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Based on the solution of the equation of motion of a charge in an electromagnetic field, the classical theory
of radiation of a relativistic charged particle linearly accelerated by a high-intensity laser pulse in the presence of
a static component of the magnetic field is constructed. Solutions obtained by Kopytov G.F. and Pogorelov A.V.,,
were used to study the spectral-angular characteristics of the radiation of a charged particle in a combination of the
field of a plane monochromatic electromagnetic wave and a constant magnetic field, the so-called Redmond field.
According to the calculated formulas for the radiation intensity of particles in the Redmond field, graphs of the
dependence on the magnitude of the magnetic field, phase and phase-angular distributions are plotted. The Fourier
transform of the intensity of the electric field of the radiation and the spectral density of the radiation of the particle

in the case of linear polarization of the wave is obtained.
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Introduction

In [1] spectral-angular radiation characteristics of a charge
accelerated by high-intensity electromagnetic radiation were
obtained. The theory of charged particles acceleration in
plasma using laser radiation was suggested as early as
1979 [2] and is refining up to now [3]. Currently the
highest intensities achievable in the focus of laser beam
are ~ 102 W/cm? [4]. These strong electric fields become
achievable with the emergence and development of laser
plants that allow generating pulses in optical range with a
duration of a few femtoseconds (10~'°s). However, as it
is known from the Lawson—Woodward theorem, a particle
in the unlimited vacuum space without static component
of electric or magnetic field can not absorb the energy
from laser pulse, no matter how strong is the pulse [5].
The issue of particle oscillation in a combination of a plane
electromagnetic wave (EMW) field and a constant magnetic
field was investigated for the first time in [6] and remains
in the focus of researchers up to now in the point of
view of classical and quantum theories [7-16]. Results of
these studies are of special interests, because the problem
formulated in them corresponds to real technical systems.

In [17] a technique was developed to determine spectral-
angular and polarization characteristics for a beam of
relativistic charged particles in undulator.

In this study the authors made an attempt to investigate
the issue of spectral-angular radiation characteristics of a
charged particle in the Redmond field (a combination of
a plane EMW field and a constant magnetic field) based

on the results obtained in [14], where on the basis of the
classical equation of charge motion in electromagnetic field
the energy characteristics of a charged particle accelerated
by laser radiation in a constant magnetic field were calcu-
lated without taking into account the radiative friction. It
is known from [18], that energy loss of electron for the
hard radiation are achieved at an energy of 1GeV, which
corresponds a laser field intensity of ~ 10*2 W/cm?. In this
study all the characteristics were calculated at an intensity
of 10" W/cm?. However, in the case of prolongated
interaction between the wave and the particle, even a small
parameter of radiative friction can significantly contribute
to the particle?s dynamics, therefore it is assumed that the
monochrome electromagnetic wave in the study represents
an ultrashort laser pulse. The characteristics of interest are
the intensity of charge radiation and its angular and phase-
angular distribution, as well as the Fourier-image of electric
field strength of the particle radiation and evaluation of its
spectral density modulus for linear and circular polarization
of the electromagnetic wave.

Formulation of the problem

The classical equation of particle motion with a charge q
and a mass mis as follows:

dp
a_quL

g

JvxHs), (1)
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where Hx = H + Hp; Hyp = kHp; H — vector of magnetic
field strength of the electromagnetic wave, Hy — vector of
the external magnetic field strength.

Let us supplement equation (1) with initial conditions for
velocity and coordinates of the charged particle:

v(0) =vp, r(0) =ryo.

The relativistic factor p is related to the intensity of

electromagnetic field I as follows: p = /14 1/l as
well as equal to y = mc(1 —vz9)/4/1 — v(z)/cz, where the

relativistic intensity | (W/cm?) is defined as follows:

mciw?  1.37-10%
8mq? Az

Irel =

where 4 — wavelength, ¢ — speed of light in vacuum.

Let us select the direction of electromagnetic wave along
axis z, in this case components of vectors of electric and
magnetic fields are defined by the following system:

E)( = Hy = b)( COS(D,
Ey, = —H, = fby sin®, 2)
E;=H;=0,

where axes X and Yy coincide with directions of semi-
axes of the wave polarization ellipse by and by, and
by > by >0, & =wé +@o; £ =t —2/C; w — carrier fre-
quency; f = +1 — polarization parameter, with superscript
for right-hand polarization E, and subscript for left-hand
polarization.

