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The paper describes an algorithm for computing the interband transition energy for superlattices of quaternary

solid solutions of diluted nitrides. Using the described method, the authors have conducted several numerical

simulations of test structures with InGaAsN quantum wells for the method verification using experimental data and

comparison with other approaches. Simulation results showed the validity of the used approach. The hybridization

parameter estimation method for Indium mole-fraction below 30% is presented. Based on simulation results, the

authors propose InGaAs/GaAsN superlattices’ parameters for the implementation of the source emitting in the

1.3 µm spectral range
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1. Introduction

Quaternary solid solutions AIIIBV based on
”
dilute“

nitrides (InyGa1−yNxAs1−x with a nitrogen content of

diluted x up to 5%) allow to reduce the band gap

by changing the nitrogen content at a constant indium

content [1]. This effect opens up prospects for the use of

InGaAsN layers grown on GaAs substrates in the creation

of long-wavelength (in the 1.3µm spectral range) devices of
optoelectronics and photonics [1–3] (solar cells [4], bipolar
transistors [2], lasers [5]). In particular, structures based

on InGaAsN are promising from the point of view of

the implementation of monolithic vertically emitting lasers

(VCSEL) with a spectral range of 1.3µm on GaAs [6–9]
substrates. The latest results of research in this direction

are reflected in the paper [10]. Moreover, the additional

introduction of Sb into the layers of nitrogen-containing

active regions (the use of GaInNAsSb quantum wells, QWs)
allows to implement VCSEL in the spectral range 1.55 µm

on GaAs [3] substrates. Meanwhile, due to the relatively

low optical gain of nitrogen-containing QWs, VCSELs based

on them demonstrate a low output optical power, which

ultimately limits their modulation characteristics.

One of the approaches to increase the modal gain of

monolithic long-wavelength VCSEL, along with the use

of highly mechanically stressed QW [11,12], is the use

of short-period superlattices (SL). Previously, the results

on the creation of long-wavelength VCSEL obtained by

the technology of wafer sintering [13–15] with an active

area based on In0.57Ga0.43As/In0.53Ga0.20Al0.27As SL, as

well as metamorphic VCSEL with active area based on

In0.41Ga0.59As/In0.25Ga0.75As SL [16].

This paper presents the results of a numerical calculation

of the transition energy in active regions based on nitrogen-

containing SL to create monolithic VCSEL in the spectral

range 1.3 µm on GaAs substrates. Application of SL instead

of InGaAsN QWs allows not only to increase the modal

enhancement of VCSEL active regions, but also prevents

the layer interdiffusion effect, which is typical for active

regions based on InGaAsN QWs after high-temperature

annealing [17].

2. Technique of the numerical
experiment

Calculation of the energy of interband transitions in

the SL was determined in several steps. The first step

was to construct the profile potentials of the top of the

valence band and the bottom of the conduction band, and

numerically solve the Schrödinger equation (SE) for both

potentials. The result of the numerical calculation — the

position of the energy levels and the form of the wave

functions corresponding to them (near the Ŵ-point in the

k-space) [18–20]. The resulting wave functions were used

to calculate the magnitude of the dipole interaction matrix

elements. The data presented in the paper [21] were used

as input data (main energy and mechanical parameters) for

the presented calculations.
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2.1. The electron potential profile

The calculation of the SL electron potential profile (the
top of the valence band, the bottom of the conduction

band), omitting the corrections related to the strain of the

structure, was reduced to one of two types of calculation:

— calculation of potentials for ternary, quaternary solid

solutions of compounds AIIIBVcontaining no nitrogen

(InyGa1−yAs, Alx InyGa1−x−yAs);
— calculation for quaternary solid solutions with a small

fraction of nitrogen (InyGa1−yNxAs1−x ).
The first type of calculations was implemented as a

simple model. Based on the value of the desired energy

parameter (P) for materials AIIIBV, using Vegard’s law [22],
the values of the required parameter for quaternary solid

solutions were obtained in the general case. The accuracy

of the obtained energy parameter, the potential, in this

case directly depends on the accuracy of the used energy

parameters of binary materials, determined with high

accuracy for a number of materials [21].
For the case of quaternary solid solutions of the form

