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Introduction

Convective-film cooling systems are used to protect

nozzle and moving blading of turbines operating in high-

temperature gas flows [1]. The efficiency of film cooling

depends both on the shape of the channels connecting the

flow area of the cooling and high-temperature flows, and on

the coolant feed mode — stationary or pulsating. In order to

increase the cooling efficiency the various types of channels

were developed: cylindrical, reradiating, radial, cantilever,

conical, reradiating-radial, anti-vortex, pair, louvre, etc. [2].
The cooling efficiency depends on the configuration of

the protective film created by the cooling jets near the

surface to be protected. The study of such systems and

the search for the best form of channels both in stationary

and pulsating modes are often carried out by methods of

mathematical modeling. In this case, it is desirable to

know what the shape of the protective film will be for a

particular flow mode and the profile of the channel through

which the cooling gas is fed. The shape of the film can

be estimated from the thermal field configuration in the

vicinity of the outlet section of the channel, but in this case

the result is integral and is determined by the interaction

of the high-temperature and cooling flows. At the same

time, the shape of the cold gas jet injected into the main

flow is interesting, the jet creates a curtain [3–6] and can

change in pulsating modes [7,8]. In the present paper it

is proposed to estimate the film configuration not only on

the basis of the temperature field, but also on the basis

of the spatial distribution of the cold component of the

gaseous mixture blown into the hot flow region. In this

case, the calculation can be carried out on the basis of a

dynamics model of the two-component gas, and the film

shape can be compared with the density distribution of the

low-temperature component in the hot flow region.

1. Equations of gas motion, statement of
the problem and method of its
solution

To describe the non-stationary process of the protective

film formation, a system of equations of motion of a viscous

compressible heat-conducting two-component gas was used,

which was written in generalized curvilinear coordinates

ξ = ξ(x , y), η = η(x , y), where (x , y) — physical, and

ξ, η — calculated coordinates [9–11]. The system of

equations and the method for solving it are described in

the Appendix.

The protective film is formed when the cooling gas jet

interacts with the high-temperature stream. Fig. 1 shows the

results of the verification calculation of the flow of the flat

submerged air jet in the stationary mode. The computational

domain is shown in Fig. 1, a. The jet parameters are set

using boundary conditions. At y = 0, 0 < x < 0.48m,

0.52m < x < 1m the no-slip conditions are set for the gas

velocity. At y = 0, 0.48m < x < 0.52m the gas velocity

is set: u = 0, v = 4m/s, where u, v — gas velocity

components in the direction of axes 0x , 0y . On the other

boundaries of the computational domain for the velocity

components the uniform Neumann conditions are set.

Neumann conditions are also set for the density, pressure,

and energy at all boundaries of the computational domain.

At the initial time, the gas is stationary, its temperature

T = 400K, component densities ρ1 = ρ2 = 0.645 kg/m3 are

set. Fig. 1, a shows the jet shape and the velocity distribution

in the jet in the stationary mode. Fig. 1, b shows the

stationary values of the vertical velocity component at

various points on the jet axis: 1 — y = 0.005m, 2 —
y = 0.25m, 3 — y = 0.5m, 4 — y ≈ 1m. The cross

sections of the jet plotted with the step 1y = 0.128m are
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Figure 1. Flat submerged jet: a — jet velocity field, b — velocity settling process, c — velocity profiles in jet cross sections, d —
longitudinal velocity distribution on the jet axis.

shown in Fig. 1, c: the curve 1 was plotted at y = 0.1m,

curve 8 — at y = 1m. The velocity distribution along the

jet axis is shown in Fig. 1, d by the solid line. The dashed

line — approximation by function v ≈ 2.31/(y + 0.1)1/3

at y > 0. The jet center is at x = 0.5m, y ≈ −0.1m.

The exponent 1/3 in the denominator of the obtained

approximating dependence corresponds to the laminar flow

mode of the flat jet [12,13].

The technique that makes it possible to determine

the configuration of the protective film from the density

distribution of the cooling gas is described below using the

example of solving the problem of convective-film cooling

of the plate with a slotted channel. Fig. 2 shows a diagram

of the computational domain, which includes the plate with

an inclined slotted channel.

