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Interaction of H-wave with the thin metal layer with generalized boundary

conditions
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Introduction

The electromagnetic properties of thin metal films can
differ significantly from the properties of bulk samples [1-
9]. In the case under consideration, the thickness of the
thin metal layer a does not exceed the thickness of the
skin layer § and is comparable to the mean free path of
electrons in the metal A. It is known that the thickness
of the skin layer strongly depends on the frequency of the
external field w: as the frequency increases § decreases [10].
In our case @ does not exceed 7 - 10!! Hz and the inequality
a < § is satisfied, so the skin effect is not taken into account.
Since the thickness of the thin layer is much greater than the
de Broglie wavelength, which in typical metals is about the
interatomic distance (~ 0.3nm), the quantum effects can
be neglect ed.

1. Electromagnetic H-wave and thin

metal layer

Let us consider the thin metal layer with thickness a,
specularity coefficients ¢; and ¢, when electrons are
reflected respectively from the upper and lower surfaces
of this layer, in the case of electromagnetic H-wave incident
on it at an angle 0. Since the vector of the electric field of
an electromagnetic wave is parallel to the surface of the thin
layer, then such wave is called H-wave. The electric field of
the electromagnetic wave is parallel to the coordinate axis Y,
the coordinate axis X is directed deep into the thin metal
layer. Let us clarify that the electric field E is uniform and
periodic in time:

E = Ejexp(—iwt).

Here w — frequency of electric field.
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The behavior of the electromagnetic field inside the thin
metal layer can be described by the following system of
equations [11]:

rotH = j+ ego2E,
(1)

rotE = —Muo%—ft‘.

Here j — electric current density,u and yy — permeability
of the medium and magnetic constant; & and & —
permittivity of the medium and electrical constant.

Write according to definition the curl of the vectors E
and H, leaving only the projections Ey and H; in accordance
with the choice of coordinate axes for the thin metal layer:

JdE JdE
tE=——i+ —k
ro 821+ ox
dH,. 0H;,
tH=— . 2
rof 3y i+ AL (2)

B _

Since in our case > = 0, the first equation of system (2),
taking into account the second equation of system (1), will
take the form

oEy 0
v —H,anHz
= —,u,uoaHo exp(—iwt) = puolwH,.

Thus, the first equation of the system (1) in SI system
will take the final form

oE .
a_xy — uuolwH; = 0.

The second equation of the system (2) taking into account
?

that Z;'/Z = 0 can be rewritten as follows:
oH, . 0 .
pvalil M eeany exp(—iwt).
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Here jy — projection of electric current density.
As a result of similar transformations, we can obtain the
second equation of the system (1) in SI system:

oH, . .
a_xz +iegw(sin® 0 — 1)Ey = —jy.
Here 6 — angle of incidence of H-wave on thin metal layer.
So, the system of equations (1) in SI system will obtain
the final form:

9Ey i _
=2 —uuyioH; =0,
ox z (3)

W tiegow(sin®0 — 1)E, = —jy.

Interaction of electromagneticH- wave With thin metal
layer is characterized by coefficients: reflection R, transmis-
sion T and absorption A[12]:

1 2
T=_|Pk—pP
7l ’
1 2
R=—|Pk+P
3PPl
A=1-T-R (4)

PK and P' are related to the surface impedances Z* and
Z' on the lower surface of the thin metal layer and the wave
incidence angle 0. They are defined as follows [12]:

K ZXcos6 — 1
- ZKcosO + 17

| Z'cos6 —1

T ZcosO+ 1 (5)

Z¥ corresponds to the antisymmetric electric field
configuration of the external field: Ey(0) =—Ey(a),
H.(0) = H,(a), and Z' — symmetrical external field config-
uration: Ey(0) = Ey(a), H,(0) = —H;(a). The impedance
in both cases has the form

Ey(0)

k=7 =2
H2(0)

(6)

The electric and magnetic fields will change very little
at distances smaller than the skin-layer depth (a < §). In
the case of an antisymmetric configuration of the external
field with respect to the electric field, when H;(0) = H,(a),
we can take the value H; as constant, and the change in the
electric field with thickness can be determined from the first
equation of the system (3):

Ey (@) - E/(0) = uuoiwaH,. (7)

Accounting for the antisymmetric nature of the electric
field reduces expression (7) to the form

pitol waH;

£, (0) = %

Taking into account the expression (6) for the impedance,
in the case of the antisymmetric external field configuration
with respect to the electric field, we obtain

ZX = —ipuoway/2. (8)

In the case of the symmetric configuration of the external
field with respect to the electric field, when Ey(0) = Ey(a),
we can take the value Ey as constant, and the change in the
magnetic field with thickness can be determined from the
second expression of the system of equations (3):

H,(a) — H(0) = —ieeo(sin®(0) — 1)Ey, —/jydx. (9)
0

Let us introduce the electrical conductivity, which will be
averaged over the thickness of the thin metal layer a:

a

0a = %/jy(x)dx = é/a(x)dx. (10)
0

0

For the electric current density, we have
Jy =0 (X)Ey.