InyGa1−yNxAs1−x , the linear approximation used in Veg-

ard’s law is not applicable to the potential of the bottom

of the conduction band. As shown earlier [1], at low

nitrogen fractions, the initial conduction band splits into

two branches with energies E+ and E−. Meanwhile, the

nitrogen impurity has practically no effect on the position

of the top of the valence band [23]. As a result, to calculate

the energy parameters (the energy position of the branches

of the conduction band), the model of interaction between

two energy bands (Band AntiCrossing, BAC model) [1,24]
is used. And to calculate GaNAsSb solid solutions, a similar

extended approach (double BAC model) [25–27] is used.

The advantage of the BAC model is that it allows using

simple analytical expressions to determine the position of

the branches of the conduction band under the assumption

that the residual mechanical stresses are small:

E± =
1

2

(

[

EC(k) + EL
]

±

√

(

EC(k) − EL
)2

+ 4V 2x

)

,

(1)
where EC — dispersion of the conduction band of the

compound the atoms of which are being replaced, EL —
energy of localized states of substituting atoms (nitrogen),
V — hybridization parameter.

2.1.1. The parameters of the BAC model

The accuracy of the calculated energy position of the

bottom of the conduction band for
”
diluted“ nitrides directly

depends on the accuracy of determining the parameters EL

and V . The values of these parameters are recovered from

the experimental data for each given diluted quaternary solid

solution [1]. Meanwhile in different literary sources of the

same declared chemical composition, different values EL

and V [28] are often presented. These differences can

be due to a number of reasons: small deviations of the

true composition from the declared one; the presence

of unaccounted mechanical stresses in the layers of the

structure; internal difference in the structure of the layers

of the solid solution.

As shown previously [28], the last factor is the most

significant. The calculations carried out via tight-binding

method showed that the nearest environment of nitrogen

atoms can be represented as five different configurations,

each of which is characterized by different values of EL

and V . As a result, the type of configuration which will

be realized in the structure under study depends both

on the chemical composition (indium fraction y) and on

the conditions under which the epitaxy and post-growth

processing of the samples took place. In particular, when

using the method of metalorganic vapour phase epitaxy

Ga−N bonds are predominantly formed [28]. Nevertheless,
the most energetically favorable configuration is one in

which all the nearest neighboring nitrogen atoms are indium

atoms (4In) [28,29]. In the case of structure annealing,

a structural transition to this configuration occurs, which

is confirmed by an increase in the band gap after high-

temperature annealing of the [28,29] structures. Therefore,

the parameters for the 4In configuration were used in the

calculations.

Thus, to determine the values of the parameters EL and V ,

quadratic interpolation obtained on the basis of selected

experimental data was used. For the parameter EL, the

interpolation was [30]:

EL = 1.65(1 − y) + 1.44y − 0.38y(1 − y). (2)

For the parameter V , a quadratic interpolation was con-

structed with fixed edge values at the points corresponding

to GaAsN and InAsN. However, unlike the interpolation

suggested in [30]:

V = 2.7(1 − y) + 2.0y − 3.5y(1 − y)

= 3.5y2
− 4.2y + 2.7, (3)

the experimental values were supplemented with updated

data [31–45] and taken into account when constructing the

interpolation with weight coefficients. So, if for the same

composition in the literature there were several (N) values

of the Vparameter, then each of them was taken with the

weight 1/N. The result was the interpolation of the form

(see Fig. 1):

V = 0.773y2
− 1.473y + 2.7. (4)

The obtained interpolation, as before, still does not give

complete agreement with all experimental data (Fig. 1,

Table 1) [46–52], however, it allows to reduce discrepancies

compared to the results obtained with interpolation by

expression (3) (see Table 1).

