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Introduction

Exciton-polaritons have recently become a promising
platform for the study of such effects of fundamen-
tal physics as Bose-Einstein condensation [1-4], su-
perfluidity [5] and Josephson oscillations [6-8].  The
properties of exciton polaritons are supposed to be
used in various optical and quantum devices, such
as optical transistors [9-11], diodes [12], interferome-
ters [13], routers [14], couplers [15-17], lasers [18].
An energy-efficient neural network logic output using
exciton polaritons in a microresonator was obtained
in [19].

Recent experiments in exciton-polariton systems have
made it possible to make high-precision measurements
of the polariton-polariton interaction constants, which are
key parameters determining the nonlinear dynamics of
condensed exciton-polaritons [20-22]. In [23], the self-
trapping of exciton-polariton condensates is theoretically
predicted and experimentally obtained in [24], which is
explained by the formation of a new polaron-like state.
The trapped state of exciton-polaritons is stabilized due
to the scattering of excitons in a polariton conden-
sate. The interaction of exciton-polariton condensates in
a semiconductor microresonator with acoustic phonons
is analyzed in [25]. It was shown that parametric
instability in the system leads to the generation of a
coherent acoustic wave and additional polariton harmon-
ics.

In [26,27]), two identical pumping photons on the
lower branch of the polariton dispersion law were used
to study the properties of an optical parametric oscilla-
tor. The quantum self-trapping regime in the dynamics
of exciton-polaritons in microresonators was theoretically

obtained. However, in [28,29] it was shown that two
different pump beams can be converted into two signal
and idle modes degenerate at the photon frequency. The
presence of two different pumping beams provides great
opportunities for generating signal and idle beams with
predetermined properties. In [30], the dynamics of po-
laritons is theoretically studied when pumping is carried
out by two lasers with close frequencies without taking
into account single-mode and intermode elastic polariton-
polariton interactions. Aperiodic and periodic regimes of
transformation of a pair of pump polaritons into signal
and idle mode polaritons have been found. Analytical
solutions of a system of nonlinear differential equations
with equal attenuation constants [31] are obtained. It was
shown that the introduction of two independent pumps
leads to an increase in the degrees of freedom of the
system.

Problem formulation. Main results

The purpose of this work is to study the dynamics of
exciton-polaritons in the parametric oscillator regime, when
pumping is carried out by two pulses close in frequency,
taking into account elastic polariton-polariton interactions.
We consider the situation when polaritons are excited on
the lower branch of the law of dispersion at the ,magic
angle (Fig. 1). In this case, the process of parametric
scattering of two different pump polaritons into the signal
and idle modes is described by a Hamiltonian of the
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form

+ haydtaj + hopiaas,

p1@p1api/2

+ hvpahahapap/2 + hvsad af asas/2

+ hviafaraia; /2 + hopisd dp ag as

A+3 4+3. atata 4 i+t 4+ 4 4.
+ hvsidg asd; ai + hu(ag a'apap +ayanasai), (1)

where wpi, wp, ws, wi — natural frequencies of two
different pump polaritons, signal and idle modes, respec-
tively; api, app, as, 8 — polariton destruction operators;
Vpl, Vp2, Vs, Vi and Vpip2, Vplss Vp2s, Vplis Vp2i, Vsi —
constants of single-mode and intermode elastic polariton-
polariton interactions; 4 — constant of parametric polariton-
polariton conversion. Using (1), we obtain a system of
nonlinear Heisenberg equations for the operators ap;, ap,
as, ai. Further, averaging this system of equations and
using the mean field approximation, we obtain a system
of nonlinear evolutionary equations for complex amplitudes
of polaritons ap, = (ap,); ap, = (ap,), as=(as) and
aj = <éi>:

+vp1idai + vpipampap)ap + Hapnasdi,
iap = wpap + (Upzarﬁapz + vpsagas
+ Vi a‘ai + Vp1p2a;1apl)ap2 + ,Uazlasai s
ias == Cl)sas + (Usa;as + Vplsa?slapl + UpQSaEZapQ
+vsiaai)as + uaapap,
iaj = wiaj + (Ui ai*ai + vplia’glapl + Vi a;zapz
+ vsiagas)ai + pagapiap. (2)
The system of equations (2) must be supplemented with
initial conditions, which can be written as follows:

Apijt—0 = ap1o exp(i@p10), Apt—0 = ap20 exp(iPp0),

asjt—o = aso exp(iPso), ajji—o = ajoexp(i@io), (3)

where apio, @po, as0, &io and @pro, Pp20, Pso, Pio — the
actual amplitudes and initial phases of the corresponding
exciton-polariton states.

