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Investigation of the effect of spatial dispersion in a metal shell
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Based on the method of discrete sources, the effect of spatial dispersion in the metal shell of a magnetoplasmonic

nanoparticle on the absorption of electromagnetic energy is studied. Hybrid particle is composed of a magnetic

core Fe3O4 or Fe2O3 and a golden shell. The influence of the elongation of spheroidal particles on the level of

energy absorption is considered. It is shown that taking into account the spatial dispersion in the shell leads to a

decrease in the absorption cross section to 30% and is accompanied by a shift of the plasmon resonance to the

short-wavelength region down to 25 nm. It is found that averaging the absorption cross section over the directions

of propagation of external excitation and polarizations entails a threefold decrease in the level of absorbed energy.
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Introduction

Nanoplasmonics is a developing area of nanophotonics,

in which the processes of the influence of radiation on the

collective oscillations of electrons inside nanostructures are

studied. The properties of nanoplasmonic structures are

largely determined by the resonance phenomena that arise

in them. Depending on the material, size and shape of

structures, the resonance can be located in a wide range:

from ultraviolet to far infrared. Nanoplasmonic structures

make it possible to overcome the Rayleigh limit of light

diffraction due to the concentration of the optical field near

the surface of the structure — at distances of the order of

several nanometers from it. This phenomenon has many

applications both in the field of fundamental research and

modern industrial technologies [1,2].

Plasmonic nanoparticles of various structures with unique

optical properties are used in the development of new

technologies in many branches of science and industry.

”
Core-shell“ nanoparticles are a special class of nanopar-

ticles consisting of an inner core surrounded by an outer

shell. As a result, layered nanoparticles have properties

inherent in their individual components. As a result,
”
core-

shell“ particles acquire increased functionality and high

potential for their use in a wide range of applications,

including biomedical, pharmaceutical, catalysis, electronics,

and optics [3,4].

Magnetoplasmonic layered nanoparticles consisting of a

magnetic core (Fe3O4 or Fe2O3) and a gold shell , proved

to be a very effective tool for targeted pharma drug delivery

and therapy [3,5]. Let’s note the main advantages of

magnetoplasmonic particles.

1. The magnetic core allows you to manipulate particles

(due to the magnetic field), directing them in a given di-

rection and controlling their concentration, thereby reducing

the potential risk of damage to healthy tissues.

2. High refraction index makes it possible to synthesize

stable core and shell configurations in a wide range of sizes.

The gold shell protects the core from corrosion, providing

biocompatibility with the tissues of a living organism, and

the presence of plasmon resonance (PR) in the gold layer

provides additional opportunities for imaging and medical

treatment of neoformations.

3. By changing the core size, its material, the shell

thickness, as well as the shape (elongation) of the particles,

it is possible to achieve the maximum absorption energy

in the transparency window of biological tissues (range

700−900 nm of the electromagnetic spectrum), where the

absorption by the surrounding biological tissue is minimal.

Exotic nanoparticles with controlled sizes, morphology

and composition are currently being designed and manu-

factured for various applications [6,7]. In the presence of

a metallic shell, it becomes necessary to take into account

the resonant collective oscillations of free electrons, which

cause a localized surface PR. Resonances lead to a sharp

and strong enhancement of the absorption and scattering

of optical radiation. Part of the electromagnetic energy

absorbed by the plasmon shell is converted into heat due

to the Joule effect. Thus, the illuminated nanoparticle

become like a point source of heat. Introduced into

human tissue, it, illuminated at the frequency of PR, causes

burnout and destruction of the affected cell. For example,

layered Fe3O4@Au nanoparticles can significantly enhance

absorption in the near transparency window of biological
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tissues [8], which allows them to be used in photothermal

cancer cell therapy [9,10].
The description of PR phenomena in nanostructures

is based on the application of the fundamental laws of

physics, namely, on the use of Maxwell’s theory. However,

the method of describing the properties of nanostructures

within the framework of classical electrodynamics and using

the macroscopic functions of a plasmonic metal has its

limitations. Problems arise when the respective length

scales approach the sub-nanometer range, in which the

characteristic mean free paths of an electron or a Fermi

wave predominate. In this case, the local connections

between the displacement and the electric field are broken

and a spatial dispersion of the metal appears [11,12]. To

study such effects, one can use a purely quantum approach

based on solving the Schrödinger equation for an electron

cloud in a metal [13]. However, this approach becomes

computationally cumbersome for particles larger than ten

nanometers, as well as for metals with a high density of free

charge carriers, such as noble metals [14]. In the latter case,

the most acceptable is the use of quasi-classical models,

which make it possible to study plasmon effects while

remaining within the framework of the Maxwell system.