Here o (x) is the local electrical conductivity of the layer.

Taking into account the expression (10) and the symme-
try of the magnetic field, the expression (9) will take the
form

H,(0) = —%issowa(sinz(e) — 1)Ey + acaEy.

Taking into account (6) in the case of the external field
configuration symmetric with respect to the electric field,
we obtain

2

Z = .
—iegowa(sin®(0) — 1) + 2a0,

(11)

Now suppose that the wavelength of the incident radi-
ation is much greater than the thickness of the layer a.
In this case pupwa < 1, egpwa < 1 or yup2mca/l < 1,
egg2mca/A <« 1 will be met. Estimates of the wavelength 1
and frequency of the electromagnetic field w for the
considered thin metal layer are as follows: 1 ~ 2.7 - 10™3 m,
o~ 710" Hz

Then, the expressions for the impedances (8) and (11)
will take the form

zk =0,
| 1
Z = a0, (12)
In accordance with (12), the expression (5) will take the
form
Pk=—1,
| cost —ao,
" cosO +aoy

(13)
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Taking into account (13) and (5), the expressions for the
coefficientsIFx70x E 4) will take the form

cos 0
cos O + ao,

2
aoy

cos + aoy
A=1-T—-R, (14)

where o, has the form [13]:

k]

IS

30'0 1 .3
= 2
471 (l/r—lw)/sm a[ a

0

n {_acos(a)(exp(—Q/ cosa) — 1)}

Oa

Q

@ [1 —exp(—/ cosa) + 0 exp(—S2/ cos a)]
1 — g1 exp(—2L2/ cos @)

+

g; [1 — exp(—2/ cos ) + q; exp(—2/ cosa)]”d
1 — g1 exp(—29/ cos @) «

(15)
Here oy =ne’r/m, n — concentration of conduction
electrons, € — electric charge of electron, 7 — electron
relaxation time, m — electron mass, Q2 = % (% — ia)), a:
and g, — specularity coefficients of the surfaces of the thin
layer, when electrons are reflected from its surfaces.

The relationship between the electric field strength E and
the current density j in the case when the layer thickness a
is comparable to the mean free path of electrons in the
metal A turns out to be mainly nonlocal. To describe the
relation between E and j, the paper [13] used the Boltzmann
kinetic equation [14] (in the relaxation time approximation)
for a degenerate Fermi gas of conduction electrons located

in the thin layer:

ot 0t

Ty eEBfo
at = ‘oz

eE f—1
m dvy T

Here fo, f, e, m v, vy, T — respectively the FermilFx87x
Dirac function, electron distribution function in the presence
of external electric field, electron charge, its mass, velocity
projections of conduction electrons, electron relaxation time.

This equation can be linearized with respect to the field E
and small deviations f; from the Fermi—Dirac equilibrium
electron distribution function fo (f = fo+ f;)), and as a
result the following equation is obtained:

f
fi1=——. 1
of - (16)

Solving equation (16) and taking into account Fuchs
specular-diffuse boundary conditions [13,15], the expres-
sion (15) was obtained for the electrical conductivity of the
thin metal layer, averaged over the thickness IFx6x E of this
layer.
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However, it was not taken into account that, in the general
case, the specularity coefficients q; and ¢, may depend
on the angle of incidence of electrons from the surface
of the thin layer. The model of specular-diffuse boundary
conditions for electrons on the surface of the thin metal
layer, taking into account the dependence of the specularity
coefficient on the angle of incidence of electrons a, was
first proposed in the paper [16], where the expression for
the specularity coefficient q was obtained

q(a) = do + (1 — do) exp(—by cosa — by cos’a).  (17)

Here b; and b, — are some positive coefficients, when
b; > 1 and by > 1, then g(a) = gy — we get the Fuchs
model, and if gy = 0 and IFx10 OxE — we get the Soffer
model.

In our case, taking into account that the specularity
coefficients of the surfaces of the thin layer can be different,
expression (17) will take the form

o = o1 + (1 — go1) exp(—b cosa — by cos® @),

02 = o2 + (1 — Qo2) exp(—b; cosa — by cos® ). (18)

Here go; and g, is the value of the reflection coefficients
of the surfaces of the thin layer.

Thus, in further analysis of the behavior of the reflection
coefficients R, transmission coefficients T, and absorption
coefficients A, it is necessary to take into account in the
expression (15) for the conductivity of the thin layer the
dependence of the specularity coefficients on the angle of
incidence of electrons a (expression (18)).