Effect of constant magnetic field on
the radiation intensity of a charged
particle in a field of plane monochrome
electromagnetic wave

By applying vector multiplication to equation (1) and
vector H we get the Umov—Poynting vector in the following
form:

_C

S471

[ExH]:%[FxH]—%[[vaz]xH},

(3)
where F = dp/dt.
By writing vector products in equation (3), we can obtain

components of the Umov—Poynting vector:

S(t) = % Hy [(UXHY —vyHy) — %FZ} ’ (4)

S0 =~ e [0k, — k0 -SR] (9

S0 = 1 |k + )+ SERHER) . O

The Lorentz force acting on the particle in the Redmond
field in a component form can be written as follows:

1 b b Rw?
F = o +g{q [bx+n(lxn_73;2y)} cos d+ C° ycosCDc}’
(7)
1 n(bx Fnby)] . - Rog
Fy_1+g{q{iby I sin ®+ c ysin®c »,
(8)
2 b2 _b2
F,= 12 q(by — by) sin 2@
1+9 | 2p20%(1 —n?)?
d(bx Fby) Roc 1+1n
+ o c 1 1 sin(® + &)
~q(bx£by) Roc 1+71 . _
Yo c 11 sin(® — @) |, 9)

where ¢ = wcé + 1.

As can be seen from (9), in the Redmond field in the
initial moment of time t = 0 the longitudinal component
of pulse is dp;/dt # 0, which means that in this case the
Lawson—Woodward theorem is not fulfilled.

Let us use the formula for the longitudinal component of
the particle momentum with correction for the relativistic
factor y from [14]

_ q2 bi - bé Rw: ¢
g=h 4p2w? 1 —n? cos 20 c 2Jyw

(by £ by)(1 —n)cos(® — Dc)—
—(bx F by)(1 + 1) cos(® + D)
X o ,

where h — constant part of the longitudinal component
of particle velocity defined by the initial conditions and
parameters of the accelerating field, respectively, equal to:

2 2 2
he | mc _1_‘_RwC

1 L
2| p? c2 2 yiw

2

(b= 0D, + by — fby)?
(1= ’

where wc = gqHo/y — cyclotron frequency, n = wc/w, R —
constant defined by initial conditions [14].

By substituting (7)-(9) and velocity values from [14]
to formulac (4)—(6), we get components of the
Umov—Poynting vector in the following form:

sty (1-151)

x sin(®—dc) — (by T by) <1_1%Z) sin(®+®y)

1 cby Rowc

S((t)z&r 1+g c

cosd,

Optics and Spectroscopy, 2022, Vol. 130, No. 11



Spectral-angular characteristics of the radiation of a charged particle in the Redmond field 1399

1 cby R

SY(t)Zi@Hg c

bzt (1-152)

x sin(®—dc) — (by F by) (1—1%2) sin(®+®) | sin ®,

1 ¢ 2

&m=8ﬂ1+g<%@—h@ﬂr+m+y%ﬁ_

1 2nbyb
xcos2¢+(bi+b§){(1+9)+—2 <’72:F nzxzy)]
1-n bgbg

Rw q !
C
+ c <V_0)) n[(bx £ by) cos(® — d¢)

+ (bx F by) cos(® + <I)c)]>.

For the case of circularly polarized electromagnetic wave
bx =by =b/ V2, we get modulus of the vector in the
following form:

SO = /S + S(0) + S, (10)

where | = Cbz/&ﬂ, H= q2b2/7}2w2 = Ilin/2| rel = Icir/lrel~

With presence of a constant magnetic field, oscillation of
the particle takes place with two periods T = 277(1 + h)/w
and T, = 277/w.. Since the particle motion is a superposi-
tion of two types of periodic motions with frequencies w
and w¢, the intensity will be averaged using the following
formula [14]:

D(t)+27

1
ft) =5 /
(1)

Now let us evaluate the radiation intensity averaged over
the period of particles oscillation in the field of electromag-
netic wave with circular polarization in the presence of a
constant magnetic field

D (t)+27
/ F(t) IZ—gdcb’dcb’c.