One of such approaches, which allows taking into account

the spatial dispersion (SD) of a plasmonic metal, is the

theory of generalized nonlocal response (GNR) [15,16].
This theory, in particular, makes it possible to study the

optical characteristics of plasmonic nanoparticles of non-

spherical geometry, taking into account SD [17].
There are a number of methods that allow one to study

the optical characteristics of hybrid particles, taking into

account the spatial dispersion of materials. The main part

consists of approaches related to the study of particles with

spherical symmetry [18,19]. In the case of violation of

spherical symmetry or deviation of the shape of surfaces

from spherical, numerical-analytical approaches are used,

such as the T-matrix method, which makes it possible to

analyze layered non-spherical particles taking into account

the SD in the layer [20,21]. For inhomogeneous arbitrarily

shaped scatters, the available numerical results are in most

cases obtained using either the finite difference-time domain

method (FDTD) [22] or the finite element method (FEM)
included in the COMSOL Multiphysics package [23].
It should be noted that numerical methods have certain

limitations associated with the minimum discretization of

the inhomogeneity, which is about 0.2 nm. However, such

discretization may not be sufficient for a thorough study of

the characteristics of the near field.

Issues related to the necessary conditions for taking into

account the SD of layered spherical particles were studied

in detail in the Ph.D. thesis [19]. It was found there, in

particular, that with an increase in the thickness of the gold

shell above 4ṅm, the influence of the SD on the shift of the

PR in the frequency domain becomes imperceptible in a

wide range of changes in the diameters of the dielectric core.

This is consistent with the experimental results reported in

the same work, which demonstrate the general trend that
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Figure 1. Diffraction of a plane wave by a spheroidal layered

particle.

the smaller the size of the plasmonic metal, the greater the

deviation of the results from the classical local case.

In the present work, on the basis of the discrete source

method (DSM), the effect of SD arising in a thin gold shell

of magnetoplasmonic particles, is studied. The conditions

under which the maximum of the absorption cross section

falls within the transparency window of biological tissues

are determined. As a result of simulating, it was found that

taking into account the SD in the shell leads to a decrease

in the amplitude of the absorption cross section to 30% and

a shift of the maximum to the short-wavelength region to

25 nm.

1. Boundary problem statement

Let’s now write the statement of the boundary value

problem for the diffraction of a plane electromagnetic (EM)
linearly polarized wave E0,H0 propagating at an angle

π−θ0 with respect to the symmetry axis OZ, on a layered

axisymmetric particle (Fig. 1).
The boundary value problem of diffraction using the

theory of GNR can be written in the following form.

1. Helmholtz equations for the total field Ei in Di and the

scattered field Ee in De

1Ei,e(M) + k2
i,eEi,e(M) = 0, M ∈ Di,e . (1)

2. Helmholtz equations for the total field Es = EsT + EsL

inside the plasmonic film Ds , which consists of classical

transverse irrotational EsT (divEsT = 0) and longitudinal EsL

(rotEsL = 0) fields

1EsT (M) + k2
sEsT (M) = 0,

1EsL(M) + k2
LEsL(M) = 0, M ∈ Ds . (2)

2. Boundary conditions for fields on media interfaces

∂Di,s , including additional boundary conditions for normal

field components,

ni × Ei(P) = ni × Es (P),

ni × rotEi(P) = ni × rotEs (P), P ∈ ∂Di ,
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εiniEi(P) = εLniEs (P), (3)

ns × (Es (P) − Ee(P)) = ns × E0(P),

ns × (rotEs (P) − rotEe(P)) = ns ×H0(P), P ∈ ∂Ds ,

εLnsEs(P) = εens(Ee(P) + E0(P)). (4)

3. Silver−Muller radiation conditions at infinity for a

scattered field Ee .

Here Ei,s ,Hi,s are fields in Di,s , ni,s are unit nor-

mals to ∂Ds ,i , k2
i,s ,e = k2εi,s ,e , k2

L = εs/ξ
2, k = 2π

λ
,

εL = εs − ω2
p

( jγω−ω2)
, ξ2 = ε(β2+D(γ+ jω))

(ω2− jγω)
, εs is complex per-

mittivity of gold, ω is frequency of light waves, ωp is

plasma frequency of gold, γ are damping coefficients,

β — hydrodynamic velocity β2 = 0.6v2
F , vF is Fermi

velocity, D is electron diffusion coefficient [16]. Wherein,

the characteristics of the medium are chosen so that the

time dependence exp{ jωt} satisfies Imεe = 0, Imεi,s ≤ 0,

ImεL ≤ 0. We will assume that stated boundary problem

(1)−(4) with radiation conditions has a unique classical

solution.

