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Introduction

As is known, the interaction of two-frequency laser

radiation with a resonant medium under certain conditions

can lead to the appearance of a narrow frequency window

of transparency [1–4]. In the case when the scanning (test)
field is weak compared to the pumping one, they talk

about detecting the resonance of electromagnetic-induced

transparency (EIT) [5–7]. The widths of such resonances

can be made many orders of magnitude smaller than the

width of the natural absorption line, which causes interest

in such phenomena from numerous practical applications,

such as magnetometry [8,9], laser generation without

inversion [10,11], recording and processing of quantum

information [12–14], quantum frequency standards [15–
22], etc. In addition, these phenomena in some cases

lead to amazing physical effects, such as extreme light

deceleration [23–25], leading to the possibility of controlling

light pulses [26,27].

The reason of EIT and other related phenomena, such

as coherent population captivity (CPC), is the excitation of

quantum coherence in atoms, which leads to destructive

interference of two excitation channels. In the case of

detecting a transparency resonance in a gas cell, atomic

coherence can be destroyed by collisions with walls, which

negatively affects the quality of resonances. One of the

effective ways to deal with this is to apply a special anti-

relaxation coating on the walls, which leads to an increase

in the time of coherent interaction of the atom with the field

and contributes to achieving better resonance quality.

At present, the properties of such coatings are well

studied, and the process of detecting atomic resonances

in coated cells has been studied both experimentally

and theoretically [25,28–65]. However, some features of

the processes of atomic excitation often remain without

due attention. In particular, a simple three-level lambda

excitation scheme is often used in the theoretical analysis

of transparency effects. At the same time, it is well known

that taking into account the real atomic structure leads to

qualitative features that do not allow description by means

of a simple three-level model [68]. So, in the case of CPC,

it turns out [69–71] that taking into account already one

additional excited state in the theoretical description leads

to significant differences from the predictions obtained when

describing such phenomena in the framework of a three-

level lambda model.

Several recent papers [72–74] are devoted to the study

of the influence of the finite longitudinal dimensions of

the cell, taking into account the different patterns of atoms

reflection from the walls. Collisions with end walls play

an essential role in the detection of resonance by wide

laser beams, when the atom does not leave the field of

action when moving in the transverse direction of the laser

beam [75]. The behavior of atoms in collisions with walls

is largely determined by the time of adsorption of atoms on

the coating, and the phase shift accompanied concurrently.

At the same time, there are several limiting cases that

theoretically idealize these processes. Among them, the 3

are considered in this paper:

1. Diffuse reflection, when atoms collide with a surface

and are adsorbed on it for a relatively long time, but do not

lose their internal state. This type of reflection is typical for

paraffin coatings.
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2. Mirror reflection, in which the atoms completely retain

their internal state, elastically reflecting off the surface. This

type is observed in coatings with a short adsorption time.

3. Mirror-incoherent reflection, in which collisions are not

accompanied by prolonged adsorption, but undergo a large

phase shift. This kind of reflection takes place presumably

for some types of silicone surfaces [76].
Due to the complexity of the course of the physical

processes under consideration, researchers are often forced

to resort to the use of numerical modeling in the theoretical

description. In this paper, based on the semi-classical

theory of the interaction of light and matter, an approach

is proposed that allows us to obtain analytical expressions

for the EIT spectra, considering the finite longitudinal

dimensions of the cell and the presence of ideal coatings

of these types. The obtained expressions were generalized

taking into account the spatial limitations of the environment

and the presence of an additional energy level. The

latter circumstance, as will be shown, in some cases leads

to significant changes in the shape of the transparency

resonance. The analytical result makes it possible to better

understand the physical features of the excitation process of

the media under consideration and the behavior of atoms

when reflected from the walls. Thus, analyzing this result,

it will be shown, that under certain conditions diffuse

reflection exhibits the properties of a mirror-incoherent one.

1. Problem statement and
approximations

Consider a cell filled with a vapor of active atoms in the

field of a plane electromagnetic wave having two carrier

frequencies ωp and ωc (Fig. 1, a). The intensity of the

electrical component of such a field will be written as:

E(r, t)=Ep exp[i(k pz − ωpt)] + Ec exp[i(kcz − ωct)]+k.s.

