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with an arbitrary refractive index profile is developed. Analytical expressions obtained using the modified theory

of coupled waves for the coefficients of reflection / transmission of light from through the BM with high accuracy

predict its main characteristics at both low and high contrast of the refractive index. The hybrid numerical method

includes the numerical calculation of the transfer matrix for one period of the knowledge base and its analytical

multiplication for an arbitrary number of periods. The developed methods are applied to the analysis of the

properties of practically important BMs made on the basis of sprayed pairs of Ta2O5/SiO2 dielectrics, Group III

nitrides and arsenides. The characteristics of the knowledge base with smooth (gradient) interfaces are considered

in detail.
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Introduction

Because of a high efficiency, low power consumption,

high modulation rate, circular shape of the laser bunch,

and easily achievable single-mod generation mode and the

possibility of integration into a 2D matrix, the vertical cavity

surface emitting lasers (VCSELs) have been extensively

developed for the last decade. Initially, their application

was limited to the data transmission in fiber-optic networks

and optical connections in the data processing centers

and supercomputers [1]. Next, VCSELs have become

popular in the use as directional sources in sensors, laser

printers and computer mice [1,2]. Though the demands

for VCSELs in the communications market have further

constantly grown, these devices have discovered more and

more new applications over time. In particular, the needs for

safety and social communications on the Internet required

creation of fast face recognition systems, where VCSELs

were used as compact sources of scanning light [3,4]. Such
lasers have also been widely used in compact projectors

forming 3D-image for cinemas and computer games [5], and
the single-mod light generation appeared to be irreplaceable

for the creation of atomic clock [6] in positioning and time

synchronization systems of various devices and instruments.

In biology, the VCSELs are used as the elements of

biofluorescent sensors for early stage cancer diagnostics and

for drug screening [7]. VCSELs allowed to significantly

decrease the size of biofluorescent analysis devices, to make

them portable, thus reducing the cost of performed studies.

Special advantages of the VCSELs refer to a rapid detection

of gaseous ammonia enabling at a high time resolution to

assess concentrations of reagents and intermediate products

directly in the reaction chamber without sampling and with

the possibility of repeated calibration [8]. Finally, the

VCSEL matrices are required for the creation of lidars, i.e.

systems of detection and determination of distance to the

objects by using light [9].
First, the concept of VCSELs creation appeared in 1977

with regard to the AlGaAs/GaAs system of materials pro-

viding the laser generation wavelength about 850 nm [1,10].
However, the first experimental embodiment thereof was

made in the system of GaInAsP/InP materials with the

wavelength of λ = 1300 nm [11], corresponding to one of

the optical fiber transparency windows. Further, the VC-

SELs studies in these systems of materials have developed

in parallel, though a more processable AlGaAs/GaAs system

have predominated. The use of InGaAs active area allowed,

on the one hand, to decrease the VCSELs threshold cur-

rents, on the other hand — to engage the generation wave-

length of 980 nm [10]. For the expansion of spectral range

of VCSELs to shorter wavelengths (λ = 780 nm), at first,
the same AlGaAs/GaAs system was used [15], and next,

the AlGaInP/GaAs system of materials (λ = 670 nm) [13],
whose development was induced by the development of red

LEDs. Adoption of blue-purple (λ = 405−450 nm), and

then green (λ = 500−525 nm) ranges of visible spectrum

is caused by the development of group III nitrides, i.e.

AlGaInN/Al2O3 system of materials [14]. Further expansion
of operating spectral ranges of VCSELs is associated with

a nitride system (in the ultraviolet emission range) [15] and
the AlGaInAsSb/GaSb system of materials (in the infrared

spectral range) [16].
A crucial element of the VCSELs structure is the Bragg

mirrors (BMs) forming a high Q cavity of the laser. The
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BMs optimization refers to a complex multifactor task.

Its main goal is to obtain the maximum possible laser

light reflection factor. Due to possible fluctuations of the

thicknesses and refraction indices of the layers constituting

BMs, it is necessary to seek for a high reflection index

at a minimum number of layers. For this purpose one

should select the pairs of materials with high contrast of the

refraction index. However, in practice this contrast appears

to be considerably different in case of internal BMs made by

the alternation of epitaxial semiconductor layers, or external

ones formed by the deposition of dielectric films. This is

why optimization of the number of pairs of layers, their

thicknesses and used materials that determine the refraction

index is the first priority task.

