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Crystal field theory and excitation spectra in Fe2Mo3O8
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Introduction

The first studies of compounds (FeM)Mo3O8 (where M=
Mg, Zn,Mn, Co,Ni) by Mössbauer spectroscopy methods

were carried out back in the 1970s [1]. These compounds

are quite complex, but possess interesting physical proper-

ties. The Fe2+ ions in these crystals occupy tetrahedral and

octahedral sites. The exchange interaction between ferrous

ions leads to magnetic structures, which can change when

an external magnetic field is applied and when ferrous ions

are partially replaced by nonmagnetic zinc or magnesium

ions. Interest in the compound Fe2Mo3O8 as the simplest

model object has increased in recent years due to the

discovery of giant magnetoelectric effects [2,3] in it, the

origin of which has not yet been clarified. Fe2Mo3O8

is a collinear antiferromagnet with the Neel temperature

TN = 60K. When an external magnetic field is applied,

the magnetic structure and electric polarization change [3].
In both tetrahedral and octahedral coordinations of Fe2+

ions, the ground state is orbitally degenerate multiplets with

a rich fine structure. To clarify it in recent years, the

technique of terahertz spectroscopy [4,5] has been actively

used. However, the interpretation of experimental data is

still difficult.

The purpose of this paper is to involve modern methods

of the microscopic crystal field theory for this purpose.

The first attempts to determine the parameters of the

crystal field from the data of Mössbauer spectroscopy were

already made in the paper [1]. Then, for this purpose,

the technique of terahertz and infrared spectroscopy began

to be involved [1,6]. However, this problem has not yet

been solved. In particular, the relationship between the

phenomenological sets of crystal field parameters and micro-

scopic models of the sites of ferrous ions in these crystals

has not yet been clarified. As it will be shown in this

paper, the parameter sets used in [1,6] require important

refinements. In particular, it shall be taken into account

that the signs of the parameters of the crystal field of the

fourth rank for the tetrahedral and octahedral environment

of ferrous ions should not be the same, but different.

In addition to the microscopic analysis of the parameters

of an even crystal field, we also present the results of

calculating the parameters of an odd crystal field, which

we then use to construct an effective operator for the

interaction of 3d electrons with an electric field. The origin

of absorption lines in the terahertz area of the spectrum and

their behavior upon the appliance of the external mangenic

field are analyzed. The results of microscopic calculations

are corrected and refined by comparison with the available

experimental data.

Model and method for calculating energy
schemes of ion levels Fe2+

Both sites of ferrous ions (A and B) have trigonal

symmetry (Fig. 1). The quantization axis is chosen along

the the threefold axis.

Taking into account the trigonal symmetry of the sites of

ferrous ions, the calculations of the energy level scheme is

carried out by means of diagonalizing the energy operator:

H = B (2)
0 C(2)

0 + B (4)
0 C(4)

0 + B (4)
±3C

(4)
±3 + λLS + ρ

(

LS
)2

+ Iz Sz + µB
(

Lz + 2Sz
)

B z . (1)
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Figure 1. Fe2Mo3O8 cell structure [7]. There are two types

of sites of Fe2+ ions — tetrahedral Fe(A) and octahedral Fe(B)
surrounded by oxygen ions. When performing calculations, the z

axis is chosen along the c axis, which has hexagonal symmetry

(more precisely — this is the direction from the Fe(A) sites to the

vertex oxygen atoms). There is a geometrical frustration.
”
Similar“

oxygen coordinations are rotated relative to each other by 180

degrees around the c axis. The arrows show the directions of the

magnetic moments of ferrum in the antiferromagnetic phase.

Here C(k)
q — crystal field operators. They are associated

with spherical functions by the relation:

C(k)
q =

√

4π

k + 1

∑

i

Yk,q
(

θi , φi
)

. (2)

The summation in (2) is carried out over all electrons of

the 3d shell of Fe2+
(

3d6
)

. To reduce the number of crystal

field parameters, the local coordinate systems were chosen

so that the imaginary parts of the crystal field parameters

B (4)
3 become zero. The letters λ and ρ denote the parameters

of the spin-orbit and spin-spin coupling, respectively — their

approximate values for Fe2+ ions are well known [8].

