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The effect of anisotropy of an isoenergetic surface on the electrical
conductivity of a thin conductive film in a longitudinal magnetic field
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An analytical expression of the electrical conductivity of a thin conductive film in a longitudinal magnetic

field is obtained considering an ellipsoidal isoenergetic surface.
is used as boundary conditions for the charge carrier distribution function.
erate, non-degenerate electron gas, spherical isoenergetic surface are considered.

The model of diffuse boundary conditions
The limiting cases of degen-
The dependence on the

effective mass is shown. A comparative analysis of theoretical calculations with experimental data is carried

out.
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Introduction

Thin film technology ensures creation of thin conduc-
tive layer applied in photonics and nanophotonincs [1,2],
microwave electronics [3,4], sun energy [5-9]. ,,Thin“
films are films which thickness is comparable or below
electron mean free path. As technology develops the density
of semiconductor devices on integrating circuit increases.
In this relation large requirements are applied to quality
of parameters of conductive layers which comprise the
semiconductor devices.

When film thickness becomes comparable to the mean
free path of charge carriers, the contribution of surface
scattering to the electrical properties of this film increases,
for example, electric conductivity decreases, Hall coeffi-
cient increases etc. If the film contains quantum size
effects, i.e. its thickness if much larger the de Broglie
wavelength of charge carrier moving with average speed
then for calculation of the film electrical parameters it is
sufficient ti use the kinetic equation true in the quasi-classic
approximation.

During last decade papers were published associated
with theoretical and experimental studies of electrical
and galvanomagnetic properties of thin conductive films.
Paper [10] present a new model of electric conductivity of
thin polycrystalline film. Articles [11-13] showed the exper-
imental effect of longitudinal, transverse and perpendicular
magnetic fields on the resistivity of thin films of gold with
grain structure at temperatures 4—50K and comparison
with theoretical calculations based on Boltzmann kinetic
equation.

Calculation of the conductivity of thin metal layer in
case of different specularity coefficients of its surfaces
were carried out in the papers [14,15]. High frequency
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conductivity in the transverse magnetic field was calculated
in paper [16], and in longitudinal magnetic field — in
paper [17]. To solve objectives in the above papers the
standard kinetic method was used, it means solution of
the kinetic equation with appropriate limit conditions. This
method of solution was used also to study the electric and
galvanomagnetic properties of thin metal wires. So, in
paper [18] the selfinductance of the thin metal wire was
determined.

The dispersion law (dependence of quasi-particle energy
on pulse) has significant effect on the motion nature of
electrons (holes) in semiconductor. constant energy surface
of bismuth for electrons is three ellipsoids of revolution
whose axes of rotation lie in the same plane, and angle
between these axes is 2m/3. The calculation of high
frequency conductivity of thin metal layer in case of Fermi
ellipsoid surface is given in article [19]. The present paper
provides comparison of experimental data and theoretical
calculations relating dependence of magneto resistance on
induction of the external magnetic field of the bismuth
film, as this material has high anisotropy of constant energy
surface. As compared to other semiconductors the bismuth
has advantage of easy manufacturing of high quality single-
crystals with large mean free path of electron, reaching
about 1 mm. this ensures better study of the classic size
effect, when the film thickness becomes below the mean
free path of electron or hole.

In present paper using the kinetic approach the effect of
anisotropy of constant energy surface on the conductivity of
thin conductive film in longitudinal magnetic field is studied.
The film is nonmagnetic and single-crystal. External fields
are homogeneous, skin effect and plasma resonance are
not considered (frequency of external electric field is rather
small).
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Figure 1. a — thin conductive film, b — constant energy surface of film material.