However, the use of epitaxial BMs with high contract of

the refraction index results in a too high serial resistance

of VCSELs due to the generation of high ohmic areas of

the spatial charge near to clear heteroboundaries of BMs.

In order to decrease the resistance it was suggested to

use smooth interfaces and modulated doping of layers of

BMs [17–20]. But using the layers with a smooth change of

the material composition, as a rule, results in the decrease of

the light diffraction efficiency in BMs, consequently, to the

fall of its reflectivity, which requires additional optimization

of the DM structure. For the purpose it is necessary to

use efficient methods of the analysis of optical properties of

BMs, operating at random profile of the refraction index.

The use of BMs with smooth interfaces in nitride

VCSELs was discussed in [21] in the context of their

impact on the BM reflection index. However, in this

case the situation is aggravated also by the emergence of

polarization charges at the boundaries of the AlGaN/GaN or

AlInN/GaN layer pairs, which BMs are usually made of [22];
these charges can significantly change the BMs conductivity

both in positive and negative directions depending on the

charge sign. Due to this, smooth interfaces are practically

applied only at one interface (more frequently, at the upper

one [23,24]), by introducing asymmetry into the refraction

index distribution. Finally, elastic stresses in BMs caused

by the disagreement of lattice constants [25,26] narrow

considerably the possibility of selection of pairs of materials

with a high contrast of the refraction index, as well as result

in the need for the introduction of additional technological

layers [26,27] sophisticating the distribution of the refraction

index at one period of BMs.

Therefore, the need for the development of efficient

and on-the-fly methods of analysis of optical properties

of BMs with the random distribution of the refraction

index by the period is apparent. The goal hereof refers

to the development of an efficient analytical model of

BMs, allowing to quickly optimize its structure and obtain

distributions of the light intensity inside BMs, as required for

the assessment of optical losses, as well as the development

of a hybrid numerical approach that combines numerical

solution of the Helmholtz equation in one BM period, by

using the matrix method allowing to analyze the properties

of the entire multiperiod BM. These approaches are used

hereinafter for the analysis of BMs with different refraction

index profiles.

1. Theory

Let us consider BM referring to a medium with pe-

riodically varying permittivity ε(z + a) = εr (z ) + iεi(z ),
that generally includes a real εr and imaginary εi

parts, where a is the period of the structure

(Fig. 1). Usually, εr (z ) ≫ εi(z ), then the imaginary part

εi(z ) = α(z )ε1/2r (z )/k is expressed in terms of the light

absorption constant α, and the real part εr (z ) = n2(z ) —
in terms of the refraction index n. BM is located between

media with the refraction indices ni and nt . The incident

wave with the amplitude of Ai comes to BM from the

left from the medium with the refraction index of ni , and

the reflected wave with the amplitude Ar leaves to the

same medium. The wave transmitted through BM with

the amplitude of At goes to the medium with the refraction

index of nt (Fig. 1).
In the 1D-approximation the electromagnetic wave is de-

scribed by the Helmholtz equation relative to the amplitude

of the electrical field E(z , t):

d2E(z )

dz 2
+ k2ε(z )E(z ) = 0, E(z , t) = E(z ) exp(−iωt),

(1)

where z is the coordinate oriented by normal to the BM

layers, k = 2π/λ is the wave vector, λ is the light wavelength

in the vacuum. Magnetic field of the light wave is expressed

in terms of the electrical field as H(z ) = (i/k)dE(z )/dz .
The continuity of electrical and magnetic field refers

to limiting conditions on the external and internal BM

interfaces, which means the continuity E and the deriva-

tive dE/dz .