Using the approximation of the optical fineness of the

medium, we neglect the dependence of the complex ampli-

tudes Ep and Ec on coordinates and time. The interaction of

the atomic ensemble with the field will be described semi-

classically using the lambda excitation scheme (Fig. 1, b). In
this case, both the ground and excited states are assumed

to be non-degenerate. The task of this paper is to calculate

the susceptibility of such an environment to the test field Ep

under the action of a strong binding field Ec.

The state of the atomic ensemble, neglecting the collective

effects of [77–79], will be described by the method of a

single-particle density matrix in the Wigner representation

by translational degrees of freedom of atoms ρ̂(υ, r, t),
which satisfies the following quantum kinetic equation:

(

∂

∂t
+ υ∇

)

ρ̂ = − i
~
[Ĥ, ρ̂] + ˆ̂

Ŵ{ρ̂}. (1)

Here ˆ̂
Ŵ — is a superoperator that phenomenologically

takes into account the spontaneous decay of an excited

state. Collisions of atoms with each other are neglected,

considering the concentration of atoms to be quite small.

The Hamiltonian of the system Ĥ is represented as

the sum of Ĥ = Ĥ0 + V̂ , where Ĥ0 — the Hamiltonian

ensemble in the absence of an external field, V̂ — the

interaction operator with the field. Let us write V̂ in the

dipole approximation as follows:

V̂ = −d̂E = ~�1 exp[−i(ωpt − k pz )]|3〉〈〈1|

− ~�2 exp[−i(ωct) − kcz ]|3〉〈2|

− ~p1�1 exp[−i(ωpt) − k pz ]|4〉〈1|

− ~p2�2 exp[−i(ωct) − kcz ]4〉〈2| + e.s.,

where d̂ = ed d̂ — operator of the dipole moment vector

of atoms, �p =
Epd31

~
, �c = Ec d32

~
— half the frequencies

of Rabi incident fields, p j =
d4 j

d3 j
— the ratio of matrix

elements of the dipole moment operator ( j = 1, 2). Here

it is assumed that the polarizations of the incident waves

are co-directed with the dipole moment vector of the atoms

(ed · epc = 1, epc = Epc/Epc), and each of the fields causes

transitions from only one of the sublevels of the ground

state. The elements of the dipole moment matrix d12 = 0

due to the fact that the electrodipole transition |1〉 ↔ |2〉 is
prohibited.

Let us write out the matrix elements (13), (14) and (12)
of equation (1) in stationary mode, moving to the slow

amplitudes of the density matrix and using the rotating wave

approximation [69]:

υz
∂

∂z
ρ12 = i�∗

pρ32 − i�cρ13 + i p∗
1�

∗
pρ42

− i p2�cρ14 +
[

i(1c − 1p + qυz ) − Ŵ12

]

ρ12, (2)

υz
∂

∂z
ρ13 = −i�∗

pρ11 − i�∗
cρ12

+ i�∗
pρ33 +

[

−i(1p − k pυz ) − Ŵ
]

ρ13, (3)

υz
∂

∂z
ρ14 = −i p∗

1�
∗
pρ11 − i p∗

2�
∗
cρ12 + i p∗

1�
∗
pρ44

+
[

−i(1p − ω34 − k pυ) − Ŵ
]

ρ14, (4)

where 1p = ωp − ω13, 1c = ωc − ω23 — frequency detun-

ing of fields from atomic transitions |1〉 ↔ |3〉 and |2〉 ↔ |3〉
respectively; ω34 — the frequency of splitting of the excited

state, q = k p − kc — difference of the wave numbers of

incident waves; Ŵ, Ŵ12 — the decay rates of optical and

low-frequency coherence, respectively; υz — projection of

the velocity vector v on the axis z . Here, considering the

incident wave front to be flat and infinite, and the end walls

of the cell parallel to it, we moved on to a one-dimensional

problem along the z axis.

