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Introduction

The effect of self-induced transparency is that an electro-

magnetic pulse of a certain shape propagates with minimal

energy losses in a medium with significant concentrations

of atoms. In the case of a two-level medium [1] (a
medium consisting of atoms in which only one transition

between two energy states — ground and excited, with

a known transition frequency is resonant with radiation),
this mechanism consists in the following. The leading edge

of such an electromagnetic pulse transfers atoms to an

excited state, transferring its energy to the medium, while

further propagation of the pulse removes the excitation, and

the energy returns from the medium back to the pulse,

restoring its original shape. The shape of such a pulse was

determined by S. McCall and E. Khan [2–4]. The question

arises whether this effect manifests itself in rarefied media,

such as astrophysical [5] ones, in which the concentration of

atoms is significantly lower than in the case of [2–4]. We

will discover that, for fixed energy and carrier frequency,

the pulse has the least loss if its shape coincides with that

indicated by McCall and Khan. We will show this by

computer simulation with variations in the pulse shape.

System of equations

The propagation of a radiation pulse with a fixed (linear)
polarization in a medium is described by the following wave

equation from Maxwell’s equations:

∇2E −
1

c2

∂2

∂t2
(E + 4πP) = 0. (1)

Here E is the electric field strength with a fixed (linear)
polarization, P — polarization of the medium, c — the

speed of light in vacuum, t — time. We review a two-level

medium, so the polarization is written in the following form

P = Nd21(ρ21 + ρ∗

21), here N — concentration of atoms,

d21 — dipole matrix element of the transition between the

first and second levels, ρ21 — non-diagonal element of the

density matrix describing an individual atom environment.

The state of an atom at passing of a pulse is described by

equations for the density matrix [1,6] which, together with

the wave equation (1) make the system

∇2Ẽ −
1

c2

∂2

∂t2

(

Ẽ + 4πP̃
)

= 0,

∂ρ̃21

∂t
= −iω21ρ̃21 − γ21ρ̃21 − i

d21

h̄
Ẽ(ρ22 − ρ11),

∂ρ22

∂t
= −γ2ρ22 − i

d21

h̄
Ẽ(ρ̃21 − ρ̃∗

21),

∂ρ11

∂t
= γ2ρ22 + i

d21

h̄
Ẽ(ρ̃21 − ρ̃∗

21), (2)

where γ21 and γ2 —relaxation rates, ρ11 and ρ22 — diagonal

elements of the density matrix. The upper wavy line marks

rapidly changing values. We will use the slowly varying

amplitude approximation with a fixed carrier frequency. Let

us introduce

Ẽ =
1

2
E exp(iφ) + k.c.,

ρ̃21 = ρ21 exp(iφ),

where E and ρ21 — slowly changing amplitudes, and

φ = kz − ωt — rapidly changing phase. We will designate

1ω = ω21 − ω. If diffraction effects are not taken into ac-

count, then the terms with ∂2/∂x2 + ∂2/∂y2 will disappear

in the equation for the field. Let

z̃ =
ωRz

c
,

t̄ = ωRt,

Ē =
E
E0

,
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Figure 1. Dependences of energy losses of various pulses

with maximum energy amplitude E0 = h̄ωR
d21

and ωR = 1015 s−1

on the parameter λ when propagating in a medium over a

length z = 30c/ωR . The solid line shows the energy loss for a

pulse with f (z ) = exp(−z 2), the dashed line — 1

1+z2
, the dash-

dot — exp(−|z |).

where E0 = h̄ωR
d21

and ωR — Rabi frequencies. Let us

introduce a designation

α =
2πNd2

21ω

h̄c
, ᾱ =

cα

ω2
R

, 1ω̄ =
1ω

ωR
, γ̄21 =

γ21

ωR
, γ̄2 =

γ2

ωR
.

Further, the dashes above dimensionless variables will be

omitted, and all variables in the equations will be assumed

to be dimensionless. Let us write the elements of the

density matrix in terms of the components of the Bloch

vector R = (R1, R2, R3):

ρ21 =
R1 + iR2

2
, ρ11 =

1 + R3

2
, ρ22 =

1− R3

2
.

