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Generation of unipolar femtosecond pulses of tailored waveform

in a layer of atomic hydrogen
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The possibility to control the temporal electric field profile of unipolar pulses in a multi-level resonant medium
is shown when excited by a series of subcycle pulses. The atomic hydrogen was considered as the medium,
keeping 5 lowest energy levels in its energy-level structure. Upon the excitation of an optically thick layer of atomic
hydrogen by two subcycle attosecond pulses, localized pulses of varying profile were obtained in the layer emission.
In particular, unipolar pulses of tailored waveshape and of several femtoseconds in duration, such as rectangular-
shaped or triangular-shaped ones, were obtained for certain types of the spatial dependence of the medium density

along the layer.
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Introduction

Generation of femtosecond and attosecond impulses,
as well as their interaction with various substances is
a rapidly developed area of research in the current
physics, which attracts more and more attention [1-9].
Such maximally short impulses make it possible to ob-
serve the progress of superfast processes up to the in-
traatomic time scale, including dynamics of individual
electrons in atoms, and also allow for relying on the
possibility to manage such processes [9-11].  There-
fore, the interest in finding new methods to generate
and manage the maximally short impulses (primarily in
the optical and higher frequency ranges) is quite evi-
dent.

The most attractive here is the generation of impulses
with the duration of shorter than one cycle of optical
oscillations, namely, half-cycle ones. Such impulses contain
a single half-wave of electric field, i.e. have a property of
unipolarity, that is, the electric field intensity will not change
its sign for the entire duration of such impulse. For stricter
definition of the unipolar half-cycle impulses it is apparently
convenient to introduce such a value as the electric impulse
area, which is set with the following expression [12]:

SN - [ Ervr. 1)

ie. it represents a time inteGRal from the electric field
strength with infinite integration limits. The electric impulse
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area (1) has a remarkable conservation property in the
unidirectional geometry [12], and also fully determines
the impact of maximally short impulses at the quantum
systems [13-16).

Recently the methods to produce unipolar subcycle
impulses of femtosecond and sub-femtosecond durations are
being actively developed [17-22], see also reviews [23,24].
At the same time, the challenge to control the temporal
shape of such unipolar impulses seems to be equally
important [25,26]. According to the results of the theoretical
research, the impact of the unipolar impulses at the quantum
objects depends on the impulse shape [27]. Besides, the
control of the unipolar impulse shape is important, for
example, for their use in management of the states of
certain qubits and implementation of the quantum algo-
rithms [28,29]. However, most papers in this area could only
achieve the half-cycle impulses, and the question of their
temporal shape management was not considered [13,30].

The paper [31] generated a unipolar terahertz impulse
in an experimental manner in the form of a precursor of
rectangular shape. The recent paper [32] proposed the
method to generate unipolar impulses lasting for several
femtoseconds with the various temporal profile in the five-
level medium of the sodium atoms. Besides, the specific
shape of the generated impulse was set by selection of
the spatial profile of resonant atom concentration along
the atomic sodium layer thickness. Thus, the power form
of the concentration profile produced emission of unipolar
subcycle impulses of rectangular and triangular shapes.
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In this paper we will demonstrate the generation of
unipolar impulses in another resonant medium with a dif-
ferent pattern of energy levels, namely, in atomic hydrogen.
We will demonstrate the possibility to generate rectangular
and triangular unipolar impulses. Besides, we generated
the unipolar impulses of a more complicated shape as well
when we set other concentration profiles for the resonant
atoms in a gas layer. In particular, we considered the non-
power shapes of the concentration profiles, which resulted in
the emission of unipolar subcycle impulses with a smoother
non-monotonic temporal profile of the electric field intensity.
Besides, the general approach is described, which enables
generation of the unipolar optical impulses of the arbitrary
set shape.

Considered model

We consider an optically thick layer of the medium
with thickness of L, so that axis z is presumed to be
directed normally towards the axis. The layer thickness
is considered to be much thicker than the wavelengths of
all resonant transitions in the medium. Besides, we will
consider the layer to be infinite in transverse directions
and review the normal incidence of the linearly polarized
exciting impulses, so that the analysis is reduced to the
simplest one-dimensional case.

We will consider the atomic hydrogen as a resonant
medium, with the parameters of all energy levels and
transitions between them being well-known. For more
certainty, we will consider 5 lower energy levels of the
atomic hydrogen. More specifically, we took the lower 5
levels of the hydrogen atom with the values of the principal
quantum number from 1 to 5, ie. to simplify the
calculations, we neglected all mechanisms for splitting of
each level in virtue of their comparative smallness vs. the
distances of the levels as such. Note that such approach
in the dipole approximation enables the transitions between
any pair of levels, since actually the degenerate levels are
considered, which include all sublevels with different values
of the orbital quantum number.