Further, we will use the approximation of the strong bind-

ing field �c ≫ �p, which approximately allows us to con-

sider the entire population concentrated at the level of |1〉.
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Due to this, in equations (2)−(4), second-order terms of �p

can be neglected, i.e. proportional to ρ33, ρ44, ρ23 and ρ24,

and the element ρ11 is considered constant in coordinate

and thermalized in velocity: ρ11(υz , z ) = M(υz )/L, where

M(υz ) =
(√

πυT
)−1

exp
[

− υ2
z

υ2
T

]

— Maxwell distribution,

L — cell length. Since after a collision with the wall,

the optical coherence ρ1e will come into equilibrium with

the field much faster than the low-frequency ρ12 (counting
Ŵ ≫ Ŵ12), one can also neglect the dependencies on the

coordinate ρ1e , e = 3, 4, looking for solutions at a sufficient

distance from the walls. Thus, we get

υz
∂

∂z
ρ12 = −i�cρ13 − i p2�

∗
cρ14 + i p∗

1�
∗
pρ14 − δ12ρ12,

(5)

0 = −i�∗
p

M
L

− i�∗
cρ12 − δ13ρ13, (6)

0 = −i p∗
1�

∗
p

M
L

− i p∗
2�

∗
cρ12 − δ14ρ14. (7)

The notation is introduced here: δ12(υz ) =
= i(1p − 1c − qυz ) + Ŵ12, δ13(υz ) = i(1p − k pυz ) + Ŵ,

δ14(υz ) = i(1p − ω34 − k pυz ) + Ŵ. These values can be

called complex decay rates of low-frequency and optical

coherence, respectively. We express the optical coherence

of (6) and (7):

ρ13 =
−i
δ13

(

�∗
p

M
L

+ �∗
cρ12

)

, (8)

ρ14 =
−i
δ14

(

p∗
1�

∗
p

M
L

+ p∗
2�

∗
cρ12

)

. (9)

Substituting them into (5), we obtain an ordinary first-order

differential equation for ρ12 :

υz
∂

∂z
ρ12 = −

(

δ12 +
|�c |2
δ13

+
|p2�c |2
δ14

)

ρ12

− M
L
�∗

p�c

(

1

δ13
+

p∗
1 p2

δ14

)

. (10)

We will seek for its general solution in the form

ρ+
12(υ, z ) = ρ0+

12 (υ)

{

(W +(υ) + 1) exp

[

−λ+

υ
z

]

− 1

}

,

(11)

ρ−
12(υ, z ) = ρ0−

12 (υ)

×
{

(W−(υ) + 1) exp

[

−λ−

υ
(L − z )

]

− 1

}

. (12)

Here ρ±
12(υ, z ) — partial contributions to low-

frequency coherence from high-velocity groups of

atoms moving along and against the axis z (υ = |υz |);
λ±(υ) = δ±12(υ) + |�c |

2

δ
±

13
(υ)

+ |p2�c |
2

δ
±

14
(υ)

— the complex rate of

establishing the equilibrium state of a given velocity group

of atoms with a field; ρ0±
12 (υ) =

�∗
p �c

λ±(υ)δ±
134

(υ)

M(υ)
L —the dis-

tribution of low-frequency coherence over velocities under

conditions of equilibrium with the field and absence of

collisions; δ±134 =
(

1

δ
±

13

+
p∗1 p2
δ
±

14

)−1

— the complex rate of co-

herence decay between the level of |1〉 and a non-degenerate

excited state; W±(υ) — equation integration constant (10).

Consider the contributions to ρ12 of atoms flying off the

wall:

ρ+
12(υ, 0) = ρ0+

12 (υ)W +(υ), (13)

ρ+
12(υ, L) = ρ0−

12 (υ)W−(υ). (14)

From this it can be seen that the function has the meaning of

a complex indicator of the equilibrium of the low-frequency

coherence of a given velocity group of atoms with a field

after a collision with a wall. The difference from the unit of

this function indicates a loss of equilibrium of low-frequency

coherence after a collision. The type of this function is

determined by the boundary conditions.

The susceptibility of a unit of the phase volume of

the medium to the test field, exclusive of the possible

incoherent scattering [80–83], is calculated by means of

optical coherence (8) and (9) (see, for instance, [71]) as

χ =
nad13

~�p
(ρ13 + ρ∗

1ρ41),

where na is the concentration of active atoms.