1.1. Modified Coupled-Wave Theory

Initially, the coupled-wave theory was proposed by

Kogelnik and Shank [28] for the analysis of periodic

dielectric structures. It is applicable, if the amplitude

0 a 2a 3a ( – 1)N a z

Ai

ni

Ar

At

nt

A z(+)( )

A z(–)( )

n z( )

Figure 1. The schematic structure of the Bragg mirror, the

amplitude of direct A(+)(z ) and inverse A(−)(z ) waves in the

structure, as well as the amplitude of incident Ai , reflected Ar

and transmitted At waves.
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of permittivity modulation 1ε is low versus its average

value ε0: 1ε/ε0 ≪ (πm)−1, where m is the diffraction order,

which BM is configured to [29]. Therefore, it can also

be seen that the applicability of the Kogelnik and Shank

approach is not also limited to low diffraction orders.

However, in case of the most frequently used BMs of the

alternating pairs of layers with high contrast of the refraction

index, the prediction error in this theory becomes quite

high. The work [30] proposed a modified coupled-wave

theory (MCWT) with considerably more extensive appli-

cability, where the multiwave light diffraction is partially

considered, especially in case of high diffraction orders,

by changing the expressions for the coupling coefficients.

Consideration of the multiwave diffraction allows to expand

the MCWT applicability, which formally can be expressed as

1ε/ε0 ≪ (πm)−1 + πm [29]. Moreover, MCWT is working

well both in the case of continuously varying permittivity,

and in the case of discrete one. Therefore, it is the MCWT

that appears to be the optimum one for the development of

an analytical theory of light propagation in BMs.

According to [30], the solution of equation (1) is to be

found by the formula

E(z ) =
1

ε1/4(z )

{

A(+)(z ) exp[iψ(z )]

+ A(−)(z ) exp[−iψ(z )]
}

, (2)

where the phase

ψ(z ) = k

z
∫

0

ε1/2(z ′)dz ′ ∼= k

z
∫

0

n(z ′)dz ′ +
1

2
i

z
∫

0

α(z ′)dz ′,

(3)

and A(+)(z ) and A(−)(z ) are slowly changing amplitudes of

the direct and inverse waves in BM. Solution of the main

equations of MCWT [30] provides the following general

expressions for these amplitudes:

A(+)(z ) = C1 exp(−γ−z ) + C2 exp(γ+z ),

A(−)(z ) = C1r∞B exp(−γ+z ) −
κ

(+)
−n

κ
(−)
n r∞B

C2 exp(γ−z ). (4)

Here γ± = γ ±
(

1
2
α0 − iδ

)

, γ =
[(

1
2
α0 − δ

)2
+

+κ
(+)
−mκ

(−)
m

]1/2
is the complex wave number,

such that Re γ ≥ 0, n0 = a−1
a
∫

0

n(z )dz and

α0 = a−1
a
∫

0

α(z )dz — averaged by period refraction

index and optical losses coefficient, δ = kn0 −
−(π/a)m — offset from the Bragg resonance of the

m-th order, C1 and C2 are arbitrary constants, and the

parameter r∞B = −κ
(+)
−m/(γ + 1

2
α0 − iδ) refers to the

amplitude light refraction index from semi-infinite BM [29].

The coupling coefficients κ
(±)
m of direct and inverse

waves corresponding to the m-th order of diffraction are

determined in MCWT by expressions

κ(±)
m =

1

a

{ a
∫

0

dz
4ε

dε
dz

exp

[

2i

(

±ψ(z )m
(

kn0 +
1

2
iα0

)

z

−
π

a
mz

)

]

+
1

4

p
∑

j=1

ln
ε(z j + 0)

ε(z j − 0)
exp

[

2i

×

(

±ψ(z j)m
(

kn0 +
1

2
iα0

)

z j −
π

a
mz j

)

]}

, (5)

where the integral is understood as the main value,

the second element refers to the apparently figured out

contribution from interfaces with discrete permittivity, and

z j ( j = 1, 2 . . . p) are the coordinates of these interfaces.