De(t)

-] —

cir I cir

rad_1+%{(1—li—?n)2+(ﬁ)2]
2 2 2
{H%[(l_l;_r;,,) +(ﬁ)]_1;_z,,}+
+4 (1—f1+’7—fn)2{(1—%)2+1—2] |

With magnetic field switched off formulae (10), (11)
becomes equivalent to formulae derived in [1].
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For the case of linearly polarized electromagnetic wave
by = b, by = 0, the intensity of wave is:

1 RPw?
2 c?

1-— .
(1 — 1+Z> sin(® — d)

1—- .
— (1 — ﬁ) Sln(@ — @C)

X (14 cos2®) ,

2
+{[(1+g)+ 12772} (1 + cos2®)

. 2
+2ch (q_b) ncosd)cosd)c}
c \yw

(12)
where |y, = cb?/4m.

Now let us evaluate the radiation intensity averaged over
the period of particles oscillation in the field of electro-
magnetic wave with linear polarization in the presence of a
constant magnetic field provided that at the initial moment
of time the particle was in rest:

2 2
(1_ﬂ) +(1_1—_77>
1+n l+n

L3+ n) ﬁf} w1

1 R?w?

4 c2

Liin (IT—n%)2 " u | 128 (1—n?)?
1+h ’

3 2 n* 1 7
—|—2 [(l—i—h) +(1—n2)2]+2 T

I linear __
rad

N —

u
x [6(1+h)— 1_n2]
(13)
where values of R?wZ/c? and h are equal to, respectively:

2,2
R wg

2

sin® @, n?
1-n>  (1-n?)?

and

1 2 '2(1) 2
h:E +r)22+2 = §+ 7722 ’
41 (1-n? 1-n*  (1-1n%

where @y = w&y + @o, £y = —z/C.

Thus, the minimum radiation intensity corresponds to the
phase of @y = 0 and ®y = = and is defined by the following
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formula:

1+9\> 4| 742
+ 1__]7 +i L
1—n u 128

i lin 3{{
Ilmear _ + < |1+ TRV

The maximum radiation intensity corresponds to the

phase of ®y = z/2 and ®y = 37/2 and is defined by the
following formula:

|linear: Iliﬂ
min 2
2+ iy
u 1 ! 1—n 2 | 1+n 2 4n?
s |\tty) Uty
(I—n%) +1 n 1
Tu? 1 3ur (1+n%) 3

M R TR PR G )T

x{ (-2
x{6 _lfnz}

The average radiation intensity of a charged particle in the
Redmond field can be determined by the following formula:

(1—n)* 2

2
347 4 1 7
148270 }+§ 1

4 (1—n?)?

p 3+
1 =
Tayy

t—oo

t
f(t) = sup lim %/f(t)dt.
0

Thus, the radiation intensity of charged particles in the
Redmond field averaged by initial phase ® is as follows:

| linear __ lin
rad

2u(l =) u(1 = 10n* + 7*) + 4(1 — n*)(1 — n?)]

{ VB 1) + A= }3

xuld =31 P+ 41— )2

Clen\ 1\ dn? 3u(l4n?)
XK 1+n) +<1 1—n> T e
W (1 = n?)u(l +n*) +2(1 = n*)*]

| VEBE Fal =Pk |
Xl = 3= )]+ (= 1)

3< 300 (1 = n*)(1 — ) + 2(1 — )] >
+2( 1+

2 VuB ) + 40— 0P

% s /uld = 31— )] +4(1 — 2)?

+120*(1 = n?)

(3 +n%) +4(1 —n?)?x

o () =3 —n?) +4(1 - n?)?] >
VEG T A —nex
xVuld=3(1—n)]+4(1—n?)?
— 16*(1 = n?)

Va3 +n7) +4(1 —1?)?x
X /14— 3(1—n?)] +4(1 — n?)>2

><< plp( + 1) +2(1 - n*)*] 3>
(14)

Formulae (11) and (14) can be used to plot the change
in radiation intensity of a particle in the Redmond field as a
function of magnetic field strength (Fig. 1).

It can be seen from the figure that up to the level of
n = 2.5 the constant magnetic field results in a little increase
in the particle radiation intensity if the electromagnetic wave
is circularly polarized, while the intensity for the linearly
polarized wave decreases.

By differentiating relationship (11) with respect to @y, we
get the phase distribution of radiation intensity:

linear
dl rad I lin

do, 2

b}

2

{ L +2[sin2d>0+ 7 }}>K_g sin 20y ¢
(1-n?)? -2 " (1-p?)? 2 1

1

. 2
+ 4 {2 +2 [+ | })

(15)
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Figure 1. Radiation intensity of a particle as a function of

magnetic field strength (1 - circular right-hand, 2 — circular left-
hand, 3 — linear).

where 0 and «k, respectively, are:

2
s 1_1;77
4 l+n

1 2 3u(1+n?)  4n?
+<1_ +n>+u( +n)+i]

sin® @, n?
L—n>  (1-n?)?