The plate h = 0.003m thick separates the flows of low-

temperature (region I) and hot gas (region V). Computa-

tional domain length is L = 0.16m, heights are h1 = 0.1m,

h2 = 0.08m (Fig. 2, a). Distance along the plate from

the inlet section to the side wall of the inclined slot

is ℓ = 0.07m. Fig. 2, b shows the fragment of the

computational domain of a block-structured finite difference

grid constructed by the Thompson method [10].
Since the protective film configuration is determined by

the cold component distribution, it is proposed to use in

flow calculations a single-velocity two-component model

of the motion of the viscous compressible heat-conducting

gas. This model comprises two gas components — high

temperature with density ρ1 and cooling with density ρ2.

The system of equations includes a continuity equation

for each component, as well as conservation equations for

pulse components and energy conservation equation for the

mixture as a whole. Thus, two continuity equations are used

to calculate the gas density:

∂ρ1/∂t + ∂(ρ1u)/∂x + ∂(ρ1ν)∂y = div(ν1∇ρ1),

∂ρ2/∂t + ∂(ρ2u)/∂x + ∂(ρ2ν)∂y = div(ν1∇ρ2),

ρ = ρ1 + ρ2.
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Figure 2. a — scheme of the computational domain, b — fragment of the finite-difference grid in the vicinity of the channel.

Therefore, air in high-temperature and low-temperature

streams consists of two
”
components“ with the same

properties, velocities and temperatures at each node of the

finite-difference grid, but differently distributed in the low-

temperature and high-temperature parts of the computa-

tional domain. Let at the initial moment of time the densities

of the components be distributed as follows: — in region V:

ρ1 = ρ10 − α20, ρ2 = α20, ρ = ρ1 + ρ2 = α10 at α20 ≪ ρ10;

in region I: ρ2 = ρ20 − α10, ρ1 = α10, ρ = ρ1 + ρ2 = α20 at

α10 ≪ ρ20.

Thus, the gas in region I consists of component 2 with a

small addition of component 1, while they have the same

physical properties, temperature, and velocity components.

In region V before mixing with the cooling jet the gas

consists of component 1 with a small addition of compo-

nent 2. In this case, the physical properties, temperatures

and velocities of the first and second components in each

node are the same. The total air density is equal to the

sum of the component densities: ρ = ρ1 + ρ2. Further, the

total density is used in the conservation equations of pulse

components and in the energy conservation equation.

Since the carrier of the low gas temperature in the

region V is the second component of the mixture, its

distribution in the region V determines the protective film

configuration. The carrier of high temperature in region I is

the first component of the mixture. Its presence in region I

indicates the hot air inflow into the region of the cooling

stream, which is possible when the coolant is supplied in

pulsating modes.

Let at the initial moment of time the temperatures

and densities of the stationary gas at the nodes of the

gas-dynamic grid are: T20 = 400K, ρ20 = 1.2 kg/m3,

T10 = 600K, ρ10 = 0.58 kg/m3, and temperature

at the nodes of the solid grid is T = T20. Gas

pressure at inlet and outlet of the region I was:

p+ = (1.1 + 0.3 sin(2π f × t))p20, p− = 0.9p20, where

p20 = 128 kPa — initial gas pressure in the region I

(Fig. 2, a), f — linear frequency of oscillations. In region V

p+ = 1.1p10, p− = 0.9p10, where p10 = 120.5 kPa —
initial gas pressure in the region V.

Further calculations are made using grids with number of

nodes N j × Nk = 200× 200. In this case, the near-wall grid

nodes closest to the plate surface on both sides of the plate

were located at the beginning of the logarithmic regions of

the velocity boundary layers at 30 ≤ y+ ≤ 60.

2. Calculation results

As an example, Fig. 3 shows the process of temperature

establishing at the point (x = L/2, y = h2 + h + h1/2),
located on the longitudinal axis of the high-temperature

region V, above the outlet section of the slotted channel

for the oscillation frequency of gas pressure in the cooling

channel f = 500Hz and at the amplitude of pressure

oscillations 0.3p20.