2.2. Accounting for corrections due to mechanical
stress in the layers of the structure

In the above numerical calculation, corrections associated

with mechanical stress in the SL structure were taken into
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Table 1. Comparison of the experimental (from PL peak position, measured at a temperature of 300K) and theoretical values of the

interband transition energy for test structures based on InGaAsN QWs, calculated on the basis of the proposed interpolation (1Eth1) and

the previous one (1Eth2)

�

structure
1Eexp, 1Eth1, εth1, 1Eth2, εth2,

structure eV eV % eV %

1 In0.3Ga0.7As0.992N0.008−GaAs QW [46] 0.99 1.14 14.1 1.18 18.1

2 In0.05Ga0.95As0.98N0.02−GaAs QW [47] 1.17 1.21 3.4 − −

3 In0.3Ga0.7As0.996N0.004−GaAs QW [48] 1.06 1.19 12.3 1.22 15

4 In0.36Ga0.64As0.983N0.017−GaAs [49] 0.985 1.05 6.5 1.12 13.7

5 In0.36Ga0.74As0.981N0.019−GaAs [50] 0.972 1.08 11.1 1.13 16.2

6 In0.3Ga0.7As0.972N0.028−GaAs [50] 0.972 1.08 11.1 1.15 18.3

7 In0.35Ga0.65As0.92N0.018−GaAs [51] 3 QW 0.999 1.05 5.1 1.10 10.1

8 In0.033Ga0.012As0.012N0.012−GaAs0.012N0.012 QW [52] 0.98 0.96 2 0.96 2

y, ln content
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Figure 1. Dependence of the hybridization parameter V on the

mole fraction In. Experimental data [31−45] are represented by

dots, interpolation curves: red dotted line — proposed earlier in

the paper [30], blue dotted line — proposed by the authors of this

work.

account. Taking into account the strain tensor εi, j , the shift

corrections to the position of the bottom of the conduction

band and the top of the valence band are presented as [53]:

δEEc = acS pε̂, (5)

δEEv
= avS pε̂, (6)

where S pε̂ = εxx + εyy + εz z — the strain tensor trace.

The components of the strain tensor for a stressed layer

can be expressed in terms of the lattice constants of the

layer a l and the substrate a0, as well as in terms of the

elastic constants of the material c11, c12:

εxx = εyy =
a0 − a l

a l
, (7)

εz z = −
2c12

c11

εxx . (8)

Taking into account the differences in the symmetry of

the states of the valence band and the conduction band,

as well as the spin-orbit interaction, using the Beer–Pikus
Hamiltonian, the final corrections to the position of the

bottom of the conduction band and the top of the valence

band can be expressed as follows [53]:

EŴ
C−HH = EŴ

g + δEEc + δEEv
− Qε, (9)

EŴ
C−LH = EŴ

g + δEEc + δEEv

+
1

2

(

Qε − 1SO +
√

12
SO + 21SOQε + 9Q2

ε

)

, (10)

EŴ
C−SO = EŴ

g + δEEc + δEEv

+
1

2

(

Qε − 1SO −

√

12
SO + 21SOQε + 9Q2

ε

)

, (11)

where 1SO — spin energy of the orbital splitting without

deformation, and the shear deformation potential b is

included in Qε

Qε =
b
2
· (εxx + 2εyy − 2εz z ). (12)

2.3. Numerical solution of the Schrödinger

equation

To find the energy eigenvalues for a given potential and

the effective mass of the electron and hole,
”
shooting“

method [54,20]) and
”
finite element“ method (FEM —

[20]) were used. In case of using the shooting method, the

values of the wave function were determined by the method

of transfer matrices, and the energy eigenvalues were

determined by the bisection method. It should be mentioned

that the final implementation was not the classical transfer

matrix method, but its modified version [55], to eliminate

the potential numerical instability of the classical method.

To solve SE, the value of the effective electron mass was

Semiconductors, 2023, Vol. 57, No. 3
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Table 2. Comparison of the theoretical values of the interband transition energy for test structures based on InGaAsN QWs

calculated using the shooting method (1Esh) and the finite element method (1Efem)

�

Structure
1Eexp, 1Esh, 1Efem, εsh, εfem,

structure eV eV eV % %

1 In0.3Ga0.7As0.992N0.008−GaAs QW [44] 0.99 1.14 1.13 14.1 14.1

2 In0.05Ga0.95As0.98N0.02−GaAs QW [45] 1.17 1.21 1.22 3.4 4.2

3 In0.3Ga0.7As0.996N0.004−GaAs QW [46] 1.06 1.19 1.19 12.3 12.3

4 In0.36Ga0.64As0.983N0.017−GaAs [47] 0.985 1.05 1.06 6.5 7.6

5 In0.36Ga0.74As0.981N0.019−GaAs [48] 0.972 1.08 1.07 11.1 10

Mean deviation 9.5 9.6

determined on the basis of the expression

(

m∗(x , Eq)
)−1

= (m0)
−1

×

{

1 + 2F +
Ep

3

[

2

EŴ
C−LH + Eq

+
2

EŴ
C−SO + Eq

]