1—n (I-n?*  u

Tu? 1 3 1 2
+L7+_<1+%{(i

128 1—n2)? ' 2 1—n2)2
9:
sin? @y n? ?
2
" 1—n2+(1—n2)2”>
3n* 3n? 1+ n?
+ L 22+ 1 2 1+‘li n22
2(1-n%? 1-n 41 (1—n?)
s sin® d Lo oy
L-n*  (1-n?) 2(1—n?)?
80 1 [usin2® (01—’
T dd, 20\4 1-n2 1+7
L0\ 3u(l+n®) 4| 3u/  u
1— T+ 221+
+( 1—n>+(1—n2)2+u 2\

sin® @, n?

1-n>  (1-n?)?

sin 2(D0
1—n?

Formula (15) can be used to plot the phase distribution
of radiation intensity of a charged particle in the Redmond

1+n?
X {(1—’72)2+2

3u n? .
+ 7 m Sin 2‘D0>
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field with an intensity of I, = 10! W/ecm? on the phase
plane (along the axis of abscissa sin @y and along the axis of
ordinate dllin®ar/ddy) for different magnetic field strengths
(Fig. 2).

In can be seen from Fig. 2, that with increase
in the magnetic field strength the maximum of ra-
diation intensity of charged particle shifts towards
Oy =m/2, —7/2,...,Ltm/2 + 27N

Instantaneous angular distribution of radiation intensity of
charged particles will be as follows:
difse® _ lin

dQ 4
2 2 2 .
(0 (s +2 [+ et e~ 4 e

, 2
<1 +4 {Ulj,j’f)z +2 [S}‘f;’;“ + (11’;2)2} }> cos By
(16)
By differentiating distribution (16) with respect to @y, we
get the phase-angular distribution of radiation intensity as a
function of initial phase of the electromagnetic wave:

2| linear
d7le™  lin

dd,dQ  4x

r
>< .
< 4 {2 [0 4 2]

u <2/< sin @+ 6 cos 0D

%sinZ@o sin @, >
wf w2 o [sey 2 |
H“{“*ﬂzﬂ‘o =2 (11?2 }
2 b
(1_ 2) 1+E 1+n? +2 sin2d>0+ n?
g 2 T=n7 = T =77

where

2
F:cosd)o u - l_l—n
20 2(1 —n?) I1+n

1 2 3u(1+n?)  4n?
+<1_ +n> u( +2n2)+i
1—n (1-n2) M

u 1+n? sin® @y n?
1+ ——= 42
><< +4{(1_n2)2+ [31—n2+(1—n2)2

n’ Y
+ 1—n2> _2<COS(D0> >

Formula (17) can be used to plot the phase-angular
distribution of radiation intensity of a charged particle for
the radiation intensity of Iy, = 10'° W/cm? on the phase
plane (along the axis of abscissa sin @y and along the axis
of ordinate d*I!in¢r/d®,dQ) for different magnetic field
strengths (Fig. 3).

Also, it can be seen in Fig. 3, that the maximum of
intensity shifts towards ®y = 7/2, —7/2, ..., +7/2 + 27N,
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Figure 2. Phase distribution of radiation intensity of particles at various magnetic field strengths.
and in conditions close to the resonance the phase-angular expressions for real and imaginary parts of E, (r):
distribution has the form of ellipse.
o(f) ()
1 ldp 1
Fourier-image of electric field strength Re(Eo(r) = 5 / (a o o HZ])
in the Redmond field e o
x cos ® _g dodd,.
W=00 w
E(r,t)= Y  E,(r)exp(—i®). (18) .
0=700 1 1 ldp 1
The Fourier-image can be represented in the form of a I (Eo(r)) = 27 T <a dt ¢ v HZ])
periodic function: De(t) D1
X sin ® Tg dddd. (20)

—hH

/E ) exp(—i®)dt. (19)

Let us express E(r,t) from equation (1) and substitute
it to function (19), then proceed from time integration to
integration over phases ® and ®., which yields the following

Components of transformation of Fourier-function (20)
will be as follows:

Re(Eypx) =

o*(bg —by)
- 8221 -n?) )’
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Figure 3. Phase-angular distribution of radiation intensity of particles at various magnetic field strengths.