1. Problem formulation

Let’s consider thin film laying in plane XOY. Conductor is
film material. The conductor is metal or semiconductor with
arbitrary degree of degeneration. Film thickness a is much
larger the de Broglie wavelength of charge carrier moving
with average speed, so we can neglect the quantum size
effects. Along axis X the magnetic field with induction B
and electric field with strength E are directed (Fig. 1,a).
The film is in vacuum or located between two insulating
layers that do not allow current passage through the film
boundaries. Electric field is homogeneous and experiences
harmonic oscillations with a frequency w:

E = Ejexp(—iwt). (1)

Let’s assume that constant energy surface of the conduc-
tor has form of three-axes ellipsoid. Si, Ge, Bi and other
materials have such form of surface. Let’s semi-axes of
ellipsoid lay along pulse axes like in Fig. 1,5. In this case
the dispersion law is

ELK o, P

— L 2
€ 2mp  2mp  2mg’ 2)

where my, mp, my — effective masses along axes px, Py, Pz.

To determine the conductivity of film the distribution
function f is used. If system deviation for equilibrium
position is minor, ie. external fields are low, the problem
can be linearized

f(p,z,t) = fo(e) + f1(p, 2) exp(—iwt), (3)

foe) = [1+exp((e —u)/keT)] ", (4)

where fy — Fermi—Dirac equilibrium distribution function

(zero approximation), and f; — small correction (first

approximation), ensuring low external effect, u — elec-

trochemical potential, kg — Boltzmann constant, T —
temperature.

The distribution function obeys the kinetic equation. This
equation in the relaxation time approximation 7 looks like

. ofy afo
—|(1)f1 +UZE +e(V'EQ)¥
ofr
+e[V>< B]E = —7, (5)

where v — speed vector of charge carriers.

For unambiguous determination of distribution func-
tion we use Fuchs diffuse-specular boundary conditions
model [20]:

f(v,0) =i f(—vz,0)+ (1 —a1)fo,
f(—vz,a) =qaf(vz,a)+ (1 —ai)fo,

where (; and g, — specularity coefficients of bottom and
top surfaces.
System of equations (6) considering (3) is converted into

fl(vZ7 0) - ql f 1(_UZ’ 0)7

fl(_vz, a) = f I(Uz, a)-

(7)

Current density can be determined based on the deter-
mined distribution function j:

. 2d3
j :en<v>:e/vf1Tp, (8)

where h — Planck’s constant, n — concentration of current

carriers:
2d%p

2. Method of solution and mathematical
calculations

Due to anisotropy of constant energy surface (2) the
projection of trajectory of charge carriers on plane YOZ
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Trajectory

ZAK

Figure 2. Trajectory of charge carriers in plane YOZ.

is ellipse (Fig. 2). The ellipse is described by the following
equation:

2 2
<y_ﬁ> +<Z_h) —1, (10)
Yo1 Zp)

Yo = V2mpey Zo| = V2Mmpey (11)
01 Be s £01 Be 5
B, R
&L= 2m, + 2my’ (12)

where y; and z; — coordinates of ellipse center, yo; and
Zy; — ellipse semi-axes.

Depending on the trajectory, the expression for the
distribution function will take a different form. Trajectory
of electrons (holes) cab intersect only top border of film
(which corresponds to the distribution function f{), only
bottom border (f¢), top and bottom (fi9), neither of
borders (f}). The kinetic equation (5) depending of the
trajectory position is solved by the same method as in

paper [7].

WWﬂﬂﬂ_—%@%é@)P_Qiﬁfi

v de 1—qge™ |’
(13)
d/. ¢/ no_ _eUXEO m _ (1 - q1)87th
flwt',vT’) = ) (88) ll Toqe ™ |’
(14)

fot’, vT)

M af
_evao (3_80) {1 _

Me—vtl

1—qyope—2T
for v, > 0,
- (Eo [3f 1—gotqp(l—a)e™"" ot/
~oil (1) [1- Lasalgp o]
for v, <0,
(15)
(ev Ey 8f0
fi=-—— %) 16)

where v = 77! —iw — complex scattering frequency, t' —
time of charge carrier movement from moment of last
scattering on film surface to current point which position
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integration limits

Functions ao € [0;7] Qo € [m;27]
f¢ B T T 27 — By
fy 0 T — B 7w+ B 27
fie B 7 — B 7+ B 21 — By
is characterized by vector 6, T’ — the time of electron

(hole) movement between two successive scatterings on the
film surfaces.

