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The properties of angular polarization at the center of mass reference of a system of two-photon spherical Landau

states in momentum space are analyzed in detail. The angular distributions for fixed values of J and M do not

depend on the parity of P, but are determined by two different functions of the polar angle between the relative

momentum and the quantization axes. Two-photon polarization density matrices are derived for each value of J,
M and P . The correlations of the linear polarization of individual photons are analyzed in detail. In addition

to the usual correlation laws for J ≥ 2, expressed in terms of sin and cos angles between analyzer orientations,

correlations are found in terms of the sum of analyzer orientation angles.
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1. Introduction

During the last eighty years researches in different areas

of physics have found a vast number of applications of the

two-photon (TP) states. In astrophysics, a first step was

taken by Breit and Teller [1] who applied the calculations of

Goeppert-Mayer [2] of the TP emission for the 2S-1S atomic

transition showing that this process is the principal cause of

the decay of interstellar hydrogen atoms and the continuum

radiation from gaseous nebulae. Generalization of these

calculations for highly excited levels of hydrogen atoms have

been carried out [3]. In addition, the processes of TP decay

has been considered recently as a possible mechanism for

the temperature and polarization anisotropies of the cosmic

microwave background radiation [4].
Two-photon emission is one of the principal tool in

experiments testing violations of the Bell inequalities in

atomic cascade and nuclei [5–7]. These investigations

test the fundamental question of quantum entanglement.

Additionally, TP transitions have been proposed as a tool

to measure weak interaction properties, viz., the problem of

parity violations in atomic transitions [8,9]. The previously

indicated applications of the TP states concern interaction

of the electromagnetic field in creation processes of TP by

atomic systems, as well as, the properties of entanglement

of many-particle states.

Landau [10] and Yang[11] have analyzed symmetry

properties of TP under spatial rotations and inversions in

the center of mass reference frame of the system. Landau

and Yang established selection rules for the TP decay of

positronium and mesons. It is shown [10] that the TP

annihilation of orthopositronium is forbidden since there is

no state of the TP with angular momentum J = 1 and the

decay is primarily into three gamma photons. In addition,

Yang [11] also points out the kind of correlation that exists

between the planes of polarizations of the TP emitted in the

decay of the π0 meson.

The fact that two photons cannot have total angular

momentum J = 1 is a direct consequence of Bose-Einstein

statistics and is referred to as the Landau-Yang theorem. The

Landau-Yang theorem forbids two photons to participate

in any process that would require them to be in a state

with total angular momentum J = 1. The connection

of the Landau-Yang theorem with some specific selection

rules for two-photon transitions in atoms was first empha-

sized [12,13], where an experimental limit for the violation

of Bose-Einstein statistics was obtained. The Landau-Yang

theorem for atomic transitions has been extended to three-

and four-photon transitions [14,15].
Landau [10] introduces two-photon spherical states

(TPSS) that are eigenfunctions of energy, parity P, angular
momentum J, and its projection M on the fixed quantization

axis. Landau analyzes in detail the general transformation

properties of TPSS wave functions in momentum space,

in the center of mass reference frame. Table 1 indicates

the number N(P)
JM of possible TPSS with given angular

momentum J, projection M, and parity P .
The explicit expressions for the TPSS appears in the

Wick-Jacob review paper [16] as an application of their

helicity formalism. They first introduce TP spherical helicity

states |JM; λλ′〉 (see Chap. 2) as eigenfunctions of angular

momentum J, and its projection M and the total helicity

of photons. They then show that each Landau TPSS can

be represented as a sum or difference of two TP spherical
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Table 1. All possible two-photon spherical states |JMP〉
(k = 1, 2, · · · )

J N(+)
JM N(−)

JM

0 1 1

1 − −
2k 2 1

2k+1 1 −

helicity states with opposite total helicities [16,17] (see
Table 2 below).
The one-particle spherical states together with the theory

of angular polarization correlations have been developed

both in the classical [18] and in the quantum theories [19].
The present article is devoted to analyzing the angular

distribution and the polarization correlations in the TPSS.

The structure of this article is as follows. In Sec. 2,

after a short, preliminary consideration of the explicit form

of each two-photon Landau spherical states, we analyze

their angular distribution in momentum space relative to

the quantization axes. In Sec. 3, two-photon polarization

matrices are derived for each Landau state. The correlations

between the polarizations of the photons are considered in

Sec. 4. Finally, the conclusions are given in Sec. 5.