It should be emphasized that SD occurs only in metals

with a high concentration of free charges, such as the noble

metals gold, silver, and platinum. Therefore, both in the

external medium and in the magnetic core, there is no

longitudinal field.

2. Discrete sources method

Since the principle scheme of the DSM for con-

structing an approximate solution has been repeatedly

stated [17,24,25], we will focus only on the fundamental

stages of this construction.

1. It is considered P/S-polarization of a plane wave

propagating at an angle π−θ0 to the axis of symmetry of

the geometry of the problem OZ. Approximate solution is

constructed separately for P- and S-polarizations. Discrete

sources (DS) for transverse and longitudinal fields are

located on the symmetry axis OZ. Distributed multipoles

of lower order [25] are supposed to be the basis of

representation for fields.

2. The transverse EM field is built on the basis of vector

potentials, the Cartesian components of which satisfy the

Helmholtz equation (1), and the longitudinal field is plotted

on the basis of a scalar potential that satisfies the equation

19s(M) + k2
L9s (M) = 0.

3. The fields constructed in this way satisfy all the

conditions of the original boundary value problem, except

for the conjugation conditions on the media interfaces.

The DS amplitudes are determined from the satisfaction of

these conditions on the basis of the generalized collocation

method [25]. Since the approximate solution is a finite

sum of harmonics with respect to the azimuthal variable ϕ,

satisfying the boundary conditions on the ∂Di,s surfaces

reduces to successive matching of the Fourier harmonics on

the generators of these surfaces.

4. As before [24], the accuracy of the approximate

solution is controlled by calculating the residual of the

boundary conditions on the surfaces ∂Di,s using the plane

wave field E0,H0.

5. After all the DS amplitudes are determined, the

components of the scattering diagram are easily calculated,

which take the following form for the P-polarization:

FP
θ (θ, ϕ) = jke

M∑
m=0

( j sin θ)m cos (m + 1)ϕ

×
Nm

e∑
n=1

(pe
mn cos θ + qe

nm) exp(− jkez e
n cos θ)

− jke sin θ

N0
e∑

n=1

re
n exp{− jkez e

n cos θ},

FP
θ (θ, ϕ) = − jke

M∑
m=0

( j sin θ)m sin (m + 1)ϕ

×
Nm

e∑
n=1

(pe
mn + qe

nm cos θ) exp(− jkez e
n cos θ) (5)

and for the S-polarization

FS
θ (ϑ, ϕ) = jke

M∑
m=0

( j sin θ)m sin (m + 1)ϕ

×
Nm

e∑
n=1

(pe
mn cos θ − qe

nm) exp(− jkez e
n cos θ),

FS
ϕ (ϑ, ϕ) = jke

M∑
m=0

( j sin θ)m cos (m + 1)ϕ

×
Nm

e∑
n=1

(pe
mn cos θ − qe

nm) exp(− jkez e
n cos θ)

+ jke sin θ

N0
e∑

n=1

re
n exp− jkez e

n cos θ. (6)

Here pmn, qmn, rn are DS amplitudes for different Fourier

harmonics (m) and different DS positions (n), and z e
n are

coordinates of the DS corresponding to the scattered field.

Since the main goal is to calculate the absorption cross

section, we will use the optical theorem [26] to determine

it, namely, the relation of the form

σext(θ0, λ) = σscs(θ0, λ) + σabs(θ0, λ).

Here σext is the extinction cross section, σscs is the scattering

cross section, σabs — is the absorption cross section. In our

case, the scattering cross section is defined as

σ P,S
scs (θ0, λ) =

∫

�

DSCP,S(θ0, θ, ϕ)d�, (7)
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where is the differential scattering cross section is

DSCP,S(θ0, θ, ϕ) = |FP,S
θ (θ0, θ, ϕ)|2 + |FP,S

ϕ (θ0, θ, ϕ)|2.

In addition, we will calculate the extinction cross sections

for P- and S-polarizations, whichcan be calculated as [25]

σ P
ext(θ0, λ) = −4π

ke
ImFP

θ (π − θ0, π);

σ S
ext(θ0, λ) =

4π

ke
ImFs

ϕ (π − θ0, π); (8)

Summarizing the above, we will determine the absorption

cross section as follows:

σabs(θ0, λ) = σext(θ0, λ) − σscs(θ0, λ). (9)

It is easy to see that integration over ϕ in formula (7),
due to (5), (6), is carried out in an analytical form and it

remains to calculate the integral over θ for each Fourier (m)
-harmonics.

3. Numerical results

Let’s pass to consideration of numerical results. Since

hybrid nanoparticles with an average size of 10−20 nm

are used in practice, and the characteristic thickness of

the gold film is only 2-5 nm [27,28], we will consider

precisely this range of layered nanoparticle sizes. Let’s

choose the core diameter D = 12 nm. Let’s study spherical

and spheroidal particles as the most commonly used, while

deforming the particle will keep the core volume as fixed.