We will further introduce the density of quasiparticles into
consideration
ns =aias, h =a’a;

Npi = apdpl, N = apap,

k

Figure 1. The energies of the polaritons of the upper and lower
branches (w+) of the law of dispersion. Dispersion of the natural
frequencies of the microresonator wey and exciton we. Two
different pump polaritons dissipate into signal and idle modes.

and two ,,components of “ polarization

Q=i(apapaza — asaia’;,la;z),

R =apapasd + asaiayay,
and we obtain the following system of nonlinear differential
equations describing the dynamics of exciton-polaritons
taking into account elastic interparticle interactions:

Np1 = Np2 = uQ, Ns =N = —uQ,
Q= [A+ (Vp1 + Vpip2 — Vpis — Vpii)Npi
+ (Vp2 + Vpip2 — Vp2s — Vp2i ) Np2
+ (Vpii + Vi — Vi — vsi)N;
+ (Vpis + Vpos — Vs — Vsi)Ns| R
+ 2u[nsni (Np1 + Np2) — NpiNE2(Ns + 1),
R = —[A+ (vp1 + Vpip2 — Vpis — Vpii )Npi
+ (Vp2 + Vpip2 — Vp2s — Vp2i )Np2
+ (Vpii + Vp2i — Vi — vsi )N
+ (Vpis + Vpas — Vs — Vsi )Ns]Q, (4)

where A = wp1 + wp — ws — w; — resonance disorder.
Using the initial conditions for the amplitudes of polari-

tons (3), we obtain the initial conditions for the densities of

quasiparticles and the components of ,,polarization:

2 2
Npijt=0 = [@p10]" = Mp10,  NMpje=0 = [@p20|” = Np2o,
2
Nijt—o = |@io|” = Nio,
Qjt=o = Qo = 2/Np10Np20NsoNio sin Oo,
Riti—o = Ro = 2\/Np1oNp20NsoNio cos o, (5)

ns\t:O = |a50|2 = Ngp,
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Figure 2. Graph of the potential energy of a nonlinear oscillator (8) under conditions of exact resonance, depending on the normalized
density of the first pulse pumping polaritons at fixed values of the initial phase difference 6y = 7/2, the normalized initial densities
of quasiparticles Ny = 0.3, Nsy = 0.9, constant polariton-polariton elastic interactions vy =4, v = 7, vs = —4, v = —9 and various

o = 1 (a), 1.337 (b), 1.4 (with), 1.512 (d), 1.7 (e).

where 0y = @so + Pio — Pplo — Pp20 — initial phase differ-
ence.
From a system of nonlinear differential equations (4) it is
not difficult to obtain integrals of motion
Np1 — Np2 = Np1o0 — Np20, Np1 + Ns = Np1o — Nso,
Ns — Ni = Nso — Njo, Np2 + Ni = Np2o + Njo,

Q* + R? = 4npnpngh,

A
R=Rg+ ;(nplo - npl)

(Vo1 + Vpip2 — Vpis — Vpii)
pl plp2 pls pli 2 2
+ 2% (N510 — Npp)
Vp +V — Vpas — V)i
(Vp2 + Vpip2 — Vpas — Vi) 5 >
+ o (Np20 — N2)
(Upls + Vpos — Vs — Vsi) (nz e )
2/J S 'sO
Vpli + Vp2i — Vi — Vsi
( pli p2i i 5|) 2 2
+ n"—ny). 6
2/1 ( i |0) ( )
Further consideration will be carried out for
i — Mot - _A -
normalized values Yy = hot YT e T tunpio,
= _ Npo _ Ny o~ _ MNg . _ Vpl—Vpip2—Vpis—Vpli
Mp20 = 705> Mso = 700> Mo = s Vel = ——— >
‘sz _ VpZ*Vplpz;;szs*szi , ]75 — Vpls+vp2;*‘)s*vsi ,
\Ti _ Vpli‘H)pZi*Vi*Vsi.