Then ρ22 − ρ11 = −R3, ρ22 + ρ11 = 1. We also write the

electric field strength in terms of the imaginary and real

parts: E = E1 + iE2. Thus, we obtain the following system

of equations:
∂E1

∂t
= −

∂E1

∂z
− αR2,

∂E2

∂t
= −

∂E2

∂z
+ αR1,

∂R1

∂t
= 1ωR2 − γ21R1 − E2R3,

∂R2

∂t
= −1ωR1 − γ21R2 + E1R3,

∂R3

∂t
= γ2(1− R3) − (E1R2 − E2R1). (3)

The self-consistent system of equations (3) represents the

process of propagation of an electromagnetic pulse in a two-

level medium. The soliton solution is possible in the absence

of relaxation and has the form

E(z , t) =
2

tp
sech

(

t − z/V
tp

)

,

where tp — a free parameter that specifies the pulse width,

and V−1 = c−1 + αt2p(1 + t2p1ω
2)−1 is the inverse velocity

of the soliton of self-induced transparency [7]. When the

area under the graph of such a pulse is equal to 2π, it is

called 2π-pulse [8,9].

Energy loss minimization

Passing through the medium, the pulse excites atoms,

i. e. its energy goes into the medium, but this energy does

not return back into the pulse in low-concentration media,

as happens in the effect of self-induced transparency. The

excited atoms will return to the ground state after some

time and the energy they emit will be the energy lost

by the impulse. The radiation power of an atom in all

directions is S =
2|d̈|2

3c3 , where d = d21(ρ21 + ρ∗

21). In our

approximation S ≈
4d2

21
|ρ2

21
|ω4

3c3 . By integrating this expres-

sion over time, we obtain the energy emitted by the atom. A

soliton of self-induced transparency propagates in a medium

with a significant concentration of atoms with minimal

energy losses. For low concentrations, N ≈ 103−104 cm−3,

corresponding to dense astronomical media, the effect

of self-induced transparency is transformed into a certain

effect in which a pulse of this shape also undergoes the

least energy loss. This work examines the evolution of

various forms of initial profiles of an electromagnetic pulse

with different areas. Meanwhile, various environmental

parameters were considered. The work contains [5]
information on the interstellar medium between the Sun

and various sources. We can estimate the average hy-

drogen concentration as N = (4.7−6.2) · 102 cm−3. When

a pulse propagates through such a medium, it can be

absorbed in the line Ly-α with the transition frequency

ω21 = 15.5 · 1015 s−1. The dipole moment of such a

transition is d = 1.5Debye. Let us imagine the pulse

strength at the initial moment of time in the following

form:

E(z ) = (1− λ)
2

tp
sech (z/Vtp) + λ f (z ),

where f (z ) — arbitrary function, and λ — parameter

for variation. Using computer simulation, we will launch

pulses with a certain energy, varying the shape by changing

the value of the parameter λ from zero to one, and

we will look at the energy loss of the pulse. For the

function f (z ), let us take, for example, exp(−z 2), 1
1+z 2 and

exp(−|z |). For a pulse with intensity E0 = 2.1 · 1010 V/m,

energy losses practically do not increase as the parame-

ter λ changes (Fig. 1). However, for pulses with lower
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Figure 2. Dependences of energy losses of various pulses with maximum energy amplitude E0 = h̄ωR
d21

and ωR = 104 s−1 (a),

ωR = 105 s−1 (b) on the parameter λ when propagating in a medium over a length z = 30c/ωR . Medium concentration N = 102 cm−3 (a)
and N = 103 cm−3 (b). The solid line shows the energy loss for a pulse with f (z ) = exp(−z 2), the dashed line — 1

1+z2
, the dash-dot —

exp(−|z |).
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Figure 3. Dependences of energy losses of various pulses with maximum energy amplitude E0 = h̄ωR
d21

andωR = 106 s−1 (a),

ωR = 107 s−1 (b) on the parameter λ when propagating in a medium over a length z = 30c/ωR . Medium concentration N = 103 cm−3 (a)
and N = 104 cm−3 (b). The solid line shows the energy loss for a pulse with f (z ) = exp(−z 2), the dashed line — 1

1+z2
, the dash-dot —

exp(−|z |).

intensity, energy losses become significant when deviating

from the required pulse shape. From Fig. 2 a, b it is

clear that a pulse with an unperturbed shape undergoes

the least loss. The field strength here is E0 = 21V/m.

Meanwhile , the higher the pulse energy, the lower

its relative energy losses, but even in this case, with

an unperturbed pulse shape, energy losses are minimal

(Fig. 3).

Conclusion

For pulses with low field strength when passing through

a medium with low concentrations, its shape is very

important. Calculations were carried out for the case when

the transition frequency in a two-level medium ω21 was

close to the pulse frequency ω, namely 1ω ∼ ωR . It

is shown that the effect of self-induced transparency in
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rarefied media is transformed into the following effect: when

an electromagnetic pulse propagates through an interstellar

medium with a profile having the shape of a hyperbolic

secant, the least energy loss occurs.
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