The oscillations are non-linear, have asymmetric leading

and trailing edges. Comparison of time dependences

for velocity with dependences for temperature, density,

pressure shows that the velocity oscillations in phase are

ahead of temperature, density and pressure oscillations

by approximately T/4, where T = 0.002 s — oscillation

period. Fig. 4 shows the distribution of gas temperature

in the near-wall layer of nodes along the upper surface
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Figure 3. Time dependence of temperature at the point (x = L/2,
y = h2 + h + h1/2) at oscillation frequency f = 500Hz.
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the plate at times, t : 1 — 0.0052, 2 — 0.0057 s, 3 — stationary

temperature distribution.

of the plate (Fig. 2, a) at time moments t1 = 0.0052 s,

t2 = 0.0057 s spaced by T/4 during the oscillation period.
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Figure 5. The shape of the protective film at different times: a — density of the cold component ρ2; b — gas temperature at time

t = 0.0052 s; c — cold component density ρ2; d — gas temperature at time t = 0.0057 s.

The minimum temperature is reached at the outlet section of

the slotted channel. Upstream of the outlet section, during

the oscillation period, the temperature along the surface

rises faster than downstream, where the protective film is

formed. In this case, the temperature difference in the

region located below the outlet section of the slot and lying

at the base of the protective film adjacent to the surface,

during the oscillation period reaches 1T = 40K (Fig. 4).
Fig. 5, a, c shows the spatial density distribution of the

second (cold) component ρ2 in the high-temperature region

at times t = 0.0052 and 0.0057 s. Fig. 5, b, d shows the

spatial distribution of the gas temperature at the same

time moments. Both parameters allow you to evaluate the

location of the protective film.

Calculations show that at t = 0.0052 s, the film occupies a

larger volume (Fig. 5, a) and has a greater extent of the cold

core along the plate from the blowing in point (Fig. 5, b).
After a quarter of the period, at t = 0.0057 s, the volume

of the film (Fig. 5, c) and its cold core (Fig. 5, d) decreases,

the film is pressed against the surface to be protected.

Calculations show that in the upward direction relative

to the high-temperature flow, the effect of non-stationarity

of the cooling jet on the film shape manifests itself

−5 Technical Physics, 2023, Vol. 68, No. 6
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insignificantly, while in the direction of the flow, during the

oscillation period, the film dimensions change significantly.

If at time t = 0.0052 s the right boundary of the protective

film, on which the density of the second component

reaches the value ρ2 = 0.6 kg/m 3, is located at x ≈ 0.135m

(Fig. 5, a), then at time t = 0.0057 s the protective film

approaches the plate, and its right boundary, at which the

density is ρ2 = 0.6 kg/m 3, is at x ≈ 0.11m (Fig. 5, c).

Conclusion

The shape of the protective film and its location relative

to the surface determine the cooling efficiency and depend

on the parameters of the high-temperature gas flow, the

method of feeding the cooling gas, and the shape of the

channel in which the jet is formed. In numerical simulation

using single-velocity two-component gas flow model, the

film shape can be determined from the distribution of the

main gas component for the cooling stream in the high-

temperature flow. This method of determining the film

configuration complements the estimate obtained from the

construction of the temperature field.
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Appendix

System of equations of motion of viscous
compressible heat-conducting
two-component gas and method of its
solution

The system of equations of motion of viscous com-

pressible heat-conducting gas in generalized curvilinear

coordinates has the form [9,10]:

qt + Fξ + Gη = H (51)

q =

[

ρ1

J
,
ρ2

J
,
ρu
J
,
ρv

J
,

E
J

]T

,

F =
1

J

























ξxρ1u + ξyρ1v

ξxρ2u + ξyρ2v

ξx (ρu2 + p − τxx) + ξy (ρuv − τxy)

ξx (ρuv − τxy ) + ξy (ρv
2 + p − τyy)

ξx

(

(E + p − τxx )u − τxyv + Qx

)