The limit conditions for the Helmholtz equation at z = 0

and L, assuming the continuity of tangential components

of electrical and magnetic fields provide four ratios, which

at the specified amplitude Ai allow to determine the

constants C1 and C2, the amplitudes of transmitted (At)
and reflected (Ar) waves, as well as the amplitude reflection

indices

rL
6 =

r i + r̃
1 + r i r̃

, r̃ =
rL

B + YBr t exp(2iϕt)

1 + rL
B(κ

(−)
m /κ

(+)
m )r t exp(2iϕt)

,

r i =
ni − ε1/2r (0)

ni + ε
1/2
r (0)

, r t =
ε1/2r (L) − nt

ε
1/2
r (L) + nt

,

rL
B =

−κ
(+)
−msh(γL)

γ ch(γL) +
(

1
2
α0 − iδ

)

sh(γL)
,

YB =
γ ch(γL) −

(

1
2
α0 − iδ

)

sh(γL)

γ ch(γL) +
(

1
2
α0 − iδ

)

sh(γL)
(6a)

and the transmissivity

tL
6 =

(1 + r i )(1 + r t)

1 + r i r̃
·

tL
B

1 + rL
B(κ

(−)
m /κ

(+)
−m)r t exp(2iϕt)

,

tL
B =

ε1/4(0)

ε1/4(L)
·

γ exp(iϕt)

γ ch(γL) +
(

1
2
α0 − iδ

)

sh(γL)
(6b)

of light through BM. Then, energetic reflection index (RL
B)

and the transmissivity (T L
B ) from/through BM are

RL
B = |rL

6|
2 and T L

B = (nt/ni)|t
L
6|

2. (7)

In the absence of light absorption, the ratio RL
B + T L

B = 1

is observed in the Bragg mirror. Distribution of the light

intensity in the Bragg mirror is specified by the direct

calculation of |E(z )|2 with the use of expression (2).
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1.2. Numerical method of calculation

For the calculation of the characteristics of BM made of

alternating pairs of layers with constant permittivity inside

each layer, usually, the efficient transfer matrix method is

used [31]. According to this method, amplitudes of direct

and inverse wave at a random point z = z 0 are associated

with the amplitudes of these waves at the point z = z 0 + a
by matrix ratio

[

A(+)(z 0)

A(−)(z 0)

]

=

[

m11 m15

m21 m22

]

·

[

A(+)(z 0+a)

A(−)(z 0+a)

]

, (8)

where mik (i, k = 1, 2) are complex elements of the transfer

matrix having analytical form in case of the layer pairs

with constant permittivity [31]. Since transfer matrices

are unimodular, we can obtain directly the coupling of

amplitudes of direct and inverse waves at opposite ends

of BM containing N pairs of layers:
[

A(+)(0)

A(−)(0)

]

=

[

M11 M15

M21 M22

]

·

[

A(+)(L)

A(−)(L)

]

, β =
1

2
(m11 + m22),

M11 = m11UN−1(β) −UN−2(β), M15 = m15UN−1(β),

M21 = m21UN−1(β) M22 = m22UN−1(β) −UN−2(β),
(9)

where UN(β) is the 2-th kind Chebyshev polynomial, for the

calculation of which there are well-known recurrent ratios.

In case of BMs with a complex permittivity profile the

transfer matrix elements cannot be obtained analytically. In

order to generally preserve the matrix method advantages

in case of random distribution of permittivity in the BM

period, the Helmholtz equation was numerically solved in

one period, the matrix elements mik were retrieved from that

solution, and then ratio (9) was used to obtain the coupling

of amplitudes of direct and inverse waves at different ends

of BM.

With the known elements M ik of the full transfer

matrix, from the limit conditions, one can derive amplitude

reflection indices

rL
6 =

r i + r̃
1 + r i r̃

; r̃ =
M21 + M22r t

M11 + M15r t
(10a)

and transmissivity

tL
6 =

(1 + r i)(1 + r t)

(1 + r i r̃)(M11 + M15r t)
(10b)

of light from/through BM. Here r i and r t are the amplitude

Fresnel reflection indices of light from the first and last

interfaces of BM, accordingly. Energetic reflection indices

are still calculated by using formulae (7).