}

, (13)

where F — the Kane parameter representing the 2-nd-

order perturbation term of the k · p theory, Ep — matrix

element of the momentum between s -like conduction

bands and p-like valence bands in energy units, Eq —
energy quantization of the energy of states above or

below the conduction band. The effective mass of holes

was determined using the Luttinger parameters under the

assumption that small fractions of nitrogen do not affect

the parameters of the valence band, in particular, the

effective mass of holes [23,30]. The Bastard boundary

conditions [20] were used as the boundary conditions at

the barrier/well interface. In case of the finite element

method, the position of the energy and the wave func-

tions were determined by numerically solving the problem

of the eigenvalues of the matrix of the corresponding

Hamiltonian without taking into account the degree of

nonparabolicity. The modeling procedure in both cases was

implemented as a program code in Python3TM, parameters

were interpolated using the SciPy© library, the problem

of finding eigenvalues — was solved using the NumPy©

library. To speed up the numerical calculation twice,

the program execution process was divided into two sub-

processes for finding the energy eigenvalues for each

of the potential profiles and into four sub-processes for

finding the wave functions corresponding to discrete energy

levels.

To demonstrate the applicability of the approach, the

results obtained by both methods are presented in Table 2.

But the ultimate goal was to use the shooting method,

due to its lower asymptotic complexity [20], which is an

important factor in modeling, in particular, in optimizing SL

and quantum-cascade structures [20].

3. Results and discussion

To test the developed calculation algorithm, simulation

of the test structures of InGaAsN quaternary solid so-

lutions was carried out with a known radiation energy

(peak position in the experimental photoluminescence

spectrum (PL)). The calculation was carried out in several

steps:

— the input data of the structure were inputted: chemical

composition (mole fractions), period parameters (thick-
nesses) SL;

— an energy diagram and wave functions were plotted for

the obtained energy eigenvalues in SE;

— dipole interaction matrix elements were calculated from

the obtained wave functions to determine the most probable

transitions.

The simulation of multi-period SL in the implementation

within the framework of the shooting method was limited

to the simulation of six periods of the corresponding lattice.

A further increase in the number of periods did not affect

the position of the electronic energy levels and the shape of

the wave functions. For a smaller number of periods, the

difference in the position of the levels was ∼ 1%.

Structures based on InyGa1−yNxAs1−x QWs with a

fraction of indium y ≤ 0.3 [46–52] were used as test

structures. The results obtained during the simulation are

presented in Tables 1 and 2. It is shown that the final error

of determination in the calculation method used does not

exceed 14%, compared to 18% for the method proposed

earlier [30]. In addition, for the structure 2 presented

in Table 1, numerical experiments were carried out to

determine the nature of the dependence of the transition

energy on the QW thickness. It is shown that the largest

deviation of the calculation from the experimental value is

achieved at a QW thickness of 8 nm and amounts to 5%.

The obtained dependence, shown in Fig. 2 together with

the experimental data, indicates that the calculated values

also fall (with a small total deviation) on the approximation

curve, which has an inverse quadratic dependence on the

QW thickness. This type of the dependence was proposed

for the experimental points in the paper [47].

Semiconductors, 2023, Vol. 57, No. 3
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Figure 2. Dependence of the experimental and

calculated transition energy for a structure based on

In0.05Ga0.95As0.98N0.02 QW [47] on the thickness of the quantum

well. Dashed lines — result of point approximation of calculated

and experimental values [47].

After testing the approach on test structures based on

InGaAsN QWs, a verification calculation of the transition

energy of the active region based on a nitrogen-containing

SL was carried out. This calculation considered SL1, of

composition InAs/GaAs0.966N0.034 with layer thicknesses of

0.34/2.82 nm, respectively, studied earlier experimentally in

the paper [54]. The photon energy for this SL was 0.96 eV

according to the results of measuring the PL spectrum.