Calculation method for the intrinsic
crystal field parameters

At the first stage of the calculation, the parameters B (k)
q

were estimated taking into account the overlapping of wave

functions of ferrous ions with the nearest oxygen ions. In

the superposition model, i.e. when the system energy is

defined as the sum of the energies of individual pairs, the

crystal field parameters are determined by the expression at

a distance of

B (k)
q =

∑

a (k)
(

R j
)(

−1
)q

C(k)
−q

(

θ j , ϕ j
)

, (3)

where the index j refers to the surrounding lattice ions,

a (k)
(

R j
)

— the so-called intrinsic parameters of contribu-

tions from lattice ions (ligands) separated from the magnetic

ion R j . In our calculations, the values of a (k)
(

R j

)

contained

three terms:

a (k)
(

R j
)

= a (k)
pc

(

R j
)

+ a (k)
ex

(

R j
)

+ a (k)
kl

(

R j
)

. (4)

The first term takes into account the electrostatic field from

lattice ions with effective charges Q j |e| and the expression

for it is well known [8]. The second term in (4) takes into

account the effects of overlapping of the electrons of unfilled

shells with the electron shells of the nearest ligands, it was

calculated as in exchange charges model [9,10]:

a (k)
ex

(

R j
)

= Gll′
e2

R j

(2k + 1)

(l‖C(k)‖l′)

×
∑

ρ

(

−1
)l−m

(

l k l′

−m 0 m′

)

Slm,ρSρ,l′m′ , (5)

where Gll′ — parameters (in the terminology by Malkin —
exchange charges on metal-ligand bonds [9]), quantum

numbers l, l′ refer to the states of unfilled shells of the

metal ion, and ρ — to the ligand states. Overlap integrals

are calculated (determined) in local coordinate systems

with z axes directed along the selected metal-ligand pair

G parameter was determined from the splitting of the states

of 3d electrons by the cubic component of the crystal field.

The third contribution to a (k)
(

R j
)

is due to the elec-

trostatic interaction of 3d electrons with the spatially

distributed of the ligands electron density of the ligands

(oxygen ions). Like the exchange (5), it is mainly due to the

nearest oxygen ions. For the first time, Kleiner [11] pointed
out the importance of this contribution in the formation of

the crystal field, and therefore it is often called the Kleiner

contribution. In this paper, this contribution was calculated

using the expansion (as in [12]) :

U(r) =
Q|e|

r
+

|e|
r

∑

k

pke−γk r 2 . (6)

Here, the radius r is measured from the ligand core with

the effective charge Q|e|. The first term in (6) leads to a

slight refinement of the contribution from the point charges

of the ligands (because it takes into account the integration

area r > R). The second one — describes the potential

energy of 3d electrons due to the electrostatic interaction

of 3d electrons with the spatially distributed density of

external ligand electrons (in our case, 2s - and 2p electrons

of oxygen). Below this term is denoted by the letter V . The

numerical values of pk and γk are given in [12].
Radial wave functions 3d- and 4p-electrons were previ-

ously written in the form of expansions in Gaussian orbitals:

R3d

(

r
)

=
∑

i

Air
2 exp

(

−αir
2
)

,

R4p

(

r
)

=
∑

j

B jr exp
(

−β jr
2
)