If the scattering occurs on top surface then a — z¢ < 2y,
otherwise a —z¢ > z¢; (Fig. 2). If scattering occurs on
bottom surface then z; < z(;, otherwise z¢ > z¢;. In this
case, the general distribution function can be written as
follows:

f1 =f{O(—A1O(A) + F{O(A)O(—A)

+ fY9O(A)O(A) + F1O(-A)O(-Ay),  (17)

Zc a— Zc
A=1-—, A=1- , 18
! Zo1 ’ Z01 (18)
where ©(x) — Heaviside function:
0, x<0,
O(x) = (19)
I, x>0.

Let’s express t’ and T’ through coordinates

a @
t = E T = ﬁ
vl’ vl’
’ a/

B 1

v, = 28J_ 3 . (20)
V/my cos? ag + my sin®
2
ds=4/82+ (ﬁ) da,
oa
PRRAILIL v2e. 21)

Be \/I’T}zCOSZCK-i-I'TBSinza,

where t’ and T’ — times of movement of charge carrier with
positive (ag € [0;77]) or negative (ao € [r;27]) projection
of speed v, from time when sign of this speed projection
v, changed, till current time moment or till next time when
sign of speed projection v, changes again, respectively; o —
angle between vector (0,0, —1) and vector § (shown in
Fig. 2); ap — angle between axis Y and transverse speed v
(shown in Fig. 2). Integration limits ] and o) depend on
what film surfaces the electron (hole) is scattered and on
values ayp, ie. sign of speed projection v,. Values of these
limits are given in Table.
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Variable a depends on a. The ellipse coordinates depend
on angle a (Fig. 2)

Yy =Y+ dsing,
(22)
Z=2;—d6cosq.

Angle ay is angle of tangent inclination to ellipse (Fig. 2),
o)

dz
tgag = @ (23)

If we take derivative of the ellipse equation (10) consider-

ing (22) and (23), then we obtain the relationship between
angles o and a:

mp
tgag = —tga. 24
gao =18 (24)

For current density (8) calculation it is convenient to

move to new variables (Px, Py, Pz) — (&1, o, Ux):
Px = My,
myv/2e | cosa
Py = —— (25)
\/mz Cos” ap+Ny sin? a[)
_ ms+/2¢ ) sinqg
Pz = > —
\/mz €08 ap+N sIn“ @

It is expected that scattering length on admixtures is
lower than electron-electron interaction length. In this
case heterogeneous hydrodynamic flow of electrons is not
formed in the film. Heterogeneity of current across the
channel is insufficiently strong to be detected by methods
suggested for such heterogeneity detection in articles [21-
23], as the film thickness is small. Let’s determine average
through film thickness current

x) = é/o jxdz. (26)

Specific conductivity will be determined from formula of
local Ohm law:

Ox = <Jx>/E0 (27)
Let’s introduce the dimensionless parameters:
My = /MMMy, Kmi = My /My,
Kmp = My/My, Kz = mz/my, (28)
5 2d3p
2 2
= f
nvl 3 / 0" =3 h3
mv? 5/ 1 1 1\
2= —, 29
T 9<km1+k Tk ) 1o (29)
T ul /udu 2
Ij:/m’ mao:kmzcoszao—i—knﬁsm ap,
0
(30)
ap=a/l, wo=Aw/vy,
vo = av/vy = Ao(1 — iwp), (31)

ﬂo = leB/(movl),
U, = .u/(kBT),
= myvy/(2ksT),

where my — effective mass of density of states; Kmi, kKo and
kms — dimensionless effective masses along axes px, py and
p; respectively; v; — characteristic speed introduced via
expression (29) [21]; ap — dimensionless film thickness;
A =wvir — mean free path of electron (hole); wy —
dimensionless frequency of external electric field; By —
dimensionless induction of magnetic field.