The energy diagram, discrete energy levels and wave

functions for a given SL are shown in Fig. 3. The

transition energy e1 − hh1 was 1.00 eV, which agrees with

the experimentally obtained value of 0.96 eV (corresponding
to the radiation wavelength of 1276 nm). The calculation

error for SL1 was ∼ 4%. A similar calculation was made
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Figure 4. Dependence of the main transition energy and the value of the dipole matrix element for structures SL1 (SL1) and

SL2 (SL2) (a); SL3 (SL3) and SL4 (SL4) (b).
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Figure 3. The profile of the bottom of the conduction band and

the top of the valence band, as well as the energy eigenvalues Eci,

Ehi and the corresponding wave functions for one period of the

SL2 structure. (A color version of the figure is provided in the

online version of the paper).

using the finite element method — the deviation from the

values calculated above was ∼ 4meV.

Thus, it was shown that there is sufficient compliance

with the energy of the optical transition and the peak

position of the PL spectrum. The use of potential barriers

with a thickness of ∼ 3 nm provides PL in the spectral range

1.25−1.27 µm, required to create a VCSEL in the spectral

range 1.3µm.

To determine the parameters of SL emitting in the

required spectral range on the basis of alternative com-

positions and thicknesses, additional numerical experiments

were carried out with varying thicknesses and compositions

of SL layers. However, the search space for optimal

parameters in this case turns out to be too large for research,
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and it was decided to narrow it down: several types of SL

were considered, differing in the composition of the layers;

for each type of SL, restrictions on the layer thicknesses

were additionally introduced.

In all cases SL consisting of GaAsN/In(Ga)As layers were
considered. The mole fraction of nitrogen in the GaAsN

layers was selected based on the analysis of the peak in

the PL spectra [56,57]. For the mole fraction of indium

in In(Ga)As, two compositions have been proposed: InAs

(SL1, SL3) and In0.8Ga0.2As (SL2, SL4). The first option

was considered due to the fact that there were already

experimental results indicating the presence of a transition

energy in the required range [54]. The second composition

was proposed as an alternative with a smaller proportion of

indium. The limitation on the thickness of the InGaAs layer

was due to the complexity of growing thick planar layers of

this composition [58].

For the SL1 structure, the barrier layer thicknesses were

varied in the range d = 0.30−2.82 nm [59]. Similar cal-

culations were performed for GaAs0.966N0.034/In0.8Ga0.2As

(SL2) with a QW layer thickness of 0.30 nm (one mono-

layer) and barrier layer thicknesses d = 1.00−4.96 nm.

The structures of SL3 were additionally considered

(GaAs0.966N0.01/InAs), SL4 (GaAs0.966N0.01/In0.8Ga0.2As)
with a similar variation in the barrier layer thickness

and a QW layer thickness of 0.30 nm. A smaller mole

fraction of nitrogen in the barrier layers of these SL was

chosen to reduce the tension and defectiveness of the

structures [60,61].

The results of numerical calculations are presented in

Fig. 4. It is shown that the required quantum energy

(0.97−0.99 eV) can be achieved for structures SL1, SL2

with barrier thicknesses 2−3 nm, for structures SL3, SL4

with thicknesses in the range 2.5−3.5 nm.

4. Conclusion

An algorithm for calculating the energy of interband

transitions for quaternary solid solutions based on
”
diluted“

nitrides is proposed in paper. Its main components were

considered: calculation of the position of energy levels

for given potentials of the edges of the conduction and

valence bands, calculation of the band gap in the case of

a quaternary solution based on
”
diluted“ nitrides, and an

algorithm for estimating the hybridization parameter.

To test the developed algorithm, structures based on

InGaAsN QWs were analyzed and the applicability of the

algorithm was demonstrated by comparing the calculated

values with the position of the PL spectrum peak, as well

as with the results obtained using an alternative method

for estimating the hybridization parameter. Based on

the performed calculations, the parameters of layers of

In(Ga)As/GaAsN superlattices were proposed for realizing

active regions in the spectral range 1.3 µm.
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