is approached, the
experimental values of resistivity reach calculations us-
ing model [43].

Note that in calculations of tunneling resistivity py, the
splitting of SE,; energy levels by equation (23) includes
Bohr radius a; = e2/8ﬂsreoEat. Radius a; corresponds
to energy level E, = E,gf ) _ Eév) > 0 of hole tunneling

between two acceptors, where Efrf ) — —38E, < 0 (see equa-
tion (14)). Quantity a, is somewhat different from the Bohr
radius ap = e?/8me eol, of hole orbit in a single acceptor,
used in calculations py, in article [43] for compensated

lg(pg3, ©-cm)

1
0.05 0.10 0.15 0.20

Figure 4. Dependence of resistivity po3 = 1/003 of hopping
conductivity in p-Ge:Ga on concentration of acceptors N, in
units of apN,/?, where a, — Bohr radius of the hole on the
gallium atom. Solid lines — calculation using equation (24) for
K =0.35 at temperature T;/3 for Oim = 1.24[(1 4+ K)N,]7"/
(curve 1) and dim ~0.867[(1 + K)NJ]~*  (curve 2);
dashed lines — calculation using equation (28) of
model [43] for dim &~ 1.24[(1 + K)Na]™* (curve 1') and
Gim2 = 0.867[(1 + K)N,]~/* (curve 2'); points — experiment:
a — [14,15], b — [16-18], ¢ — [19], d — [20], e — [21],
f —[22], 9 — [23].

02 03 04 05 06 07 08
K

Figure 5. Dependences of activation energy €3 (a) and
resistivity po3 (b) of hopping conductivity in p-Ge:Ga on com-
pensation ratio K. Solid lines — calculation of &3 using equa-
tion (27) and po3 using equation (24) for N, = 2.66 - 10"* cm >
at temperature T;/3 for Ghim =~ 1.24[(1 + K)NJJ™* (curve 1)
and im = 0.867[(1 + K)N,]~"* (curve 2); dashed line 3 —
calculation using model [3]; points — experiment [15].
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heavily doped semiconductors of p-type. However, the
calculated values of py, at orbit radius a; for moderately
compensated crystals p-Ge: Ga near Mott transition practi-
cally do not differ from calculations py,, at radius aj.

Fig. 5 shows dependences of energy activation ¢3 (a)
and pre-exponential factor po3 = 1/003 (b) of hopping
conductivity in germanium on compensation ratio K of
gallium atoms with concentration N, = 2.66 - 101> cm™3.
Calculations of &3 using equation (27) and po3 us-
ing equation (24) at temperature T;/3 for distances be-
tween impurities Gim1 &~ 1.24[(1 + K)N,]~1/3 (curve I) and
dim2 =~ 0.867[(1 4+ K)N,]~!/3 (curve 2) are shown. Dashed
line 3 in Fig. 5,a shows calculation &3 using model [3]
for N, =2.66-10% cm—3. Tt is seen that calculation of
€3 using (27) generally agrees with experimental data [15],
while using model [3] gives overestimated values.

Conclusion

Analytical calculation of hopping electric conductivity
parameters was conducted in crystalline semiconductors in
NNH mode based on the example of p-type material. The
principal difference of the proposed method for calculation
of hopping conductivity parameters is the method to find the
position of the drift mobility edge for holes of v-band. This
mobility edge is caused by formation of a quasi-continuous
band of allowed energy values from the excited states of
electrically neutral acceptors for holes of v-band, which
decreases the value of thermal energy of majority impurities
ionization.

It was suggested, for simplicity, that in a crystal matrix
the doping and compensating impurities form a single
nonstoichiometric simple cubic lattice. Two variants of
a cubic lattice are considered with different translation
periods. It was also assumed that the width of the acceptor
band is determined by Coulomb interaction of impurity ions
in the first coordination sphere of the nonstoichiometric
impurity lattice.