Omitting mathematical transformations, we obtain expres-
sions for specific conductivity(27):

&E=1z/a, (32)
uy =e1/(ksT),

U= KmUyx + U], (33)

O-(aO’ 0)0’ ﬂO’ ka’ km2’ q17 q2’ u,u)

=00 Y _ (a0, 0. Bo- Kt Kira. G- G Uy, (34)

= (ne’r)/m, (35)

eu Uy

oo o0
27[1)0'0// 14 e'~ u“
0 0

X (Bl + By +B3+Bs+ Bs)dULde, (36)

O(A)O(-A)

1 g —pt!
(1 _ Q1)e vt
B, = 211 — ; dapdé,
: /O /0 l 1 —qen Kme, ads
(37)
B _/1 /nz |- (Lo )e ] OCAOA) 4
o Jo 1—qe™™ Kimay ’
(38)
1 x ’
oo [ [ 1o marat g,
1 - qiope 2
0 0
 OAOWR) 4 e (39)
kn’\ao
1 7 ,
e [ [ 1o iwrat e,
1—gige ™
0 0
O(A)O(A)
-~ dapdé, (40)
1 x
kmo
0 0
Vti = /dCt, Uté = /dCt, (42)
B 0

7 =B =B
T = [ac. = [dew vT- [ @)
B 0 B

Technical Physics, 2024, Vol. 69, No. 5



The effect of anisotropy of an isoenergetic surface on the electrical conductivity... 659

S:

\/kmz cos2 a + K sin® &

u
cospr=A=1—,/ kmztu aoBoé

cos av/Kma

b
VKo cos? @ + Kng sin’ @

cosPr =Ry =1— ] kml;uL aoBo(1 — &)

cos av/Km

(46)

VKimz c0s2 @ + Ky sin’ a
where oy — static conductivity, ¥ — dimensionless electric
conductivity. In expression Kmy, depends on angle ap, which
is expressed through angle @ using formula (24). And vice
versa, in expressions (45) and (46) we need to express
angle @ through angle ¢ using the same formula (24).

Conductivity from charge carriers with trajectory, which
does not intersect the film borders, is determined by
distribution function f%, fY. Such conductivity will be
called bulk conductivity. It is equal to

2ﬂvo|o //
00

Conductivity from charge carriers with trajectory, which
intersects the film borders, is determined by distribution
function 9, f{ and f¢. Such conductivity will be called
surface, it is equal to difference of total conductivity and
bulk conductivity

uXeu Uy
_|_eu Uy

B5dULdUX. (47)

T =% -3, (48)

3. Limit cases

3.1. Degenerate electron gas (exp(u,) > 1)

This gas corresponds to high concentration, low effective
mass and low temperature of gas of free charge carriers
(metal, semiconductor with high concentration of admix-
tures). Fermi—Dirac distribution function has stepped form

0, u<u,
fo= (49)
I, u>u,.

In this case the expressions (29) and (36) are converted

as follows:
1 1 1
Km= > (— +— +km1km2) ,
m2

U = KmUy, 3

p=/— (50)
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. 330

N 2ﬂV0\/km1

X //0 1 —p?(B1+By+Bs+Bs+Bs)do, (51)
0

Km
= 1 _ = —
cos 1 >V koo
cos av/Kmz
X aoﬂoé — > (52)
\/kmz cos? a + ks sin” o
Km
cos A=1-——/—
Br=A = o\ ko
cos avk
x aoBo(1 — &) + = (53)

b
\/kmz cos2 @ + Ky sin’ @

3.2. Non-degenerate electron gas (exp(—u,) > 1)

This case corresponds to low concentration, high effective
mass and high temperature of gas of free charge carriers
(semiconductor with low concentration of admixtures).
Fermi—Dirac Distribution function will take form of classic
Maxwell—Boltzmann distribution:

fo = exp{u, — u}. (54)

In this case the expressions (29) and (36) are converted
as follows:

5
= Sk, (55)

a
27‘;(3/2 /e—w (B1+Ba+ B3 + By + Bs)du,.
JTVo 0

(56)

3.3. Spherical constant energy surface
(kml - kmz = 1)

Obtained expressions (36)—(46) correspond to electric
conductivity obtained in paper [17].

a
> = 2 Bis — Bas — Bas, (57)
1%0)

Bis — o//:\/ED o gl( )dndub (58)
Bys = — ! //\/ID u.)g ( )d du,, (59)

U —1
oo 1
1 fu Y
B33 = // U—TD(UL)QQ (a(:)(‘g(z)> dr)duL, (60)
Uo 7o
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C2—h — O — (i + G2 — 201Gp)e P —p 04
gl(p)_ [l_qle,p][l_qze,p] [1 —€ ]’
(61)
2—g1— Q4+ (g1 + 02— 2 e P _
9:2(p) = A1 Q21 _(211q22—22p 0192) 1—eP),
(62)

Ux4-U . —U,
D(uy) = —2 (/’(V@;e du, (63)

" 2welo ) (1 + e

@1 = 2w — 2arccosn,

@2 = @ — arccosn) — arccos(no — n + 1), (64)

aZp2u fu 5 1
u0: #’ nO:ﬂO U_Jl__l’ ul = kai (65)

3.4. Thick film (a > 1), mirror surfaces of the
film (g1 =g =1)

Exponents exp(vokmo@1/Boao) and exp(vokmo@2/Body) in
expressions (36)—(46) quickly attenuate in case of thick
film, high frequency or do not contribute in case of mirror
border of film. As a result, the electrical conductivity tends
to the following expression:

ao

=2, = s
" vokmy

(66)

which corresponds to known Drude formula.

4. Analysis of results

Different values Ky and kpp from expression (28)
correspond to different materials at fixed orientation of
Spherical constant energy ellipsoid relatively to external
electric field. Flectric field is oriented along X axis. For
silicon Km; =2.9 and kyp =0.59, and for germanium:
Kmi = 7.2 and kpp = 0.37, if axis of rotation of ellipsoid
is along external field [24].

Dependence of electric conductivity £ on Ky is obvious:
upon increase in effective mass along external field the
speed of charge carriers will decrease in this direction. This
will result in conductivity decreasing both by absolute value
and by argument.

Fig. 3 shows dependence of dimensionless total, bulk and
surface conductivity on dimensionless effective mass Kpp
along axis py. At large knpp (or large myp, as Kyp directly
proportional to my) semi-axis of ellipse zg; (11) will extend
across the film plane at constant energy ¢, and constant
value ms, ie. trajectory of charge carriers elongates to
film surface. this results in decrease in absolute value of
bulk and surface electric conductivity, as contribution of
surface scattering increases as compared to contribution
of the bulk scattering. At low values of Kyp at constant
values of €, and My semi- axis Zg; length decreases, which
results in decrease in intensity of surface scattering. As
a result, the electrical conductivity increases in absolute
value. Dependence of bulk conductivity on dimensionless

ka

Figure 3. Dependence of absolute value of dimensionless electric
conductivity |X| in degenerate case (solid lines) and in non-
degenerate case (dashed lines) on dimensionless effective mass K
at K = 1,80 =0.1, wp = 0.5, ﬁo =1L,q=0q= 0. Curves -3
correspond to total, surface and bulk conductivities.

effective mass kyp has maximum. This is explained by the
fact that if energy e, and effective mass my are fixed,
then upon |1 — Knp| increasing the length of trajectory
increases in transverse cross-section of the film (length of
the circumference is less than the perimeter of the ellipse).
The increase in the trajectory length leads to increase in
the ratio of the scattering frequency in the volume to the
scattering frequency on the surface.

Fig. 4 shows dependence of absolute value of dimen-
sioinless electric conductivity on dimensionless effective
mass Kpp along axis py at different values of magnetic
induction. With increase in magnetic field induction the
ellipse perimeter decreases, as its semi-axes are inversely
proportional to the magnetic field induction (11). This
results in lower probability of scattering at film borders.