As shown in papers [33,34], upon excitation of the multi-
level resonant medium with a pair of linearly polarized half-
cycle impulses:

E(t) — E()e—tz/‘f2 + Eoe—@—”/wlz)z/‘fz’ (2)

the duration of which is shorter than the period of the
principal resonant transition 1 — 2, while the delay between
them is precisely equal to the half of that period, the
induced polarization of the medium will be of the form of
a half-wave at the frequency of the transition w;,. Besides,
the amplitude of the exciting impulses (2) must be such
that the populations of the above energy level remain low
compared to the population of the first excited level. This
was exactly the case in paper [32] to generate the emitted
unipolar impulses of non-trivial shape. Below we will
consider this particular case, so that the values the exciting

half-cycle impulses parameters (2) were chosen based on
the condition of the smallness of residual oscillations of the
medium polarization after the second of the impulses (2).
To describe the response of the multi-level resonant
medium to the field of the exciting impulses, we will use
the standard equations for amplitudes of the bound states,
which correspond to the expansion factors of the atom wave
function by the internal wave functions of the free atom:

5 iEnt
Y t) = an(t)pn(rie 7, (3)

n=1

where an(t) — amplitudes of expansion of the atom wave
function by the internal wave functions ¥n(r), E, — level
energy with number n in the energy spectrum of the
atom. Then the time dynamics for the amplitudes of the
bound states an(t) from the expansion (3) is determined
by the following equations, which directly proceed from the
temporal Schrodinger equation [35]:

.5
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an(t) = ¢ > damam(H)E(t)e ",
n=1

En —En

. (4)
where the following notations are introduced: wnm —
transition frequencies between levels n and m, accordingly,
Odnm — dipole moments of the corresponding transitions.
The parameter values of the equation system (4) for the
atomic hydrogen were taken from the manual [36] and are
given in the table below.

The induced polarization is expressed via the amplitude
of the bound states (4) as

Wnm =

5
P(z.t) =N(z) ) dmman(z. )ap(z.t) + c.c.,  (5)
n=1

where N(z) — the volume concentration of the resonant
atoms. Besides, the space-time dynamics of the electric
field in the medium is described by the wave equation

PE 1pE_arpe o
9z2 c2dt2  c2 dt2’

where E(z,t) — intensity of the linearly polarized electric
field, P(z,t) — induced polarization of the multi-level
resonant medium (5) with the spatial dependence of the
volume atom concentration N(z), ¢ — velocity of light in
vacuum.

Numerical simulation results

Let us consider the emission of the optically thick layer
of atomic hydrogen, the parameters of which are given in
the table together with the values of the exciting impulses
parameters (2). To calculate the emitted field, the simul-
taneous numerical solution of the wave equation (6) was
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Transition frequencies and effective dipole moments for the first 5 levels of atomic hydrogen, as well as parameters of exciting impulses

and the medium layer

Duration of exciting impulses T =30as

Amplitude of exciting impulses Eo = 10° CGS units
Maximum value of volume No=2.7-10® cm™3
concentration of atoms in the layer

Thickness of the medium layer L=3um

Transition frequency 1 — 2 w12 = 1.55 - 10 rad/s
Dipole transition moment 1 — 2 di; =3.27D
Transition frequency 1 — 3 w13 = 1.84 - 10" rad/s
Dipole transition moment 1 — 3 di3; =1.31D
Transition frequency 1 — 4 w14 = 1.94 - 10" rad/s
Dipole transition moment 1 — 4 dis =0.77D
Transition frequency 1 — 5 w5 = 1.98 - 10" rad/s
Dipole transition moment 1 — 5 dis =0.53D
Transition frequency 2 — 3 w3 = 2.87 - 10" rad/s
Dipole transition moment 2 — 3 dy; =12.63D
Transition frequency 2 — 4 wos = 3.88 - 10 rad/s
Dipole transition moment 2 — 4 s =4.85D
Transition frequency 2 — 5 wrs = 4.34 - 10 rad/s
Dipole transition moment 2 — 5 s =2.83D
Transition frequency 3 — 4 w34 = 1.01- 10" rad/s
Dipole transition moment 3 — 4 dss =29.33D
Transition frequency 3 — 5 w35 = 1.47 - 10" rad/s
Dipole transition moment 3 — 5 dss = 10.76 D
Transition frequency 4 — 5 w45 = 4.63 - 10" rad/s
Dipole transition moment 4 — 5 dss =29.93D

implemented by the finite-difference time-domain method
(FDTD — finite-difference time-domain), while for the
medium response, the equations were solved numerically
for the amplitudes of the bound state (4) by Runge—Kutta
method of the 4th order. Let us first consider the case of
the power function of the atom concentration profile N(z).
In particular, we will take the concentration profile of the
following piecewise-power form:

In this case the concentration profile is linear and quadratic
at the edges, accordingly, while in the central part the
concentration is constant. According to the results of
paper [32], at such concentration profile (7) the emitted
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field must include a pair of unipolar impulses of various
polarity, besides, the first of them must have the rectangular
shape, and the second one — the triangular one.