Here is a general formula of susceptibility obtained by

means of expressions (8), (9), (11) and (12), for the case

p1 = p2:

χ± =χ0±
{

1 +
|�c |a
δ±134δ

±
12

(W± + 1)

× exp

[

∓λ±

υ

(

z − L ∓ L
2

)]}∗

. (15)

Here

χ0± =
inad13

~

M
L

(

δ±12

δ±12δ
±
134 + |�c |2

)∗

— the susceptibility of a medium in equilibrium with the

field of moving atoms in the absence of collisions with walls,

normalized by the length of the cell. The dependence of the

imaginary part of expression (15) on the tuning of the test

field determines the absorption spectrum of a unit of the

phase volume of the medium.

2. Results and their discussion

To establish the explicit form of the function W±, it

is necessary to set boundary conditions for the expres-

sions (11) and (12). The behavior of active atoms at the

cell boundary is determined by the properties of its coating.

Further, let us consider some well-known [76] limiting cases

of such behaviors.
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0 L z

ωp

ωc

ωp ωc

∆c

|4〉

∆p|3〉

|2〉
|1〉

a b

Figure 1. Scheme of mutual orientation of a gas cell and the

direction of propagation of external radiation (a) and lambda

scheme of excitation of an ensemble of four-level atoms (b).

2.1. Mirror-incoherent reflection

In this case, it is assumed that when colliding with a wall,

all atomic populations are preserved, and the coherence is

completely destroyed. Boundary conditions of this type have

the form

ρ±
12|z=0,L = 0.

As it is easy to see from (13), (14), for the function W±

in the case of boundary conditions of mirror-incoherent

reflection, we get: W±
snq = 0. It is worth noting that this case

differs from the boundary conditions of complete quenching

considered in [73,74], since due to the approximations made

in the previous section, this approach does not allow for

mixing between sublevels of the ground state.

2.2. Mirror reflection

With a mirror reflection from the wall, we believe that the

internal state of the atom does not change, and its velocity

in the one-dimensional case changes sign:

ρ+
12|z=0,L = ρ−

12|z=0.L.

Using expressions (11), (12), we obtain an explicit form of

the function W± for the case of mirror reflection:

W±
s pec =

1− exp
(

− λ±

υ
L
)

1− exp
(

− λ++λ−

υ
L
)

(

1− λ±δ±134

λ∓δ∓134

)

− 1. (16)

Let us compare the spectral dependences of the con-

trast of the transparency resonances calculated using (16)
and (15) with the corresponding numerical calculation

performed in [71]. The resonance contrast is defined

as C(1p) = 1− χ”(1p)/χ”0, where χ”(1p) and χ”0 —
absorption coefficients at a given detuning and in the

absence of transparency resonance, respectively.

Fig. 2 shows a good convergence of the obtained ana-

lytical result with the corresponding numerical calculation.

Similar comparisons for some of the other cases discussed

below, although they have been carried out, will be omitted

in this paper.
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Figure 2. Comparison of numerical (dots) and analytical

(solid curve) calculations of the dependences of the con-

trast of the resonances of transparency on the tuning of the

test field. Calculation parameters: 1c = 0, �c = 105 rad/s,

Ŵ = 6MHz, Ŵ12 = 10Hz, ω34 = 300MHz, k p = 79035.27 cm−1,

λ12 = 4.5 cm, q = −2π/λ12, L = λ12, T = 50◦C.
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|
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Figure 3. Function module dependency Ws pec from the tuning

of the test field 1p with the cell length L = λ12 on a semi-

logarithmic scale along the vertical axis for different speeds: 1 —
υz = �2

c/qŴ; 2 — υz = −�2
c/qŴ; 3 — υz = −ω34/kc . Hereafter

denote W(±υ) = W±(υ). The other parameters are the same as

in the caption to Fig. 2.