Using thg integrals of motion and the introduced normal-
izations, it is possible to bring a system of nonlinear dif-
ferential equations (4) to one nonlinear differential equation
for the normalized density of the pump polaritons y of the
first pulse:

H(2) vwi -0 )
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where

W(y) = 2< —2y(y — 1+ npo)(1 +Nso —y)(1 + Mo —y)

_ 1 Vy
+ |:\/np20n30ni000590 + 501(1 -y)+ Tpl(l )

+ (L= Y)Y = 1+ 20) + (1= Y)(1 =y +2°0)

Vi

2
+ =) -y + 2) ) )

Differential equation (7) is a special case of the equation
of a nonlinear oscillator with a total energy equal to zero,

2
where the term % (3—37’) plays the role of kinetic, and the

term W(y) — potential energy, respectively. The type of
solution y(7) is determined by the roots of the algebraic
equation W(y) = 0, which, as can be seen from (8), depend
on the initial densities of quasiparticles Ngo, Nso, MNio,
the initial phase difference 6y, the normalized resonance
detuning o and from the normalized constants of elastic
polariton-polariton interactions vpi, Vpo, Vs, Vi.

We will look for a solution to the differential equation (7)
in the case when the initial phase difference is 7/2. Then
the equation W(y) = 0 can have either two or four real
roots (Fig. 2,3). Fig. 3 shows the dependence of the real
roots on the normalized density of the polaritons of the idle
mode at fixed values of the normalized initial densities of the
polaritons of the pumps of both pulses and the initial density
of the polaritons of the signal mode and the normalized
resonance detuning @ = 0. It can be seen that for small
values of njo there are two real roots —y4 > y; and two
complex conjugate — Y3 =a=xib. The amplitude of
the oscillations of the normalized density of the polaritons
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Figure 3. Dependence of the real roots of the potential energy
equation of a nonlinear oscillator under conditions of precise
resonance on the normalized initial density of polaritons of the
idle mode at fixed values of the system parameters: Npo = 0.3,
Nso = 0.9, vp1 =4, v =7, vs = —4, v = —9.
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Figure 4. The period of fluctuations in the density of the

polaritons of the first pulse pumping, depending on the normalized
initial density of the polaritons of the idle mode and various values
of @ =0 (1), 0.5 (2) and for fixed values of system parameters:
Npo = 0.3, Ngo = 0.9, vy =4, v =7, vs = —4, vj = —9.
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Figure 5. The amplitude of fluctuations in the density of

polaritons pumping the first pulse, depending on the normalized
initial density of polaritons of the idle mode and various values
a=0 (1), 05 (2) and for fixed values of system parameters:
Npo = 0.3, Ngo = 0.9, vy =4, v =7, vs = —4, vj = —9.

of the pumping of the first pulse will be determined by
the expression A =Yy4 —Y;. The dynamics of the system
will be periodic transformations of quasiparticles, while the
oscillation period will be equal to
2K (k
T= 2Kk ) 9)
m
where K(k) — is a complete elliptic integral of the first kind
with the module k [32,33]. The parameter m is defined by
the expression

ENES

m= (m;m,)3, (10)

where

m = (y2—Ya)(ys—Yy1), M= (y2—-y1)(ys—VYa).

Solution of the equation (7) will be expressed in terms of
Jacobi elliptic functions:

Y1 tYs
y=""3

L Yi-Yaco d+ (c +d)en(mr + F(go, k)) (11)
2 c+d+(c—djen(mr +F(po, k)’

where

d=1/(y2 —y1)(ys — Y1)

In (11) F(@o, k) — an incomplete elliptic integral of the
first kind with module k and parameter ¢q [32,33], which
are defined by the following expressions:

2 = L= (Mt my)/(2ymify)

2 9’
y4c+y1d—c—d)
yid—ysc+c—d/’

In addition, as can be seen from Fig. 2,5 and Fig. 3,
with an increase in the initial polariton density of the signal
mode, the two middle roots of the equation W(y) = 0 turn
out to be degenerate, Yy, = Y3, which corresponds to the
aperiodic regime of evolution of quasiparticles. The solution
in this case will be written as

c=/(y2—Ya)(ys — Ya).