To determine values of o0p3; and e3, first temperature
T; was found, at which thermally activated tunnel hops
of holes are observed between the neighbor acceptors in
charge states (0) and (—1). It was taken into account that
with the increase in the doping level in ,,molecular* pairs of
acceptors in charge states (0) and (—1), energy levels of one
pair split by value of 6E,. It was assumed that migration of
holes by acceptor states occur in the energy band with width
of v/38E, near Fermi level in the impurity band. For the
first time the calculations of hopping &3-electroconductivity
took into account the impact of thermal and configurational
entropy on parameters op3 and ¢3.

Quantitative description was obtained for the behavior of
prefactor op3 and energy of thermal activation &3 of hopping
electroconductivity with change of the doping level and
degree of compensation of a semiconductor on the insulator
side of Mott transition.

0" Technical Physics, 2024, Vol. 69, No. 6

Numerical calculation of 6y3 and &3 values using proposed
equations (24) and (27) was carried out for crystals p-
Ge:Ga. Results of the calculations for op; and &3 values
agree with the known experimental data for moderately
compensated and well-characterized crystals p-Ge:Ga, ob-
tained in process of neutron transmulation doping.
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Appendix

Hopping heat capacity of holes in acceptor band
and thermal entropy

To calculate hopping heat capacity Cp, using [39] we use
relation

d(fo) | (fo) dE

d(fo)
aT ot +3Eg”> a =Y (AD)

where (fo) =1— (f_;) =1 — K — probability averaged

over crystal volume that an acceptor randomly selected

in the crystal matrix is in the charge state (0), it is

given by equations (10)—(12); T — absolute temperature,

E\” < 0 — Fermi level counted from the top of v-band.
Corresponding partial derivatives:

afg @ i E+EV)|
aT ot | TP e (‘T
E. + E"
= —akBiTzFfof—l,
-1
ofg _ 0 1 Ea—l—EéU) _ fof 1
@—@ 1+ﬁa exXp <_|(]37T = kBT .
(A2)
From (A1) with account of (A2) we find
+oo
dE(“) E(“)
i = K(I%K)T / EaGafof 1 d(Ea—1a) + =
(A3)

where quantity &, is specified by equation (17).
Temperature dependence of average energy of an electri-
cally neutral acceptor:

+oo

E.Gafod(Ea — 1),
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determines heat capacity (per one hole in acceptor A%~
band; see Fig. 2):

+00
_dE) - ar
Gy = - —I_K[/EaGaBT d(E. 1)

— 00

+00

dE( 3fo
Then, using ratios (A2) and (A3), from (A4) we obtain
equation (16):

_ 1 £ Q2
Cn = (1= K)kgT2 {Ql T K(I- K)] ’ (A3)
where
+o00
Q1=/Eseafof_1d(Ea—la>,
+oo 2
Q= ( /Eaeafof_ld(Ea—la>>.

Average thermal entropy S3; = S3(T) of activation of hole
hops between two acceptors in charge states (0) and (—1)
with account of (A5) is (see also [39]):

.
Sa = / Ca(T) dTt’. (A6)
0

TI

Configurational entropy of hole placement
by acceptors

Let us consider a crystalline semiconductor of p-type
of unit volume, containing N, = N, o + N, 1 hydrogen-
like acceptors in charge states (0) and (—1) and
Ng = KN, hydrogen-like donors in charge states (+1),
where 0 < K < 1 — compensation ratio. The condition
of electric neutrality of the crystalline sample has the
form N, _; = Ng = KN,. Calculation of the configurational
entropy Ssp, for distribution of electrically neutral states
of acceptors N, o = (1 — K)N, over all acceptors provides
(in units of Boltzmann constant Kg):

S N,
PR (Na,o!(Na - Na,o)!> ' (A7)

To calculate quantity Ss;,, we use Stirling formula
In(X!) = XIn(X) — X, where X > 1 and then from (A7)
we obtain (compare [10-12]):

S3m |: ( Na ) NaO (Na_NaO)]
— =Ny |In| —— |+ —In{ ————]|.
kB ¢ Na - Na,O Na Na,O

(A8

Note that N, o = (1 — K)N,, and then from (A8) we get
equation (19) for configurational entropy Ssm = S3m/Na,
per one acceptor in the crystal:

Sm KK (1 - K)K), (A9)
kg
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