. (7)
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Table 1. Calculated values of contributions a(k)
dd and a(k)

pd for tetrahedral and octahedral coordinations of ferrrous ions (in cm−1). R —

distance to the contributing ligand (in Å). Exchange contribution is given at G = 12. The symbol pc denotes the contribution from point

charges, kl — Kleiner and ex — exchange

Contributions FeO4 FeO6

pc kl ex R pc kl ex R

a(2)
dd 12294 −12571 4312 1.9456 10217 −12571 4312 2.0694

a(2)
dd 11587 −10696 3535 2.0041 9000 −10696 3535 2.1588

a(4)
dd 2933 −4448 3607 1.9456 2155 −4448 3607 2.0694

a(4)
dd 2527 −3653 3040 2.0041 1744 −3653 3040 2.1588

a(1)
pd 24695 −9705 15357 1.9456 21806 −9705 15357 2.0694

a(1)
pd 23251 −8577 13627 2.0041 20038 −8577 13627 2.1588

a(3)
pd 11831 −16218 13911 1.9456 9224 −16218 13911 2.0694

a(3)
pd 10487 −13787 12488 2.0041 7789 −13787 12488 2.1588

The advantage of using the expansion of the form (7)
is due to the fact that the formulas for calculating the

contribution from the ligand electron spatial distributions

(the Kleiner contribution) can be expressed in closed form.

Some of these formulas are given in [13]. When performing

this research, the following formulas were additionally

required:

a (1)
kl

(

1

rb

)

=
3e2R
2

∑

i, j

AiB j

α2

×
1
∫

0

[

5

2
y2
(

1− y2
)

+ αR2y6

]

exp
(

−αR2y2
)

dy,

a (3)
kl

(

1

rb

)

=
7e2R3

2

∑

i, j

Ai B j

α

∫ 1

0

y6 exp
(

−αR2y2
)

dy,

a (1)
kl

(

V
)

=
3e2R
4

∑

i, j,k

pkAiB j

ξ3

×
1
∫

0

z

(

2R2

ξ
z 2 + 5− 5y2

)

exp

(

−α2R2

ξ
y2

)

dy, (8)

a (3)
kl

(

V
)

=
7e2R3

2

∑

i, j,k

pkAi B j

ξ4

1
∫

0

z 3 exp

(

−αR2

ξ
z

)

dy,

where e — electron charge and the designations are

introduced: z =
(

y2α + γ
)

, ξ = γk + α, α = αi + β j .

The calculated values of the intrinsic parameters required

to calculate the crystal fields from the nearest oxygen ions

in octahedral (FeO6) and tetrahedral (FeO4) fragments are

given in Table 1. Let us note that these parameters are

comparable and therefore can be used for other oxides with

Fe2+ ions. The radial functions necessary for us were taken

from the papers [14,15].

The values of the parameters of the crystal field and the

interaction with exchange (molecular) fields obtained by us

differ from those encountered earlier. Thus, in the paper [1]

the crystal field operator was used in the form

Hc f = B0
2O

0
2 + B0

4O
0
4 + B3

4O
3
4, (9)

where Om
n — operator equivalents, which were widely used

in crystal field theory before the advent of the technique of

irreducible tensor operators [8]. The values obtained in [1]

were corrected taking into account new experimental data

in [6]. Following the modern literature on the theory of

crystal fields, we use the crystal field operator in the form:

Hc f = B (2)
0 C(2)

0 + B (4)
0 C(4)

0 + B (4)
3 C(4)

3 + B (4)
−3C

(4)
−3. (10)

As noted in the text, for both sites local coordinate systems

can be selected so that the imaginary part of the B (4)
±3

parameters is equal to zero. In this case, the number of

parameters in (9) and (10) is the same, and they can be

compared. The parameter values recalculated by us from

the papers [1,6] are given in Table 2.

The most important difference between our set of

parameters and the results of [1,6] is that the signs of B (4)
0

for the tetrahedral and octahedral fragments are opposite

to each other, not the same. It should be noted that the

sign of the real part of B (4)
3 changes to the opposite when

the coordinate system is rotated by 60 ◦ or 120 ◦ around

the c crystal axis. Therefore, in the expressions for the

energy levels in the absence of a transverse magnetic field,

it appears only in absolute value. In this connection, the

difference in the sign of the parameter B (4)
3 is not critical.
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Table 2. Comparison of even crystal field parameters (in cm−1)
for Fe2Mo3O8

Parameters This Varret Stanislavchuk

study et al. [1] et al. [6]

B (2)
0 1250 158 233

Fe(A) B (4)
0 5500 −5507 −4148

B (4)
3 6040 −6693 −5067

B (2)
0 1020 2772 4172

Fe(B) B (4)
0 −10400 −17570 −16562

B (4)
3 −11500 16733 11462

Calculation of the energy scheme of
levels

At the second step of calculations, the Hamiltonian (1)
was numerically diagonalized in the basis of all states

of the ground terms of ferrous ions 5D. To estimate

the parameters of the molecular fields Iz , the calculation

results of the parameters of exchange interactions given

in the papers [16,17] were taken into account. Then

the parameters of the interactions entering into (1) were

corrected according to the available experimental data.