2. Results

2.1. Bragg mirror with constant refraction indices
of layers

The BMs of typical VCSELs structures based on

group III nitrides were taken as an example of calcula-

tion [32,33]. One of such BMs was made of 50 pairs

of Al0.18In0.82N/GaN layers configured to the light wave-

length λ0 = 410 nm, with the last GaN-layer. Another

BM included 35 pairs of layers Al0.15In0.85N/Al0.2Ga0.8N

configured to the wavelength λ0 = 343 nm, with the last

Al0.2Ga0.8N-layer. These BMs forming a part of epitaxial

structures of lasers and usually grown in thick GaN-layers

must ensure the maximum full reflection of the generated

light. For comparison with the results of characterization

of such BMs presented in [32,33], it was assumed that

the light falling onto them comes from the air. A typical

structure of the Ta2O5/SiO2 layer pairs configured to the

wavelength of 410 nm, with the last SiO2-layer was taken as

another example of BM emitting the light from the laser. It

was assumed that such a multilayered structure is applied

by the deposition of Ta2O5 and SiO2 onto GaN, and the

light, once having passed through it, goes into the air. The

refraction indices of materials used in BMs given in Table

were taken from [34,35] (in case of group III nitrides, the

refraction indices of ordinary waves were used as such). In
order to obtain the maximum light reflection index at the

minimum number of BM layers, their thicknesses d1 and

d2 were selected equal to a quarter of the light wavelength

in a substance, i.e. d1,2 = 1
4
λ0/n1,2, where n1 and n2 are

refraction indices of the BM layer pairs [31].
Fig. 2 shows spectral dependences of the energetic

reflection index Ta2O5/SiO2 of BM with 15 layer pairs

obtained by means of MCWT (black line) and by the

transfer matrix method [31] (grey line) providing therein

the accurate task solution. In calculations we ignored

dispersion of the refraction indices of both dielectrics. It can

be seen that within the BM reflection band both methods

with graphical accuracy provide virtually the same results,

regardless of a high contrast of the refraction indices Ta2O5

and SiO2. The half-height reflection band width the same is

well predicted: 1R = 131 nm. At that the error of prediction

of the first maxima of the reflection index beyond the limits

of that band does not exceed 10%.

The behavior of the MCWT prediction errors is better

understood by analyzing the dependence of the maximum

value of the BM reflection index (at the wavelength of

410 nm) on the number of the Ta2O5 and SiO2 layer pairs

(Fig. 2, b). Since MCWT has been specially developed for

periodic structures, it was expected that his will be poorly

applicable to a low number of pairs. However, it appears

that even for two pairs of layers the error of the reflection

index determination by MCWT becomes ∼ 10%, and for

five pairs it falls to ∼ 1%, with further exponential decrease

along with the number of layer pairs. Therefore, MCWT can

be used for the prediction of the BM reflection index value

and the reflection band width with a quite good accuracy.

In terms of the characteristics of the Ta2O5/SiO2 BMs,

Fig. 2, b shows that the maximum reflection index is

virtually achieved even with 10 pairs of layers of Ta2O5

and SiO2. It is interesting that calculations show an increase

of that number of layers up to 15−16 in case of the light

falling onto BMs from the air. It is the number of layers

Ta2O5 and SiO2, which is used in practice [36,37].
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Characteristics of Bragg mirror materials. Media, from which the light falls onto the mirror and the media, into which the light is emitted

Bragg mirror Material
Index

Indices

of refraction
of refraction

ni/nt

50·(Al0.18In0.82N/GaN) GaN 2.53 1.0/2.53

Al0.18In0.82N 2.28

35·(Al0.15In0.85N/Al0.2Ga0.8N) Al0.2Ga0.8N 2.61 1.0/2.71

Al0.15In0.85N 2.345

15·(Ta2O5/SiO2) SiO2 1.47 2.53/1.0
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Figure 2. The spectral dependence of the energetic reflection index of the Ta2O5/SiO2 BM (a) and the dependence of the reflection index

at the wavelength of 410 nm on the number of layer pairs (b). The black solid line refers to calculations under the modified coupled-wave

theory (MCW), and the grey one refers to accurate results obtained by the transfer matrix method (TMM); the dash-dot line shows the

relative error of calculation of the coupled-wave theory.

Fig. 3 shows spectral dependences of energetic

reflection indices of the Al0.18In0.82N/GaN (a) and

Al0.15In0.85N/Al0.2Ga0.8N BMs calculated by means of

MCWT (black line) and by means of the TMM (grey line).