+ξy
(

(E + p − τyy)v − τxy u + Qy
)

























,

G =
1

J

























ηxρ1u + ηyρ1v

ηxρ2u + ηyρ2v

ηx (ρu2 + p − τxx) + ηy (ρuv − τxy)

ηx (ρuv − τxy ) + ηy(ρv
2 + p − τyy)

ηx
(

(E + p − τxx)u − τxyv + Qx
)

+ηy
(

(E + p − τyy)v − τxy u + Qy
)

























,

H =
1

J





















div(v t∇ρ1)

div(v t∇ρ2)

0

0

0





















, ρ = ρ1 + ρ2,

τyx = τxy ; τxy = (µ + µt)

(

∂u
∂y

+
∂v

∂x

)

,

τxx = 2(µ + µt)
∂u
∂x

− 2

3
(µ + µt)div(U),

τyy = 2(µ + µt)
∂v

∂y
− 2

3
(µ + µt) · div(U),

p = (γ − 1)ρI, E = I + 0.5ρ(u2 + v2),

Qx = −(k + C pµt/Pr)∂t/∂x ,

Qy = −(k + C pµt/Pr)∂T/∂y,

div(U) = ∂u/∂x + ∂v/∂y.

Here ρ, ρ1, ρ2, u, v , E , I , T , p — density of

gas and components, longitudinal and transverse velocity

components, total and internal energy , temperature and gas

pressure; γ , µ, µt — adiabatic constant, dynamic molecular

and turbulent gas viscosities; Pr — Prandtl number; τxx ,

τyy , τxy — viscous stress tensor components. The internal

energy of the gas was defined as I = ρCV T , where CV —
specific heat at constant volume, and the gas temperature

is T =
(

E − 0.5ρ(u2 + v2)
)/

ρCV . When writing the conti-

nuity equations for the components, the concentration diffu-

sion of the gas is taken into account. The metric coefficients

and the Jacobian of the transition from calculated to physical

coordinates are defined as [9,10]: ξx = J · yη , ξy = −J · xη ,

ηx = −J · y ξ , ηy = J · x ξ , J = ξxηy − ξyηx .

System (A1) was solved by the explicit second-order

McCormack method [9,10] with splitting of the original

operator in spatial directions [9,11]:

qn+1
j,k = Pξ(1tξ/2)Pη(1tη/2)Pη(1tη/2)Pξ(1tξ/2)q

n
j,k .

(52)
The transition from the time layer tn to the layer tn+1

by applying one-dimensional operators to the vector of gas-

dynamic functions from the previous layer is carried out as

follows:

q
(1)
j,k = Pξ(1tξ/2)q

n
j,k , q

(2)
j,k = Pη(1tη/2)q

(1)
j,k ,
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q
(3)
j,k = Pη(1tη/2)q

(2)
j,k , q

(n+1)
j,k = Pξ(1tξ/2)q

(3)
j,k . (53)

Here 1tξ = 1tη = 1t . So, to obtain intermediate values of

the vector q(1), it is necessary to apply the one-dimensional

operator Pξ (1tx/2) on the variable ξ to the vector of

gas-dynamic functions on the time layer tn . The action

of each one-dimensional operator P consists in successive

execution of the steps
”
predictor“ and

”
corrector“ on the

corresponding spatial variable:

q
(1)∗

j,k = qn
j,k −

(1tξ/2)
1ξ

(

Fn
j+1,k − Fn

j,k

)

, (54)

q
(1)
j,k = 0.5

(

qn
j,k + q

(1)∗

j,k

)

− 0.5
(1tξ/2)
1ξ

(

F
(1)∗

j,k − F
(1)∗

j−1.k

)

,

(55)

q
(2)∗

j,k = q1j,k −
1tη/2
1η

(

G
(1)
j,k+1 −G

(1)
j,k

)

, (56)

q
(2)
j,k = 0.5

(

q1j,k + q
(2)∗

j,k

)

− 0.5
(1tη/2)
1η

(

G
(2)∗

j,k −G
(2)∗

j,k−1

)

,

(57)
etc. At the step

”
predictor“ the approximation of the

derivatives in ξ , included in Fn
j+1,k , F

n
j,k , is performed using

the left difference scheme of the first order of accuracy,

at the step
”
corrector“ — with the help of the right one,

and the derivatives in η are approximated by second-order

central difference schemes. Derivatives in η, included

in Gn
j,k+1, Gn

j,k , are approximated at the step
”
predictor“

step by left first-order difference schemes, and at the step

”
corrector“ by the right schemes. Difference derivatives in ξ

in Gn
j,k+1, G

n
j,k at each step are central.