Fig. 3 shows the dependence of the absolute value of the

function Wspec on the tuning of the test field at different

speeds. It is clear that with further averaging of the

expression (15) over velocities, the greatest contribution to

the main resonance of transparency (near zero detuning)
will be made by atoms moving at such speeds that the

Doppler shift of the dark resonance does not greatly exceed

its width: |qυz | ≤ �2
c/Ŵ. Furthermore, as noted in [73], the

main contribution to the formation of additional resonances

located on the detuning 1pn = πn/k pL is made by the

Optics and Spectroscopy, 2023, Vol. 131, No. 1
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Figure 4. The dependence of the contrast of the transparency

resonances on the tuning of the test field for the specular nature of

the atoms reflection from the walls at different frequencies of the

Rabi binding field: 1 — �c = 106 rad/s; 2 — �c = 5 · 105 rad/s;

3 — �c = 105 rad/s. All parameters are the same as in the caption

to Fig. 2.

velocities at which the Doppler shift of the frequency of

the binding field is close to the frequency of splitting

of the excited state: −kcυz = ω34. These two factors

determine the choice of speeds in Fig. 3. As can be

seen from Fig. 3, near the main and secondary resonances

of transparency, the absolute value of the function Ws pec

becomes significantly different from unity for the velocity

groups of atoms that make the greatest contribution to

the corresponding resonances. This means that for these

constructions, atomic coherence loses its equilibrium in

collisions with walls due to the high role of transients. This

explains the difference in the shape of resonances in cells

with mirror coatings from the corresponding resonances in

an infinite medium. Let us present the spectral dependences

of the contrast of the transparency resonances at different

frequencies of the Rabi binding field (Fig. 4).
It can be seen from Fig. 4 that as the amplitude of the

binding field increases, the widths and amplitudes of all

resonances increase. At the same time, for sufficiently large

resonances begin to overlap, which leads to a significant

distortion of their shape. Thus, the presence of an additional

excited level not only leads to the appearance of additional

peaks, but also affects the shape of the main resonance,

moreover, the greater the amplitude of the binding field. Let

us analyze the influence of the fourth level on the spatial

distribution of low-frequency coherence (Fig. 5).
Figure 5 demonstrates how strongly the presence of the

fourth level affects the heterogeneous EIT structure for large

values of �c . It can be seen here, that in addition to

the larger amplitude of spatial oscillations of low-frequency

coherence, the four-level atoms also leads to an asymmetric

spatial picture of the effect relative to the center of the cell at

1p = 0. This is explained by the fact that near the wall, the
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–
6
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Figure 5. Dependence of the absolute value of the velocity-

averaged low-frequency coherence ρ12 on the coordinate z inside

the cell in units of the wavelength of the splitting of the ground

state λ12 for the mirror nature of the atoms reflection from the

walls. The solid and dashed curves are calculated on the basis

of four-(p1 = p2 = 1) and three- (p1 = p2 = 0) level models of

the atom, respectively. The calculation was carried out for tuning

1p = 0, the cell length L = 10λ12, and the frequency of the Rabi

binding field �c = 106 rad/s. The other parameters are the same

as in the caption to Fig. 2.

contributions of flying and reflected atoms to low-frequency

coherence are different, inasmuch as during reflection a

transition process to a new equilibrium state occurs. The

incoming and reflected atoms experience Doppler shifts in

the frequencies of external radiation kc,pυz , which have

different signs on the two end walls of the cell, which means

that they either capture or do not capture the fourth level,

depending on the wall.

2.3. Diffuse reflection

This type of reflection occurs at relatively long adsorption

times of atoms on the surface. In this case, we believe that

after a collision with the wall, the atom flies out, perhaps at

a different speed, determined by the temperature of the wall,

but in the same internal state. Thus, the ensemble state after

the collision with the wall is assumed to be thermalized:

ρ+
12(υ, 0) = ρ̃+

12(0)M(υ),

ρ−
12(υ, 0) = ρ̃−

12(0)M(υ), (17)

where ρ̃±
12(z ) = 2

∫ ∞

0
ρ±
12(υ, z )dυ, and as boundary condi-

tions, the equality of the coherence flows flying into the wall

and flying away from, is taken:

j+
12|z=0,L = j−12|z=0,L, (18)

where j±12 =
∫ ∞

0
ρ±
12(υ, z )υdυ.