Comparison of the calculation results between these two

methods shows a low difference between the values of the

reflection index within a wide spectral range. It is associated

with a relatively low contrast of the refraction indices of the

semiconductors forming part of BM. The maximum values

of the reflection indices were 99.9949% and 99.9123%, and

half-widths of the reflection bands — 30.1 and 27.3 nm for

the Al0.18In0.82N/GaN and Al0.15In0.85N/Al0.2Ga0.8N BMs,

accordingly. The following reflection indices and half-widths

of the reflection bands were experimentally obtained on

these BMs grown by the MOC-hydride epitaxy: 99.7% and

30 nm for the 410 nm wavelength and 99.5% and 20 nm for

the 343 nm wavelength. As we can see from the comparison

with theoretical predictions, a considerable disagreement is

observed only for the half-width of the reflection band of

the Al0.15In0.85N/Al0.2Ga0.8N BMs. In our opinion, this can

be related to fluctuations of the layer thicknesses of that

BM, occurring in the process of growing thereof. Another

possible reason refers to elastic stresses occurring in the

structure during its growing on the GaN-buffer layer that

results in bending of epitaxial structure, in general.

The light intensity distribution inside BMs often appears

demanded during the analysis of VCSELs. Such distribu-

tions corresponding to the light wavelength of 410 nm are

shown in Fig. 4 for the Ta2O5/SiO2 and Al0.18In0.82N/GaN

Bragg mirrors. It can be seen that the distribution of

intensity obtained by means of MCWT is subjected to non-

physical disruptions associated with direct inclusion into the

amplitudes of permittivity ε−1/4(z ) (see expression (2)),
which is discrete itself in the cases found by us. A reverse

side of that disadvantage is a quite accurate reproduction

of the light intensity profile far from disruptions. Moreover,

in case of decrease of the refraction index contrast in BMs,

availability of disruptions becomes low significant (Fig. 4, b).

Technical Physics, 2022, Vol. 67, No. 15
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Figure 3. Spectral dependences of the energetic reflection indices of Al0.18In0.82N/GaN (a) and Al0.15In0.85N/Al0.2Ga0.8N (b) BMs. The

black solid line refers to calculations under the modified coupled-wave theory (MCW), and the grey one refers to accurate results obtained

by the transfer matrix method (TMM).
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Figure 4. Distributions of the light intensity inside Ta2O5/SiO2 (a) and Al0.18In0.82N/GaN (b) of the Bragg mirrors at the wavelength of

410 nm. The black solid line refers to calculations under the modified coupled-wave theory (MCW), and the grey one refers to accurate

results obtained by the transfer matrix method (TMM).

2.2. Optical properties of BMs with gradient

interfaces

In order to reduce electrical resistance of BMs made

on the basis of triple semiconductor solid solutions, the

composition profiles are usually used with a smooth (gra-
dient) transition from a wide-zone material having lower

refraction index to a narrow-zone material having higher

refraction index [17–20]. In this case, the assessment of

optical characteristics of BMs and optimization of their

structure, including the number of periods required for

the implementation of a high reflection index becomes a

non-trivial task. In this section, MCWT is used for the

solution of this task. Due to the absence of accurate solution

of the Maxwell equations for a random profile of the

refraction index, the results obtained by means of MCWT

are compared with numerical calculations performed by the

method described in sect. 2.2.

Not all solid solutions allow to produce BMs with a

random composition profile by using epitaxy. First of all

it relates to the generation of elastic stresses in epitaxial

structures due to the disagreement of the crystalline lattice

constants of binary components of solid solutions. There

is no such problem in AlGaAs solid solutions which are

agreed in terms of the lattice constant with GaAs within

the whole composition change range. For that reason, we

selected BMs with triangular and ragged profiles of the
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Figure 5. Profiles of the refraction index in the Bragg mirrors,

analyzed herein.

refraction index as practically relevant examples (Fig. 5). At
that, the minimum and maximum values of the refraction

index were selected as corresponding to solid solutions of

Al0.92Ga0.08As and Al0.16Ga0.84As.

Each BM was considered as consisting of 25 periods.