To describe the transfer of the modified kinematic

turbulent viscosity ν , the basic Spalart−Allmaras model is

used [14,15]:

∂(ν)

∂t
+

∂(uν)

∂x
+

∂νν

∂y

=
∂

∂x

(

ν0 + ν

σν

ν

∂x

)

+
∂

∂y

(

ν0 + ν

σν

∂ν

∂y

)

+
Cb2

σν

(

(

∂ν

∂x

)2

+

(

∂ν

∂y

)2
)

+ Pν − εν . (58)

Here Pν , εν , ν0, ν — the rate of generation and

dissipation of turbulent viscosity, molecular and modified

kinematic viscosity. When using the Spalart-Allmaras

model, the parameter k te is omitted in the expressions

for Reynolds stresses. The kinematic turbulent viscosity

νt is determined through the modified kinematic turbulent

viscosity ν :

νt = ν × Fν1, f ν1 =
33

33 + C3
ν1

, 3 =
ν

ν0
,

Pν = Cb1Sν, S = |�| + ν

(kd)2
f ν2,

f ν2 = 1− 3

1 + 3 f ν1

, εν = Cw1 f w

(ν

d

)2

,

f w = g

(

1 + C6
w3

g6 + C6
w3

)1/6

, Cw1 =
Cb1

k2
+

1 + Cb2

σν
,

g = r + Cw2(r
6 − r), r =

ν

(kd)2S
.

Here d — the closest distance to the wall, k = 0.4187 —
Karman constant. The vorticity modulus � is defined as

� =
1√
2

∣

∣

∣

∣

∂u
∂y

− ∂ν

∂x

∣

∣

∣

∣

.

Values of the base model constants:

Cb1 = 0.1355, Cb2 = 0.622, σν = 2/3,

Cν1 = 7.1, Cw2 = 0.3, Cw3 = 2.

Kinematic turbulent viscosity is related to dynamic tur-

bulent viscosity by the relation µt = ρνt . Spalart−Allmaras

equation was written in generalized curvilinear coordinates

in a quasi-conservative form (P9) and solved

∂ν1

∂t
+

∂F
∂ξ

+
∂G
∂η

= H, (59)

ν1 =
ν

J
, F =

ξtν + ξx uν + ξyvν

J
,

G =
ηtν + ηx uν + ηvν

J
,

H =
∂

∂x

(

(ν0 + ν)

σν

∂ν

∂x

)

+
∂

∂y

(

(ν0 + ν)

σν

∂ν

∂y

)

+
Cb2

σ y

(

(

∂ν

∂x

)2

+

(

∂ν

∂y

)2
)

+ Pν − εν ,

∂ν

∂x
= νξξx + νηηx ,

∂ν

∂y
= νξξy + νηηy ,

(

(ν0 + ν)

σν

∂ν

∂x

)

x

=

(

(ν0 + ν)

σν

∂ν

∂x

)

ξ

ξx +

(

(ν0 + ν)

σν

∂ν

∂x

)

η

ηx ,

(

(ν0 + ν)

σν

∂ν

∂y

)

y

=

(

(ν0 + ν)

σν

∂ν

∂y

)

ξ

ξy +

(

(ν0 + ν)

σν

∂ν

∂y

)

η

ηy

by McCormack explicit method with splitting of the spatial

operator in directions and a nonlinear correction scheme,

similar to how the equations of the system of motion of

viscous compressible heat-conducting gas are solved.