2. Angular distributions

In the center of mass reference frame, the wave function

in momentum space of TP depends only on the direction

of the relative momentum n (θ, ϕ). The Landau TPSS

states [16,17] in Table 2 are given in terms of the two-

photon spherical helicity states |JM; λλ′〉 defined by

|JM; λλ′〉 =

√

2J + 1

4π
D(J)
λ−λ′,M (n) |λ, λ′〉 , (1)

which are eigenfunctions of the angular momentum, the

projection of the angular momentum, and the total helicity

of the photon pair. In (1), D(J)
λM is the Wigner function and

|λ, λ′〉 ≡ |n; λ′ ⊗ | − n; λ′〉; (λ, λ′ = ±1) are eigenfunctions

of the total helicity with eigenvalue λ − λ′. In succeeding

calculations, we use the expression

D(J)
λM (n) = eiMϕd(J)

λM (θ) (2)

for the Wigner function [17]. In (1), J = 0, 2, 3 · · · and

the absence of J = 1 is a direct consequence of the

transversality of the two-photon system in the center of mass

reference frame [17]. Each TPSS in Table 2 is either the

sum or the difference of two-photon spherical helicity states

given in (1) with opposite total helicity.

There are two axes in these problems, viz., the quantiza-

tion axis Z that is defined by the source of radiation and n.

Yang [11] uses plane waves propagating along and opposite

the direction of n. If the quantization axis is coincident with

n, then

d(J)
λM (0) = δλM (3)

and our Table 2 corresponds to Yang’s table.

The angular distribution of the TP radiation is actually the

density of registration of photon pairs at given direction n,

which is defined by the square of the modulus of the wave

functions in Table II. Using (1) for the two-photon spherical

helicity states and (2) for the Wigner function, we obtain

the angular distribution for Landau’s TPSS

wJM
|3| =

2J + 1

8π

[

d(J)2
3M + d(J)2

−3M

]

, (4)

which depends on the modulus of the total helicity

3 = λ − λ′, viz., |3| = 0, 2. The absence of interference

terms in (4) is a direct consequence that the states listed

in Table II are linear combinations of orthogonal, helicity

states. Using the Clebsch-Gordan series representation of

two Wigner functions product [20], we obtain the final

expression for the angular distribution (4)

wJM
m (θ) = AJM

J
∑

n=0

(4n + 1)
( J J 2n

m −m 0

)

×
( J J 2n

M −M 0

)

P2n (cos θ) , (m = 0, 2)

(5)

where AJM = (−1)
M

(2J + 1)/(4π).
Table 3 indicates the angular distributions of the TPSS in

accordance with Landau’s Table 1.

3. Polarization matrices

We introduce normalized two-photon polarization matrix

ρ̂ [21, 22] for each TPSS of Table 2 via the pure spherical

state density operator

|PJM〉 〈PJM| = wJM
|3|ρ̂, (6)

where wJM
|3| is the angular distribution of the radiation

that is coincident with the trace of the density operator.

Substituting the expression of every state in Table 2 into (6)
and using the factorization via a Kronecker product of the

Pauli matrices σ̂i ⊗ σ̂ ′
j [23], we obtain the entries in Table 4

for the normalized two-photon polarization matrices

In Table 4, the two-photon polarization density matrices

ρ̂±

ρ̂± =
1

4

{

Î ⊗ I ′ + σ̂3 ⊗ σ̂ ′
3 ± (σ̂1 ⊗ σ̂ ′

1 − σ̂2 ⊗ σ̂ ′
2)

}

(7)

do not depend on J and M and are associated with even

and odd parities of TPSS. They describe fully entangled

states of polarization of the photon pair, i.e., the photons

are not polarized individually but the two-photon system is

polarized completely [22, 24]). Now ρ̂JM
e,o

ρ̂JM
e,o =

1

4

{

Î ⊗ I ′ + ξ JM
(

σ̂3 ⊗ Î ′ − Î ⊗ σ̂ ′
3

)

− σ̂3 ⊗ σ̂ ′
3 ± ζ JM(σ̂1 ⊗ σ̂ ′

1 + σ̂2 ⊗ σ̂ ′
2

}

(8)
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Table 2. All possible two-photon spherical states classified by angular momentum J and parity P

J P = +1 P = −1

0 1
√

2
(|00; 11〉 + |00;−1− 1〉) 1

√

2
(|00; 11〉 − |00;−1− 1〉)

of the table 1 − −

a. 1
√

2
(|JM; 11〉 + |JM;−1− 1〉)