It was assumed that the light comes to BM from the

GaAs layer, and released into the air. Resulting profiles

of the refraction index of the task in general are given

in Fig. 5. A rectangular profile of the refraction index is

shown there for comparison, where one period includes

the quarter wave (for the wavelength λ0 = 850 nm) layers

of Al0.92Ga0.08As and Al0.16Ga0.84As with the thickness of

71.36 and 60.15 nm, accordingly. The periods of all three

BMs were selected similar.

Fig. 6, a, b shows spectral dependences of the BMs

reflection indices with triangular and ragged profile of the

refraction index, accordingly, obtained by using MCWT

(black lines) and numerical method (grey lines). It can be

seen that the maxima of the reflection indices in both meth-

ods are considerably shifted towards the long wavelength

side relative the light wavelength λ0 = 850 nm, which BM

with the rectangular refraction index is configured to. The

shift is different for MCWT and the numerical method; it

is because MCWT operates with the quasiclassical phase

of the propagating wave ψ(z ) (see expression (3)), and

the numerical method finds the phase directly from the

Helmholtz equation. The presence of red shift predicted

by both methods indicates that accurate configuration of

BM to the required wavelength cannot be based on the

estimates developed for the rectangular refraction index,

but needs detailed calculations and corrections of the BM

period, which are based on them.

The maximum values of the BM refraction indices both

with triangular and ragged profile appear to be lower

than for BM with a rectangular profile of the refraction

index. It is especially clear in Fig. 6, c and d showing the

dependences of the reflection indices at the wavelength of

λ0 = 850 nm on the number of BM periods. As we can

see, in the case of a rectangular profile the reflection index is

saturated yet at 15 periods, meanwhile 25 and more periods

are required for triangular and ragged profiles. It means that

reduction of the BM resistance by using smooth interfaces

requires thorough optimization of the number of its periods.

The reason for the refraction index impact on the reflection

index is easily interpreted in terms of the coupling constant

introduced in MCWT. Truly, the absolute value of the

coupling constant |κ
(±)
m | for the rectangular profile of the

refraction index (12996 cm−1) appears to be several times

higher than that of the ragged profile (6412 cm−1) or the

triangular (8181 cm−1) one. Since it is the coupling constant
that finally determines both the maximum reflection index

and the reflection band width, the impact of the refraction

index profile on that constant appears to be determinant for

the optical characteristics of BMs.

An interesting feature of the spectral dependence of

the reflection index shown in Fig. 6, a is the asymmetry

of its shoulders relative to the wavelength, corresponding

to the reflection maximum, and a considerable level of

reflection on the right from the main spectral band. The

specially performed modeling has shown that these features

are mainly determined by the Fresnel reflection of light at

the BM output interface. In fact, in case of 25 periods

and the triangular profile of the refraction index of BMs,

the reflection index has only started saturating, so the

light reflection at the BM output interface appears to be

significant. When the refraction indices are agreed at

this interface (not shown here) the values of reflection

coefficient beyond the main spectral band decrease, and

the nature of asymmetry changes, however, not disappears

completely. In our opinion the latter can be associated with

the residual contribution of the Fresnel reflection at the input

interface into the total light reflection from BMs.

By comparing the results obtained by means of MCWT

and numerical method, it should be noted that, except for

the spectral shift of the BM reflection band, both methods

provide quite similar results both for the maximum value

of the reflection index, and for the width of that band.

It occurs both in case of continuously varying refraction

index (triangular profile), and in case of discrete-continuous

change (ragged profile). The dependences of the reflection

index on the number of BM periods appear to be similar

as well (see Fig. 6, c and d). The absence of disruptions

of permittivity in the triangular profile allows to eliminate

non-physical disruptions in the intensity distribution in

BMs similar to those described in sect. 2.1, however, a

small deviation of the intensity values occurs near to its

maxima, as predicted by means of MCWT with regard to

those obtained numerically (not shown herein). In general

this deviation is lower than that for discrete profiles of

permittivity, therefore it has a low relevance.

Conclusion

The work is aimed at the development of efficient meth-

ods of the analysis of optical characteristics of BMs with the

random profile of the refraction index, which is important
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Figure 6. Spectral dependences of energetic reflection indices on the Al0.92Ga0.08As/Al0.16Ga0.84As BMs with triangular (a) and

ragged (b) profile of the refraction index and 25 periods. Dependence of the reflection index of such BMs at the light wavelength of

850 nm on the number of periods obtained by means of MCWT (c) and the numerical method (d); here the results for rectangular

refraction profile are also included for comparison.

for the practical optimization of its electrical parameters.