For tetrahedral coordination, the ground state of Fe2+ is

the orbital doublet 5E , for octahedral it is the orbital

triplet 5T2. The energy interval between the 5E and
5T2 multiplets (terms) according to the spectroscopic data

of the paper [18] in site A is 0.5−0.6 eV, and in site

B — approximately 1.1−1.5 eV. The transitions probabilities

calculated by us taking into account splittings by the

crystal field and spin-orbit interaction for this frequency

range are shown in Fig. 2. The magnetic moments

of the ground states of ferrous ions measured by the

methods of Mössbauer spectroscopy are: 4.21 µB in A-

site and 4.83µB in B-site [1]. The data of terahertz

spectroscopy [4], some of which will be given below when

comparing the calculation with experiment were taken into

account.

It is known that in undistorted tetrahedral and octahedral

coordinations B (2)
0 = 0 and Re

(

B (4)
±3

)

=
√
10/7B (4)

0 . In ac-

cordance with the known results [8] for λ = ρ = 0 we have

an orbital triplet and an orbital doublet. The results of

calculating the energy levels of the ground multiplets are

given in Table 3.

A comparison of the energy levels given in Table 3

shows that in the paramagnetic phase the fine structure of

the Fe2+
(5

E
)

multiplet is mainly determined by the low-

symmetry crystal field component, while the spin-orbit and

spin-spin interactions play a lesser role. The fine structure

of the 5T2 multiplet, on the contrary, is mainly formed by

the spin-orbit interaction; one can talk about multiplets with

fictitious moment j =3/2, 5/2 and 7/2. The low-symmetry

1.0

Fe(A)

Fe(B)

0.5 1.5

0.5

1.0

1.5

Frequency, eV

A
b
so
rp
ti
o
n

2.0

Td-d Od-d

Figure 2. Absorption spectrum of the sample in the IR area.

The calculated absorption coefficients are represented by vertical

segments, circles — experimental data from the work [18],Td-d and

Od-d — designation of the absorption bands belonging to the Fe(A)
and Fe(B) sites, respectively.

components of the crystal field play a smaller role for the

octahedral site, but they are still quite large and lead to

mixing of the states of the j =3/2, 5/2 and 7/2 multiplets.

In the antiferromagnetic phase, an exchange (molecular)
field affects the formation of the energy scheme. Its action

is equivalent to a strong internal magnetic field. When a

relatively weak external magnetic field is switched on, the

strengths of the exchange and external fields in one of the

spin sublattices are added, while in the other sublattice they

are subtracted. As a result,
”
apparent“ splitting of lines of

the antiferromagnetic phase into two appear in the excitation

spectrum of an antiferromagnet in the general case. Below

this effect will be described in more detail when comparing

the calculation with experimental data.

Effective operator of interaction with the
electric field of a light wave

Since the tetrahedral site of the ion does not have an

inversion center, at the beginning of the research it was

assumed that the magnetoelectric effects are mainly due

to ferrous ions in the A-sites, and ferrous ions in the B-

sites play a secondary role. However, the analysis of the

structural data obtained in paper [17] and the calculation

of odd crystal fields showed that the octahedral site of the

ferrous ion also does not have an inversion center, since the

crystal structure of Fe2Mo3O8 is rather strongly distorted.

Optics and Spectroscopy, 2023, Vol. 131, No. 4
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Table 3. Energy levels of Fe2+ in tetrahedral and octahedral sites (in cm−1). All parameters of the Hamiltonian are specified in cm−1 .