The estimated time dependence of the electric field in
reflection from the layer is shown in Fig. 1. As can be seen,
in the reflection the rectangular and the triangular unipolar
impulses of opposite polarity are produced indeed. Besides,
the electric area (1) of the entire emitted field turns out
to be equal to zero. Both unipolar impulses follow with a
time delay, which is determined by the length of the central
part of the concentration profile (7) with the constant value.
Fast oscillations of the field in the background that are well-
visible in Fig. 1, b, are due to the contribution of the above
energy levels in the considered multi-level medium.

Let us then take the non-power form of the atom
concentration profile N(z). Let the concentration profile
be of the following form close to the stepped one:

N(z) = % (1 + tanh [Z _hzl}) (1 + tanh {Zzh— Z})
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Figure 1. Emission of the atomic hydrogen layer with thickness of L = 3 um at pressure of 1at and upon excitation with a pair
of sub-cycle unipolar impulses (2) with duration 7 = 30as and amplitude Ep = 10° units CGS: (a) profile of volume concentration of
atoms N(z), set by the expression (7); (b) emitted field in the reflection.
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Figure 2. Emission of the atomic hydrogen layer with thickness of L = 3 um at pressure of 1at and upon excitation with a pair of
sub-cycle unipolar impulses (2) with duration 7 = 30as and amplitude Ey = 10° CGS units: (@) profile of volume concentration of atoms
N(z), set by the expression (8) at h=400nm (dotted line) and h = 200nm (solid line); (b) emitted field in reflection at h = 400 nm

(dotted line) and h = 200 nm (solid line).

z; =0.5um, z; =2.5um, (8)

where parameter h determines the specific thickness of
the profile borders. Besides, in the central part the atom
concentration is again actually constant and equal to the
maximum value Ng. The results of the numerical simulation
for the concentration profile of form (8) and for several
values of the quantity h are shown in Fig. 2.

As can be seen from Fig. 2, in this case two bell-
shaped unipolar impulses are generated. Besides, the more

smoothed is the concentration profile (8), the less is the
amplitude, and the longer is the duration of the produced
unipolar impulses. Let us note that the unipolar impulses
generated in this case have the symmetrical shape. This is
due to the fact that the shape of the side borders of the
concentration profile (8) is symmetrical relative to points z;
and z,.

Let us consider for comparison another shape of the
concentration profile N(z), which does not have such
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Figure 3. Emission of the atomic hydrogen layer with thickness of L = 3 um at pressure of 1at and upon excitation with a pair of
sub-cycle unipolar impulses (2) with duration 7 = 30as and amplitude Ey = 10° CGS units: (a) profile of volume concentration of atoms
N(z), set by the expression (9) at w = 200nm (solid line) and w = 500 nm (dotted line); (b) emitted field in reflection at w = 200 nm

(solid line) and w = 500 nm (dotted line).

symmetry. For this purpose we suggest the dependence of
the volume concentration on the coordinate of the following

type:

N(z) = Noe (=57 2 < %
L 2L
N(z) =N —<z< ==
(Z) 0’ 3 — Z — 3 9
N(z) = Noe~(3-2)" /0, ?L <z 9)

where value w is the thickness of the concentration profile
borders N(z). The unipolar impulses emitted by the gas
layer with the concentration profile (9), are built in Fig. 3
for various values of parameter w.

The generated unipolar impulses in Fig. 3 have a
pronounced asymmetric shape: with a sharper leading
front and a smoother trailing front. Such type of the
generated impulses directly follows from the asymmetric
nature of the selected concentration profile (9). Note that
as in the previous case, when transitioning to the smoother
shape of the concentration profile (9) the duration of the
generated unipolar impulses increases, while the amplitude
accordingly decreases.