Based on MCWT taking the multiwave light diffraction into

account, we obtained analytical expressions for the light

reflection/transmissivity indices from/through BMs with the

random profile of the refraction index. A hybrid algorithm

of numerical calculation of these indices was developed as

an alternative approach. The algorithm is based on the

numerical construction of the transfer matrix within one

period of BM with further analytical multiplication thereof

for the obtainment of optical characteristics of the mirror

with a random number of periods. Such an approach

enables to avoid the error accumulation in direct numerical

calculation of the whole BM and considerably accelerates

the obtainment of the final outcome.

Based on the BM example with the rectangular profile

of the refraction index that assumes an accurate solution,

it is shown that MCWT predicts at high accuracy such

important BM characteristics as the maximum value of the

light reflection index and its spectral dependence, including

the half-height reflection band width. The same conclusion

is also confirmed for BMs with smooth (gradient) interfaces
by comparing the results obtained by means of MCWT, and

the numerical hybrid approach.

The standard coupled-wave theory [28] is well applicable
in case of a low contrast of the refraction index in BM. By

comparing the results with accurate solution assumed for

the rectangular profile of the refraction index it is shown that

MCWT at high accuracy predicts optical characteristics of

BMs both in case of low, and high contrast of the refraction

index, which is associated with a thorougher consideration

of the multiwave diffraction under this method [29,30].
The following can be noted as disadvantages of MCWT:

1) non-physical disruptions in distribution of the light

intensity inside of BMs occurring due to the introduction of

the discrete distribution of permittivity into the expression

for intensity (2).
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2) shift of spectral dependence of the BM reflection

index with smooth interfaces obtained by means of MCWT

relative to the numerically calculated one. The shift occurs

due to the use of a quasiclassical phase of the propagating

wave, meanwhile the phase in the numerical method is

derived directly from the Helmholtz equation. However,

its value is low — it is only 1 to 3% of the reflection band

width, which is not critical for the practical calculations.

Subject to the above mentioned conclusions one can

recommend the use of MCWT, first of all, for the analysis of

the maximum value of the light reflection index from BMs

and the reflection band width.

Comparison of the results of our calculations with exper-

imental data on the light reflection from Al0.18In0.82N/GaN

and Al0.15In0.85N/Al0.2Ga0.8N of BMs has shown in general

their good agreement with each other. An exclusion is

considerably lower experimental reflection band width of

Al0.15In0.85N/Al0.2Ga0.8N of BMs, which is associated, in

our opinion, either with fluctuations of the thicknesses and

compounds of epitaxial layers, or with elastic stresses in BM

resulting in bending of the epitaxial structure as a whole.

By means of modeling it is shown that configuration of

the maximum reflection index of BMs to the desired light

wavelength is a non-trivial task for the random distributions

of the refraction index in the period, including those with

smooth interfaces. This configuration requires preliminary

calculation of the spectral dependence of the reflection

index and based on its outcome — correction of the BM

period. Due to the practical relevance of that task, an

accurate configuration could require several iterations.

By means of modeling it was found that transition

from the stepped profile to profiles with smooth (gradient)

interfaces, necessary for the BM resistance decrease, is

accompanied by the reduction of the maximum reflection

index and narrowing of the reflection band. However, these

negative trends can be compensated by the increase of the

number of periods in BMs.

It shown that in case of insufficient number of periods in

BMs, the Fresnel reflection of light at the output interface

could considerably impact the spectral dependence of the

reflection index. Manifestations of such impact could be, in

particular, first, a high asymmetry of spectral dependence

of the reflection index relative to the configuration wave-

length λ0, and, second, a high level of the light reflection

beyond the limits of the main spectral band. The last

effect, basically, could result in the emergence of parasitic

generation in VCSELs beyond the limits of the reflection

band of BMs. In case of increase of the number of periods

of BMs such impact of the Fresnel reflection is attenuated.
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