For each site, 5 columns are given: the first two refer to the paramagnetic phase (Iz = 0), the last three — to the antiferromagnetic

(AFM). Column �1 — case of undistorted crystal structure of
(

B (4)
3 =

√
10/7B (4)

0 and B (2)
0 = 0

)

; �2 —distortions of the crystal lattice

(B (4)
3 6=

√
10/7B (4)

0 andB (2)
0 6= 0

)

are taken into account; �3 — AFM phase in zero magnetic field; �4 and �5 — energies in sublattices

of antiferromagnetic phases with spin directed respectively against and along the external magnetic field B z = 7 T

Tetrahedral site(5E) Octahedral site(5T2)

B (2)
0 = 1250, B (4)

0 = 5500, B (4)
3 = 6040 B (2)

0 = 1020, B (4)
0 = −10400, B (4)

3 = −11500

λ = −70, ρ = 0.2, Iz = 72.5 λ = −70, ρ = 0.2, Iz = 72.5

�1 �2 �3 �4 �5 �1 �2 �3 �4 �5

426 508 735 848 795

426 506 702 792 747

426 506 679 790 740

417 495 655 724 689

417 495 623 663 638

39 51 337 364 309 417 495 576 592 576

21 48 289 318 261 405 410 477 527 483

21 37 253 273 232 167 409 430 481 469

21 37 229 251 207 167 243 309 386 346

14 24 170 185 156 167 243 297 339 301

14 24 170 184 155 162 168 269 322 295

7 16 108 116 100 162 131 260 318 290

7 6 90 97 83 0 34 174 281 228

0 6 42 44 41 0 0 113 154 135

0 0 0 0 0 0 0 0 0 0

The absence of an inversion center at the sites of ferrous

ions leads to the appearance of odd crystal fields on them,

which induce transitions between the ground configuration

3d6 and 3d54p, thus allowing electric dipole transitions. The

effective interaction operator of 3d-electrons with an electric

field in both sites A and B can be described by the following

expression [19]:

HE =
∑

p,t,k

{

E(1)U (k)
}(p)

t
D(1k)p

t . (11)

Here the curly brackets denote the direct (Kronecker)
product of the spherical components of the electric field

E(1)
0 = Ez , E(1)

±1 = ∓
(

Ex ± iEy
)

/
√
2 and the unit tensor

operator U (k)
q . Summation indices take values k = 0,

2, 4, p = 1, 3, 5, t =0, ±3. In coordinate systems

with Im
(

B (4)
3

)

= 0, the imaginary parts of the parameters

of the effective dipole moment D(1k)p
t with t = 3 are also

equal to zero.

The parameters D(1k)p
t were calculated on the basis of the

Hartree-Fock wave functions of ferrous and oxygen ions

in the same way as it was done in [20,21] for ferrous

ions in FeV2O4 and in FeCr2O4, and then they were

corrected to match the relative intensities of electric and

magnetic dipole transitions in terahertz spectra [4]. In

order of magnitude and signs, they correspond to those

obtained earlier as a result of microscopic calculations and

in describing the effect of an optical diode in a FeZnMo3O8

crystal (sites B) [21].

Let us note that in the superposition model, for the

quantities D(1k)p
t , a relation similar to (3) holds true:

D(1k)p
t =

∑

j

d(1k)p
(

R j
)(

−1
)t

C(p)
−t

(

θ j , φ j
)

. (12)

It is a consequence of the assumed axial symmetry in

the metal-ligand pair. However, in contrast to the internal

parameters of the a (k)
(

R j

)

crystal field, the d(1k)p
(

R j

)

values do not have the comparability property. This is due

to the fact that the expressions for calculating d(1k)p
(

R j
)

include the parameters of an odd crystal field, which are

determined not only by the nearest ligands, but also by

remote ones.