(12)

@ = arccos <

Y1(Ya = Y2) + Ya(ys — y1)th® (M)

Ya— Y2+ (y2 —yi)th® (w

y:

(13)
As the normalized initial density of polaritons of the idle
mode njo increases, a region of existence of four real roots
of the equation W(y) = 0 arises (Fig. 2, ¢, Fig. 3). We will
arrange the roots in descending order: y4 > Y3 > Y7 > Y.
The temporal evolution of exciton-polaritons in this case will
be periodic transformations of quasiparticles. The amplitude
and period of the oscillations will be determined by the
following expressions:

4K (k)

. 14
Vya—y2)(ys —y1) %

A=y,—y;, T=

Then the solution of equation (7) can be obtained in the
form

Vi(Ya —Y2) +Yaly2 — ¥1)
% sn2 (\/ <y4—YZ2)(Y3—Y1)T + F (o, k))

Ya—=Y2+ (Y2 = VY1)
wsn2 < (y3—yu)r + F((PO, k)>

(15)
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The module k and the parameter ¢ in (14) and (15) are
defined as
2= V2= y))(ys —ya)

T Y2 -ya s -y

B (e —y2) (1 —y1)
o= arcs'”\/ veoya-n U9

Thus, we observe a transition from a periodic regime of
evolution to an aperiodic regime and again to a periodic one
when only the initial normalized density of polaritons of the
idle mode changes. With an increase in the normalized
resonance detuning, the point of the bifurcation transition
from the periodic to the aperiodic regime of evolution
shifts to the region of higher normalized initial densities
of polaritons of the idle mode (Fig. 4).

With a further increase in the normalized initial density
of the polaritons of the idle mode, the degeneracy of the
two largest roots of the equation occurs again W(y) = O:
Y3 = y4. Solution of the equation (7) in this case is still
periodic with a period

27
V(Y3 —y2)(ys —y1)

and will be defined by the expression

yi(ys —y2) +y3(y2 —yi) sin’ (w)
y =
Y3 —Yy2 + (y2 — y1) sin® <m

(17)

Then there is a bifurcation transition from the four real
roots of the equation W(y) = 0 to two real roots, y, > yi,
and two complex conjugates (Fig. 2,¢). However, there
is no significant effect on the amplitude of oscillations
of the normalized density of polaritons of the first pulse
pumping. The amplitude of the oscillations in this case
monotonically decreases with the growth of the normalized
density of polaritons of the idle mode and is determined by
the expression A=Yy, —Yy;. The dynamics of the system
will be periodic transformations of quasiparticles, while
the oscillation period will be equal to T = &ngk), where
K(k) — a complete elliptic integral of the first kind with
the module k [32,33]. Solution of the equation (7) will be
expressed in terms of elliptic cosine:

_ YitY2 | Yi1—Ya c—d4(c+d)en(mz +F (¢o, k))

y== 2 c+di(c—djen(mr+F (g0, K)’
where s
¢ =V (ya—y2)(ys — ¥a),

=V (ya—y)ys —y1),
m= (mlmz)flt, (19)

My = (Ya —Y2)(ys — Y1),

m = (Ya —Y1)(Y3 — Y2).
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The module k and the parameter ¢ in this case are
defined by the following expressions:

K2 1 — (my +my)/(2,/mny)
3 ,

y1c+y2d—c—d)
yod—yic+c—-d/’

@o = arccos < (20)
Fig. 5 shows a graph of the dependence of the amplitude of
the oscillations of the normalized density of the polaritons
of the first pulse pump depending on the normalized initial
density of the polaritons of the idle mode. It can be seen
that the oscillation amplitude monotonically increases with
an increase in Njg, reaches its maximum value, and at the
bifurcation point of the roots of the equation W(y) =10
(Fig. 2,b, 3, 5) a region of a sharp decrease in amplitude
appears oscillations, which indicates the occurrence of the
phenomenon of self-trapping in the system of quasiparticles.
With an increase in the normalized resonance detuning «,
the region of occurrence of the phenomenon of self-trapping
in the system of quasiparticles shifts to the region of higher
normalized densities of polaritons of the idle mode. Here,
the manifestation of the phenomenon of self-trapping is
not as bright as in the case of taking into account the
elastic interatomic interaction under the conditions of Bose-
Einstein condensation of atoms and molecules [34,35].

Conclusion

Thus, when pumping the lower polariton branch with
two pulses with close frequencies, taking into account the
processes of interelastic interaction of exciton-polaritons,
periodic and aperiodic regimes of evolution are obtained
in the system. There is a sharp decrease in the amplitude
of oscillations of the normalized density of the pump
polaritons, ie., self-trapping in the system is observed.
In this case, there is a slight localization of the polaritons of
the pumping of the first pulse on the lower branch of the
law of dispersion. It should be noted, that when pumping
was carried out at one point of the law of dispersion
by two identical pulses, we observed a sharp increase in
the amplitude of oscillations [26] with an increase in the
normalized density of polaritons of the idle mode.
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