4∗ Optics and Spectroscopy, 2023, Vol. 131, No. 1



52 G.V. Voloshin

0 1 2 3 4 5
0

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

|
|

W
d
if

f

L/l

vz c= 0.1 /W G2 q

vz c= 0.5 /W G2 q

vz c= /W G2 q

vz c= – /W G2 q

vz c= /W G2 q

vz c= – /w34 k

a b

102

100

10–4

–1 0 1 2 3 4 5 6

Dp, 10 rad/s4

10–2

|
|

W
d
if

f
Figure 6. Dependence of the modulus of the function Wdiff on the length of the cell L in units of the wavelength of the splitting of the

ground state λ12 at a fixed 1p = 0 (a), and also from tuning the test field 1p at a fixed L = λ12 on a semi-logarithmic scale along the

vertical axis (b) for various velocity projections υz at a temperature of T = 50◦C. The other parameters are the same as in the caption to

Fig. 2.
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Figure 7. The dependence of the contrast of the transparency

resonances on the tuning of the test field for a cell of length

L = 10λ12 and the diffuse nature of the reflection of atoms from

the walls at different frequencies of the Rabi binding field: 1 —
�c = 106 rad/s; 2 — �c = 5 · 105 rad/s; 3 — �c = 105 rad/s. The

rest parameters are the same as in the caption to Fig. 2.

Using (11), (12), in light of (17) and (18), we obtain the

expression of the function W± for the boundary conditions

of diffuse type:

W±
diff = λ±δ±134

V±U∓ + V∓

1−U+U−
,

where

U± =
2
√
π

υT

∞
∫

0

M(υ) exp

(

−λ±

υ
L

)

υdυ,

V± =
2
√
π

υT

∞
∫

0

1

λ±(υ)δ±134(υ)

×
[

exp

(

−λ±

υ
L

)

−1

]

M(υ)υdυ.

We present the dependences of the absolute value of this

function on the length of the cell and the tuning of the test

field for different speeds. The choice of speed groups is

made similarly to the previous point.

Figure 6, a demonstrates an mixed result. For certain cell

lengths close to the integer number λ12, the function Wdiff

has minima, becoming much less than one. This, in turn,

means that under such conditions, low-frequency coherence

is almost completely destroyed when it collides with the

walls. Thus, in the cells of these lengths, atoms exhibit

the properties of mirror-incoherent reflection, and the shape

of the transparency resonance can be described with good

accuracy using the result of Section 2.1. From Fig. 6, b

it can be seen that the above is also true for the side

resonance that is on the detuning 1p = −ω34q/kc , where

the minimum of the function Wdiffalsotakes place, which is also

preserved for large cells due to the decreasing with L nature

of the function Wdiff.

We note that the minimum observed for the mirror

reflection in Fig. 2 does not lead to similar consequences,

since its width is much smaller than the width of the

corresponding resonance.

We present in Fig. 7 a dependence similar to that shown

in Fig. 4 for a diffuse reflection type with a large cell length

L = 10λ12, at which a side resonance becomes noticeable.

Since the main and secondary resonances in this case are

separated by a larger amount than in the case of mirror

reflection, the effect of overlapping resonances observed in
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Fig. 4 has a weaker effect. However, the asymmetry of the

main resonance increases markedly with the growth of �c ,

which is a consequence of the presence of a side resonance,

which means the presence of the fourth level.

Conclusion

In this paper, we constructed a theory describing the

interaction of bichromatic laser radiation with an optically

thin and limited in the direction of wave propagation

medium of atoms, under conditions of excitation by means

of a lambda scheme. At the same time, the non-degeneracy

of both the ground and excited states was taken into

account. Based on this theory, an analytical expression was

obtained for the susceptibility of the medium to weak probe

radiation, considering various types of reflection of atoms

from the cell walls. The cases of mirror-incoherent, mirror

and diffuse reflection patterns were analyzed. It was found

that in a number of practically significant cases, diffuse

reflection exhibits the properties of mirror-incoherent. It

was shown that the presence of an additional fourth level

leads not only to the appearance of additional resonances,

but also to a distortion of the shape of the main one, the

greater the higher the amplitude of the binding field.
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