It can be seen from Table 3 that the lowest energy levels

change quite strongly during the phase transition due to a

change in the exchange (molecular) field (parameter Iz ).
Accordingly, the wave functions also change, which leads

to a change in the matrix elements from the operator of

interaction with the electric field. The intensities of the total

electric dipole transitions (9), calculated for the parameters

from Table 3, and the magnetic dipole transitions are shown

in Figs. 2, 3.

Comparison with the results of
spectroscopic studies

As can be seen from Fig. 2 and 3, the calculation results

correspond to the spectroscopic data both in terms of the

29∗ Optics and Spectroscopy, 2023, Vol. 131, No. 4
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ω
H  ||c
ω
E  ||c

0.5 1.0 1.5 2.0 2.5
0

0.5

1.0

1.5

Frequency, THz

κ

Calc.

0 T

1 T

7 T

Figure 3. Calculated terahertz absorption spectra for two

polarizations of light in a constant magnetic field along the c axis.

The magnetic field strength varies from 0 to 7 T. Vertical lines —
result of calculation, curves with symbols — experimental data of

the paper [4]. When plotting the calculated lines, the real relative

absorption intensities are taken into account, and not only the site

in the magnetic field (the initial site of the line corresponds to the

intensity at 0 T).

site of the absorption lines and their intensities. The values

of magnetic moments calculated by us at low temperatures

(4.21µB in A-site and 4.83µB in B-site) also agree with the

data of the paper [1] on the Messbauer spectroscopy study

The splitting of the line by 1.25 THz in our calculation is

probably somewhat overestimated. In this connection, we

note that the magnitudes of the splitting effects were not

adjusted in our calculation. When refining the calculation

parameters, we focused exclusively on the position of the

lines in a zero magnetic field, their intensities, and on the

magnitudes of the magnetic moments of ferrous ions at

the A and B sites. The novelty of the result obtained

here also lies in the fact that we have shown that the

main lines in the excitation spectrum in the terahertz area

of the antiferromagnet Fe2Mo3O8 are due to transitions

between the levels of the fine structure of ferrous ions, and

not to collective excitations (electromagnons), as it is was

assumed in [4]. It is obvious that collective excitations are

also present, but the spectral weight of these excitations

is less than the total magnetic and induced electric dipole

transitions between the components of the fine structure of

the lowest multiplets of ferrous ions

Conclusion

The parameters of the even and odd crystal fields acting

on ferrous ions in octahedral and tetrahedral sites in

Fe2Mo3O8 crystal are determined. Their values and signs

are consistent with the features of the crystal structure.

In particular, it was shown that the signs of the crystal

field parameter B (4)
0 for octahedral and tetrahedral sites

in the Fe2Mo3O8 crystal are opposite to each other, as

expected from the experience of studying other compounds

activated by transition metal ions. The internal parameters

due to the interaction with the nearest oxygen ions are

calculated. As part of the superposition model these

parameters are comparable and therefore can be used

for other oxides with Fe2+ An effective operator for the

interaction of 3d electrons of ferrous ions with an electric

field is proposed. It has been tested in calculations of the

relative intensities of transitions in the excitation spectra in

the terahertz area of the spectrum for various polarizations

of the incident electromagnetic wave. It is found that the

matrix elements of magnetic and electric dipole transitions

in the excitation spectra are comparable in magnitude. The

constructed operator of interaction with an electric field can

also be used in calculating various magnetoelectric effects,

for example, when the electric polarization changes during

magnetic phase transitions. The splitting of absorption

lines in the antiferromagnetic phase upon application of

an external field (
”
Zeeman pseudoeffect“) is explained

by the different orientation of the magnetic moments

of the antiferromagnetic sublattices with respect to the

external magnetic field. Among the general conclusions,

the following can be noted. We have shown that the

main lines in the excitation spectrum in the terahertz area

of the antiferromagnet Fe2Mo3O8 are due to transitions

between the energy levels of ferrous ions, rather than the

manifestation of collective excitations, as was originally

assumed. This conclusion, in our opinion, applies to a wide

class of magnets containing ions in orbitally degenerate

states and located in sites without an inversion center. The

latter circumstance determines the presence of sufficiently

intense induced electric dipole transitions.
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