Generation of the unipolar impulses of the
specified shape

Let us now turn to the issue of how a pair of the
unipolar subcycle impulses of a certain preset shape may be
generated in the emission from the medium layer. Following
the review in paper [32], we will assume that the emitted
field from each infinitely thin layer of atoms with thickness
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of dz represents approximately one period of the sine wave
at the frequency of the principal transition wa. Let us
further assume that the field is registered in the reflection
with a detector located at the distance of D from the left
border of the gas layer. In such case with the concentration
profile in the layer N(z) the total emission from the entire
layer will represent the imposition of emissions from each
part of the layer and will be determined by the following
equation [32]:

2z+D
c

L
Eemit(—D,t) = /N(Z)A() sin w2 (t —
0

x@(t—ZZjD)(a(ZZ:d—i—le—t) dz, (10)

where Ay — the proportionality  coefficient,
Ti» =27/w1; — the period of resonant transition at
the principal resonant frequency, ® — the Heaviside step
function. In expression (10) it is assumed that the first of
the exciting half-cycle impulses (2) enters the medium layer
at moment of time t = 0. In time interval

D 2L+D

T —<t< ,
12—|—C__ c

, 1.e. when both exciting impulses are inside the medium
layer, integral (10) is reduced to the view

AN(z) sin w12 <t— ZZ:D> dz.

(ct—D)/2
Eemin(_D’ t):

(Ct—Cle—D)/2
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. The produced equation (11) makes it possible to consider
the inverse problem, i.e. determine the required form of
the volume concentration profile N(z) for generation of a
certain subcycle impulse of the set form.

The integral in the right part of expression (11) may be
calculated explicitly in case of power function N(z). Thus,
as shown in papers [37,38], for the constant concentration
N(z) = const integral (11) is equal to zero, in case of
linear dependence N(z) ~ z integral (11) is equal to the
constant and does not depend on t, and in case of quadratic
dependence N(z) ~ z? the registered field linearly depends
on time, Ecmif(—D,t) ~t. It can easily be obtained from
expression (11), that in case of random power dependence
N(z) ~ z" for the emitted field Ecmi(—D,t) the power
dependence on time is also obtained, but with the leading
summand ~ "1,

Let us now consider a more general case of the inverse
problem, when the field measured by the detector must have
the set form Eemit(—D, t). Let us apply the expansion of this
function in the Taylor’s series:

Eemit(—D, 1) = €y + et + ext? +est® 4. (12)

We will treat the unknown function of the volume
concentration N(z) in the same manner:

N(z) =g + Mz +mz* +mz’ + ... (13)

In this case the problem of determining the concentration
profile N(z) using the set function Eepyit(—D, t) is reduced
to finding the expansion factors ng, Ny, Ny, N3, ... by the
known factors ey, €1, €, €3, .. ..

Let us assume that in the expansion (12) of the set field
Eemit(—D, t) the members up to the number K are retained.
In this case the solution sought for the concentration
profile N(z) must be sought in the form (13), where the
summands are retained up to ng,;zK*!. Calculating then
the integral in the right part of the expression (11) using
the expansion (13), we obtain the system of linear algebraic
equations to determine the unknowns ng, Ny, M, N3, ...,
Nk+1. Using the described general algorithm, we can
obtain the necessary solution for N(z) with any specified
accuracy, increasing the number of the retained summands
in the expansion (12) and thus increasing the precision of
approximation.

Conclusion

Therefore, the paper theoretically studied the issue of
the multi-level medium layer excitation, namely, of atomic
hydrogen, with a pair of maximally short impulses with
a time delay between them selected in a certain manner.
Besides, the duration of the exciting impulses was assumed
to be less than the periods of resonant transitions in the
medium, and the volume concentration of atoms varied
along the thickness of the medium layer.

The completed analysis demonstrated that in such case
the layer of the resonant medium emits a pair of unipolar

impulses of various polarity, besides, the form of the
temporal profile of such impulses may vary. In case of
the symmetrical profile of the volume concentration of
atoms, two unipolar impulses of identical shape, but with
the different sign of the field are generated. In case of the
asymmetric profile of the volume concentration of atoms,
two unipolar impulses of different form are generated, but
in all cases with the zero value of the total electric area (1)
of the entire emitted field.

The simplest power forms of the concentration profiles,
as well as some more complicated non-power dependences
were studied. As a result, both unipolar sub-cycle impulses
of rectangular and triangular temporal profiles and unipolar
impulses with different non-trivial temporal profiles of the
electric field intensity of both symmetric and pronounced
asymmetric form were detected. Moreover, based on
the completed calculations, the general algorithm was
formulated to find the profile of the volume concentration of
resonant atoms, when the unipolar impulses of the specified
shape are generated.

The obtained results are of theoretical nature and may be
experimentally implemented, for example, when a flat gas
jet flows through the nozzle of certain geometry. In such
case downstream the nozzle, the necessary heterogeneous
distribution of the volume concentration of gas atoms may
be generated in the direction orthogonal to the direction
of the gas jet flow. Note that attosecond half-cycle
impulses (2), which were used in the calculations to excite
the resonant medium, may currently be produced by the
experimentally different methods [17-22]. The obtained
results may therefore promote development of the methods
to manage the temporal profile of subcycle impulses with
the duration of the femtosecond unit order.
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