Consider the case of a thick metal layer, when its
thickness a is much greater than the mean free path
of electrons in the metal A. Let us also assume that
by > 1 and b, > 1, then the expression for the electrical
conductivity of the thin metal layer o, will take the form

00

=a - .
Ga l-ior
We obtained a classical result for the conductivity of the
thick layer — the Drude formula.

2. Discussion of results

Consider the behavior of the reflection coefficients R,
transmission coefficients T and absorption coefficients A
in the case of a copper layer of thickness a. For
further calculations we will use the parameters for copper
from [17]. In particular, the electron relaxation time is
T =19-10""s.

Let us compare the obtained results with the experimental
data of the paper [18]. In this paper, the resistivity of
thin copper films was studied. Taking the experimental
values of the specific conductivity of the thin copper
film for the specified thickness, it is possible to calculate
the experimental values of the reflection coefficients R,
transmission coefficients T and absorption coefficients A.
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The obtained values for the coefficients R, T and A are
comparable with the theoretical results of this paper. Let us
specify that for the Fuchs model the values of the specularity
coefficients go; and (g, were taken from [19).

It can be seen in Fig. 1 that the variation of the specularity
coefficients of the thin metal layer has a significant effect
on the behavior of the reflection coefficient R. With the
increase in the thickness of the thin metal layer, the value
of the reflection coefficient increases R.

It can be observed in Fig. 2 that the angle of incidence
of H-wave 0 on thin metal layer also makes a significant
contribution to the behavior of the reflection coefficient R.

1.0
0.8
0.6
&

04

02F

0 2 4 6 8 10
a, 1078 nm

Figure 1. Reflection coefficient R vs. thickness of thin metal
layer a. For all curves w = 0, 6 = 60°, b; = b, = 10. Curve I —
Qo1 =1, Qo2 = 1; curve 2 — o1 = 0.5, qo2 = 0.8; curve 3 —
Jo1 = 0.3, Qo2 = 0.5; curve 4 — Qo1 = 0, Qo2 = 0.
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02F
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Figure 2. Reflection coefficient R vs. thickness of thin metal
layer a. For all curves = 0, by = b, = 10, go1 = 0.3, gp2 = 0.5.
Curve 1 — 0 = 85°; curve 2 — 0 = 60°; curve 3 — 0 = 45°;
curve 4 — 0 =0°.

0.1F

a, 1078 nm

Figure 3. Transmission coefficient T vs. thickness of thin metal
layer a. Solid curve — model of generalized boundary conditions.
Dashed curve — Fuchs model. Dots on the graph — experimental.
For solid curve: w =0, 6 =0°, b; =100, b, =0, 1, gqo =0,
go2 = 0. For dashed curve: @ =0, 0 = 0°, o1 = go2 = 0.5.

Relative error of the results presented in Fig. 3.

Relative
Thickness of thin error A, %

of copper layer a,nm | model of generalized

boundary conditions

Relative
error A, %
Fuchs model

31.7 121 354
37.5 9.6 331
453 2.7 15.2
72.7 94 0.5
145 42 4.1
150 4.1 4

In particular, the smaller the angle of incidence of H-
wave 0 is, the greater the rate of increase in the reflection
coefficient R is with thickness increasing of the thin
layer.

Fig. 3 compares the theoretical model of the present
paper with the experimental data of the paper [18]. In the
paper [18], the electromagnetic properties of thin copper
films were studied in the static case, whenw = 0, and
when the angle of incidence of the electromagnetic wave
is 6 = 0°. Thus, the results obtained using the generalized
boundary conditions are in better agreement with the
experimental data than the results obtained using the Fuchs
boundary conditions (see Table).

Conclusion

Thus, expressions for the reflection coefficients R, trans-
mission coefficients T, and absorption coefficients A are

Technical Physics, 2023, Vol. 68, No. 6
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obtained for the first time, when the specularity coeffi-
cients (o; and Qg depend on the angle of incidence of
electrons. The behavior of the reflection coefficient R is
studied in the case of its dependence on the thickness
of thin metal layer a. The variation of the specularity
coefficients Qo; and Qg with their dependence on the
electron reflection angle makes a significant contribution
to the conductivity of the thin layer and, consequently, to
the behavior of the reflection coefficients R, transmission
coefficients T and absorption coefficients A. As a result of
the calculations it was found that the obtained theoretical
model of generalized boundary conditions more accurately
describes the behavior of the reflection coefficients R,
transmission coefficients T and absorption coefficients A, in
comparison with the Fuchs mirror-diffuse model, if we take
into account that the specularity coefficients ¢o; and Qo
depend on the electron incidence angle. In particular, the
results for the transmission coefficient T are consistent with
the experimental data within the error of the calculation
method.
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