Im(E, x) =0;

Re(E,y) = 0;

by G (b} — b})
ImE,y) =t [1+h+ 5> — 5 |;
o) = 3w < M gy )
Re(E, z) = Im(E, ;) = 0. (21)
Let us consider cases of circular and linear polarization.
Circular polarization. In [1] it was found out that in the
case of circular polarization only amplitude information is
kept, while phase information is lost completely, therefore
in this case of wave polarization the external magnetic field
will not make any contribution.
Linear polarization. In this case from (21) we get the
following for the Fourier-image:
2
+ (111"2)2} }>

2 22
o (144 { 120 +4 [
2+ 4 {5 + 2 (450 + o]

Re(E,) =

(22)
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By substituting (22) into formula (18), we get the radiation
spectrum of the particle at the initial moment of time:

Re((Eq(r, o)) = b

a)ool+ {1+322+4|:si1nj;1)20+< n)}}
X Z I -y " cos Og.

wW=—00 2+ {( 7Lnz 2 + 2 [811117']20 + m}}
(23)

The radiation spectrum has the following phase distribution:

e (|2 ) -

dd,
wW=00 .
2A\ usin®ycos’®dy A |
| 22) K008 0 B Gindy|, (24
Z@O< 5) B o) @)
where
u) 1+3n sin” @ n?
A=1+4
+8{(1—n2) L—n* (=07
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Figure 4. Phase-angular distribution of spectral density at various magnetic field strengths.

sin2 (D()
1—n?

pl 140 Ui
B=2+%¢ ——5+2 .
+2{(1—n2)2+ (ErRE
The radiation spectrum of a charge in a unit solid angle
is defined by the following formula:

() 2[5 (-

(0]9]
w=—00
pusin2dy A
——tgd 2

The phase-angular distribution of this radiation spectrum is

as follows:
_b
Y

Re

A
(1 — 3sin® dp) — B sec’d

W=00

A
3 1-2§5 u
- B 1 —n?

w=—

d?E(r, to)
dDed<2

. (26)

Let us represent the function that characterize spectral
density of the radiation:

Re(S(w)) = Re ([E(r. to)[’)

W=00 2

=b? B2 cos?(w&y)| . (27)

wW=—00

The phase distribution of pre-defined density of spectral
radiation is expressed by the following formula:

dS(w) _ N 1 1 H 2
4D, —bw:Z_OO Z_Zg 1_,72005 Dy — 1
A2

(28)
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The spectral density of radiation per unit solid angle is
defined by the following expression:

dS(w) b? | ([1 17 u 5
— = = — 2= Dy — 1
o ”w;oo ATTB|Top T
2
xﬁsincbo.

(29)
By differentiating relationship (29) with respect to @, we
get the phase-angular distribution:

d’S(w) b?

doydQ 7
1 1 M 2
{(Z\—Zg) T cos @0—1} X

1 1 v .9
oo { X [1+(K—2E) 1 sin <I)o] —}

x| 2
w=——oo 2u 14 11 B
1-n? 2A B/ 1—-n?
1 1Y .
X OS> (Do] <R — 2§> sin’ (O}
A2
xgcosd)o.

(30)
Formula (30) can be used to plot the phase-angular
distribution of radiation intensity of a charged particle for
the radiation intensity of Iy, = 10! W/cm? on the phase
plane (along the axis of abscissa sin @y and along the axis
of ordinate d’S(w)/d®odR) for different magnetic field
strengths (Fig. 4).
It can be seen from Fig. 4, that with increase in
magnetic field the spectral density maximum shifts towards
Sy =m, —m, ..., L£an.

Conclusion

The issue of spectral-angular radiation characteristics of
a charged particle in the Redmond field is investigated.
Expressions are obtained for the radiation intensity of a
relativistic charge in case of circularly and linearly polarized
electromagnetic wave in this field configuration. Phase
and phase-angular distributions of radiation intensity are
obtained for a particle moving in an electromagnetic wave
with an intensity of 10'® W/cm? in the presence of magnetic
field of different strengths. The Fourier-image E of particle
radiation in the Redmond field with linearly polarized
electromagnetic wave is calculated. Results of this study can
be used for the mathematical interpretation of experiments
on the interaction of laser radiation with magnetoplasma.
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