2k 1
√

2
(|JM; 11〉 − |JM;−1− 1〉)

b. 1
√

2
(|JM; 1− 1〉 + |JM;−11〉)

2k+1 1
√

2
(|JM; 1− 1〉 − |JM;−11〉) −

Table 3. Angular distribution of the two-photon spherical states

J P = +1 P = −1

0 1
4π

1
4π

1 − −
a. wJM

0

2k wJM
0

b. wJM
2

2k+1 wJM
2 −

Table 4. Two-photon polarization matrices of Landau’s states

J P = +1 P = −1

0 ρ̂+ ρ̂−

1 − −
a. ρ̂+ –

2k ρ̂−

b. ρ̂JM
e

2k+1 ρ̂JM
o −

depends on J and M and are associated with TPSS with

even (e) and odd (o) angular momentum J (J ≥ 2). In (8),
the polarization parameters ξ JM and ζ JM are defined by

ξ JM =
2J + 1

8πw2

[

d(J)2
2M − d(J)2

−2M

]

(9.a)

ζ JM =
2J + 1

4πw2

d(J)
2Md(J)

−2M (9.b)

that depend on the polar angle θ formed by the quantization

axis Z and n. The matrix (8) describes correlated states

of the individually, partially circularly polarized photons

wherein the system of two photons is polarized completely

[21, 22].
In the case of photons flying parallel to the quantization

axes (θ = 0), the matrices ρ̂JM
e,o describe uncorrelated states

of the two fully, circularly polarized photons. Actually, using

identity (3), we find ξ JM = δM,2 − δM,−2 and ζ JM = 0 for

the polarization parameters (9). Accordingly, the matrices

(8) become

ρ̂JM
e,o =

{

(

Î + σ̂3
)

⊗
(

Î ′ − σ̂ ′
3

)

(M = 2)
(

Î − σ̂3
)

⊗
(

Î ′ + σ̂ ′
3

)

. (M = −2)

The next simple case for expression (8) is the case

for photons flying perpendicular to the quantization axes

(θ = π/2). Using the symmetry property of the d(J)
M′M

functions

d(J)
M′M (π − θ) = (−1)

J−M d(J)
−M′M (θ) ,

we find d(J)
2M (π/2) = (−1)

J−M d(J)
−2M (π/2) and, with the aid

of (4) and (9), we obtian

ξ JM = 0, ζ JM = (−1)
J−M

then the polarization matrices (8) reduces to

ρ̂JM
e = ρ̂JM

o =
1

4

{

Î ⊗ I ′ − σ̂3 ⊗ σ̂ ′
3

+ (−1)M(σ̂1 ⊗ σ̂ ′
1 + σ̂2 ⊗ σ̂ ′

2)
}

, (10)

i.e., at the angle θ = π/2 the polarization matrix of the two-

photon system depends only on the projection M of the

angular momentum and again we come to a fully entangled

polarization state of the individual photons when the photon

pair is completely polarized.

Finally, using the Clebsch-Gordan series representation

of two Wigner functions product [20], we obtain the

expressions for the polarization parameters ξ JM and ζ JM

of (9) in the form

ξ JM (θ) =
AJM

w2

J
∑

n=1

(4n − 1)
( J J 2n − 1

2 −2 0

)

×
( J J 2n − 1

M −M 0

)

P2n−1 (cos θ) .

(11.a)

ζ JM (θ) =
AJM

w2

J
∑

n=2

(4n + 1)

[

(2n − 4)!

(2n + 4)!

]1/2
( J J 2n

2 2 −4

)

×
( J J 2n

M −M 0

)

P2n (cos θ) .

(11.b)

4. Polarization correlations

The angular distributions (5) of the two-photon radiation

contains information on the quantum numbers J and M .
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Information related to the parity P of TPSS is determined

by linear polarization correlation measurements [11].
Photon polarization are measured by means of polariza-

tion analyzers whose efficiency depends on the value of

the helicity. The efficiency of the polarization analyzer is

determined by the efficiency matrix with orientation vector

η (η = 1) having the form of a Stokes matrix, viz.,

ǫ̂ =
1

2
(Î + η · σ̂ ), (12)

which acts in the helicity Hilbert subspace reducing the

mixed quantum state of polarization into a pure quantum

state [25].
The two-photon polarization is measured by two polariza-

tion analyzers ǫ̂ and ǫ̂′ measuring the helicity states of the

individual photons propagating along n and n′, respectively.