In Fig. 5 the theoretical and experimental dependences
of longitudinal relative magnetoresistance are plotted for
polycrystalline film of bismuth with orientation (001),
which has magnetoresistance similar to magnetoresistance
of single-crystal film of bismuth [25]. The film thickness
is 29nm. Dots — experimental data of paper, solid
curves — theoretical calculation using formula (34)—(46),

Technical Physics, 2024, Vol. 69, No. 5
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|

km2

Figure 4. Dependence of absolute value of dimensionless electric
conductivity |X| in degenerate case (solid lines) and in non-
degenerate case (dashed lines) on dimensionless effective mass
km at kmm =1, a0 = 0.1, wo = 0.1, g1 = q2 = 0.2. Curves /-3
were obtained at By = 10, 20, 30 respectively.

(50)—(53). The bismuth film was obtained using molecular-
beam epitaxy with rate 1.6 A/min. The film thickness
was measured using field emission microscopy.  The
magnetoresistance was determined using physical properties
measurement system (PPMS).

The constant energy surface for electrons in bismuth is
three symmetrically located ellipsoids, which axes of rota-
tion are directed parallel to film plane [26]. Angle between
axes of rotation is similar and equal to 277/3. Conductivity of
bismuth film can be determined as follows [27]. Let’s o) and
o) — electric conductivities determined by one constant
energy ellipsoid of bismuth, along and transverse the axis
of rotation of this ellipsoid, respectively. Longitudinal mass
my for 0| or transverse mass M, for o, is directed along
external electric field. If axis of rotation of ellipsoid is
parallel to axis py, then tensor of conductivity is diagonal:

B O'” 0
oy = .
0 O

In case of arbitrary direction of main axis of ellipsoid in
plane (py, py) the expression for tensor of conductivity can

Technical Physics, 2024, Vol. 69, No. 5

be obtained using matrix of rotation around axis p;:
ooij = Mg (®0)G0a M7 (—90),

where M (¢o) — components of matrix of rotation around

axis p, by angle @y:
— sin @g
cosgo )

where ¢y — angle between axis of rotation of ellipsoid for
o) and electric field strength.

As result we have the following view of tensor of
conductivity:

COS Qo
M"*(go) = (

sin @g

(0 cos? @y + o1 sin® g (o) — 0L) cos g sin g00>
oy = .

. -2 2
(0 —01)cos@oSing oy sin” o + 01 cos” @y

op — electric conductivity of one ellipsoid, for bismuth their
number is three, so bismuth conductivity is

27
ooi = 00(®o) + 00 | @o + —

3
n +4.ﬂ _3( tol) 10
0p | Po 3 —20'” o) 0 1 .
30
251
20

(Ap/pgo) -100%
n
T

B, T

Figure 5. Parallel magnetoresistance of thin film of bismuth vs.
magnetic field induction. Dots designate experimental data [26],
and solid curve — theoretical calculation.
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Thus, electric conductivity does not depend on orientation
of ellipsoids, i.e. on angle 9. We are interesting only in X-
component determined by the electric field along axis X, i.e.
component (0'031)112

(ooBi)11 =0 = S (o +0L).

3
2

On graph Ap = p — pgo, Wwhere p = 1/0 and pgo = 1/0
(B =0)). For the greatest agreement between the experi-
mental data and the theoretical calculation, the specularity
coeflicients were taken equal to q; = ¢, = 0.8.

Conclusion

Analytical expressions are obtained for high frequency
electric conductivity of thin film in longitudinal magnetic
field considering constant energy surface. Maximum of
dependences of absolute value of bulk conductivity on
effective mass along film plane is determined. It is shown
that with increase in effective mass long film plane the total
and surface conductivities decrease in absolute value. There
is agreement between theory and experiment for electric
conductivity of thin Bi films. Experimental data deviation
from theoretical calculation does not exceed 5%.
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