The block-structured finite-difference grid was con-

structed by combining the grid blocks of the gas flow region

shown in Fig. 2, b. Within each block, the Thompson

method [10] was used to construct the grid. Grids of

adjacent blocks, including solid ones, designed to solve
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the problem of thermal conductivity, were built conformally

with nodes coinciding at the boundaries of the blocks.

On the solid boundaries of the computational domain,

the no-slip conditions were set for the velocity components,

and for pressure, temperature, energy, and gas density —
homogeneous boundary conditions of the second kind. At

the inlet boundaries of the hot and cold gas flow regions

pressure, density, and temperature were set, as well as

homogeneous boundary conditions of the second kind for

the velocity components. Pressure values were set at the

outlet boundaries, and homogeneous boundary conditions

of the second kind were set for the rest of the gas-dynamic

functions. At the initial moment of time, the temperature,

density, and gas velocity components were set in the internal

nodes of the gas computational domain. At the nodes of

the solid regions II, IV (Fig. 1) the plate temperature values

were set.

To model the thermal boundary layer and determine the

temperature of the plate surface, the velocity and thermal

near-wall functions were used, which relate the dimen-

sionless parameters T+ = (Tw − Ti)/Tτ and y+ = ρuτ d/µ.
Here Tw — wall temperature at a given node on the

plate surface; Ti — stream temperature in the gas-dynamic

grid node nearest to it; Tτ = qw/(ρC puτ ) — friction

temperature [16]. The thermal near-wall function of the

form [16] was used:

T +(y+) =



























y+Pr, y+Pr < 1,

1.87 ln(y+Pr + 1) + 0.065y+Pr− 0.36,

1 ≤ y+Pr ≤ 11.7

2.5 ln(y+Pr) − 1, y+Pr > 11.7)

.
(510)

The values of the wall variables y+ and u+ = u/uτ ,

where uτ = (τw/ρ)1/2 — dynamic velocity, are found from

the universal relation for Spaulding’s self-modeling velocity

profile [17] inside the viscous boundary layer:

Re

u+
= u+ + e−22

(

eku+ − 1− ku+ − 1

2
(ku+)2

− 1

6
(ku+)3 − 1

24
(ku+)4

)

, (511)

where k = 0.41 — Karman constant, Re = ρud/µ —
known Reynolds number in the first wall node. With

a known number Re at a given node, equation (P11)
is solved iteratively by Newton’s method with respect to

the parameter u+ at this node. Then uτ = u/u+ and

y+ = yuτ ρ/µ are determined. When solving the system of

equations of gas motion, the normal stress τxx in the near-

wall nodes closest to the plate surface in the equations of

conservation of the pulse components and energy is equal

to the stress on the wall τw = ρ2
τ , found using near-wall

functions.

To assess the performance of the model, which includes

the Spalart−Allmaras equation and the near-wall veloc-

ity functions the calculations of the turbulent gas flow

around the flat plate were performed, and velocity profiles

u+(log(y+)) were plotted in sections located across the

boundary layer. The dependences obtained in the logarith-

mic region of the boundary layer practically coincided with

the Spolding self-modeling profile [17].

The heat flux is expressed in terms of the

friction temperature and the parameter T + [16]:
qw = (Tw − Ti)ρC puτ /T+ . Hence the heat transfer coeffi-

cient on the surface plate−gas is α = ρC pµτ /T +. Knowing

the gas temperatures T1, T2 near the hot and cold surfaces of

the plate in the nodes of the gas grid closest to the surface,

the heat transfer coefficients of the surfaces α1, α2, the

thermal conductivity of the plate λ and its thickness h, we
find the temperatures at the nodes on the plate surfaces [18]:

Tw,1 = T1 − (kc/α1)(T1 − T2),

Tw,2 = T2 − (kc/α2)(T1 − T2), (512)

where α1 = ρ1C puτ 1/T ∗

1 , α2 = ρ2C puτ 2/T∗

2 — heat trans-

fer coefficients from side of hot and cold streams;

kc = (1/α1 + 1/α2 + h/λ)−1 — wall heat transfer coeffi-

cient.
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