The result of the measurement is defined as the probability

of the reduction of the two-photon polarization matrix ρ̂

into the pure quantum state of two uncorrelated photons

described by ǫ̂ ⊗ ǫ̂′, i.e.,

W (η, η′) = Tr(ρ̂ǫ̂ ⊗ ǫ̂′). (13)

In other words, W (η, η′) is the probability of registering a

photon in the definite helicity state |n;λ〉 in coincidence with

the other photon in the helicity state |n′;λ′〉. Measurement

of the probability W (η, η′) involves definite orientations

and the kind of analyzers used. These measurements

characterize the quantum state of the photon pair in an

unambiguous way [22, 26].
The efficiency matrix ǫ̂ of an analyzer measuring the

linear polarization η having oriented angle ψ relative to axes

x for the photon propagation direction n is given by [23]

ǫ̂ =
1

2

(

Î − cos(2ψ)σ̂1 − sin(2ψ)σ̂2
)

. (14.a)

The efficiency matrix ǫ̂′ (η′) for the photon propagating

along −n is similarly

ǫ̂′ =
1

2

(

Î ′ − cos(2ψ′)σ̂ ′
1 + sin(2ψ′)σ̂ ′

2

)

. (14.b)

On substituting (14) in (13), we find for the two-photon

polarization density matrices ρ̂± (7)

W±(ψ, ψ′) = Tr(ρ̂±ǫ̂ ⊗ ǫ̂′) =
1

2

{

cos2 (ψ − ψ′)

sin2 (ψ − ψ′) .
(15)

Probability (15) indicates that in the state with positive

parity, the photons are polarized predominately with parallel

linear polarizations. On the other hand, with negative parity,

the photons have linear polarization that are predominately

perpendicular to each other. In addition, the photon

polarization correlations do not have angular dependence,

viz., photons are invariant relative to Z to spatial rotations.

These type of correlations were mentioned by Yang [11].

In addition, W +(ψ, ψ′) is the well-known (ee′)
2
polarization

correlation for the Goeppert-Mayer’s two-photon emission

[2, 1]. Owing to momentum and parity conservation for the

2S-1S atomic transition, we have the emission of the two

photons in the |00 + 1〉 Landau state.

For the polarization density matrices ρ̂JM
e,o (8) we find, in

an analogous way,

We,o(ψ, ψ
′) = Tr(ρ̂e,oǫ̂ ⊗ ǫ̂′)

=
1

4

{

1 + ζ JM cos[2 (ψ + ψ′)]
1− ζ JM cos[2 (ψ + ψ′)],

(16)

which clearly depends on θ.

It should be remarked that in (16), the angles ψ and ψ′

in (14) are defined in terms of the x axis. In addition, the

direction of n is arbitrary relative to the quantization axis

Z and so one can take the direction of x as being normal

to the plane (n,Z). Consider the choice ψ′ = 0, that is, the

analyzer ǫ̂′ is orientated along the x -axis, then (16) becomes

We,o(ψ, ψ
′) = Tr(ρ̂e,oǫ̂ ⊗ ǫ̂′) =

1

4

{

1 + ζ JM cos(2ψ)
1− ζ JM cos(2ψ).

(17)
If n and Z are parallel, that is, θ = 0, then the photon

correlation disappears since ζ JM = 0.

Expression (17) for the correlation is further simplified

for the case θ = π/2 (see (10)), we then have

We(ψ, ψ
′) = Wo(ψ, ψ

′) =
1

2

{

cos2 ψ (M = even)

sin2 ψ (M = odd).
(18)

Accordingly, if one of the linear analyzers is oriented normal

to the (n,Z) plane, then for M even the photons are

polarized predominantly parallel to the plane while for M

odd, the polarization is predominantly perpendicular to the

plane.

In closing, we note that consideration of the correlation

between circularly polarized photons does not provide any

information about the parity of the two-photon state.

5. Conclusion

We have analyzed in detail the angular-polarization

properties of the Landau two-photon spherical states in

momentum space in the center of mass reference frame

of the two-photon system. The angular distributions do not

depend on the parity and, for fixed values of J and M,

are defined by two different functions of the polar angle

between the relative momentum and the quantization axes.

The two-photon polarization density matrices are derived

for each values of J, M, and P . The linear polarization

correlations of individual photons are analyzed in details.

We find, besides the ordinary correlation laws given in terms

of sin and cos of the angle between the orientation of the

analyzers for J ≥ 2, also the correlations in terms of sin
and cos of the sum of the orientation angles of analyzers.
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