Layered spheroidal particles are also known as core-shell

nanorice [29,30]. As the material of the magnetic core, we

will consider Fe3O4 and Fe2O3 [31], and as the material

of the shell we will consider the gold. When performing

calculations, we will take into account the frequency

dispersion of the refraction index of the core ni =
√
εi ,

taking the required values from the database [32], and for

gold ns =
√
εs from the [33]. Quantum parameters of

gold (Au), corresponding to the theory of GNR, we take

in accordance with [16]:

~ωp = 9.02 eV, ~γ = 0.071 eV,

vF = 1.39
1012 µm

s
, D = 8.62

108 µm2

s
.

We will assume that the particle is in a medium with a

refraction index ne =
√
εe , and ne = 1.33 (water). In the

paper [34], spherical magnetoplasmonic nanoparticles were

considered, consisting of a magnetic core and a gold shell

with a SD arising in it. As a result of the simulation, the

following was established.

1. An increase in the particle core diameter or a decrease

in the shell thickness leads to a shift of the PR maximum to

the long wavelength region.

2. The use of Fe2O3 in the core instead of Fe3O4 leads

to an increase in the PR amplitude, simultaneously shifting

the PR to the infrared wavelength range.
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Figure 2. Influence of SP on the absorption cross section for a

sphere and a spheroid with the ratio of the axes r = 2 at different

angles of incidence. The curves obtained in the absence (LR) and

presence (NL) of SD are shown.

In this study, we will consider elongated spheroidal

particles (nanorice), which are used in practice [30]. The

advantage of such particles is that the magnetic core of the

elongated spheroidal particles allows them to be oriented in

a given direction using a constant magnetic field. When the

nanoparticles are oriented, one can use a polarized optical

source, for example, with P polarization, to optimize the

excitation of the local PR absorption cross section, thereby

enhancing the photothermal heating process while using

more moderate optical powers [30].
Let us carry out a comparative analysis of the behavior of

the absorption cross section for a sphere and a spheroid with

the ratio of the axes r = 2, consisting of the core Fe2O3,

covered with a gold shell 2 nm thick. Fig. 2 shows the results

for various angles of incidence of a P-polarized plane wave

(θ0 = 0◦, 90◦). It can be seen from the results that, in the

case of taking into account the SD (NL curves), a spherical

particle and a spheroid with axial incidence of the wave

θ0 = 0◦ demonstrate a shift of the PR up to 25 nm with a

decrease in its amplitude compared to case without taking

into account SD (curves LR). For a spheroid r = 2 at an

angle of incidence θ0 = 90◦ and P-polarization (vector E0

is parallel to the major axis), the PR amplitude increases by

a factor of 3 compared to the spherical case.

Fig. 3 shows the curves of absorption cross section

versus wavelength for r = 2 spheroids with two different

shell thicknesses at an angle of incidence θ0 = 90◦ and P-
polarization at absence (LR lines) and presence of SD (NL
lines). It can be seen that an increase in the thickness of

the shell entails an increase in the PR amplitude with a

simultaneous shift of the PR by 75 nm to the region of

short waves and an exit from the transparency region of

biomaterials.

A similar behavior can be observed in Fig. 4 for the Fe3O4

core. In this case, the PR peaks turn out to be shifted to

the region of short wavelengths by about the same 75ṅm.
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Figure 3. Absorption cross section for a spheroidal particle with

axis ratio r = 2 and core Fe2O3 for different thicknesses of the

gold shell. The cases of absence (LR) and presence (NL) of SD

are considered.
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shell. The results obtained in the absence (LR) and presence (NL)
SD.

Fig. 5 shows the dependences of the absorption cross

section of EM radiation on the elongation of a spheroid

with a Fe2O3 core and a gold shell 2 nm thick at an angle of

incidence of a P-polarized wave θ0 = 90◦ . As expected, an

increase in elongation while maintaining the volume of the

nucleus entails a shift in the PR to the region of transparency

of biological tissues with a simultaneous increase in the

amplitude of the PR. In all the above cases, the effect of

SD (curves NL) turns out to be very significant. Thus, the

decrease in the PR amplitude exceeds 25% with a shift to

the region of short waves of about 15 nm.

The results of Fig. 6 demonstrate the effect of the

environment on the position and amplitude of the PR in

a spheroidal particle with a Fe2O3 core and a gold shell

2 nm thick at an incidence angle P-polarized wave θ0 = 90◦ .

Water ne = 1.33, medulla ne = 1.36 and female breast

biomaterial ne = 1.405 [35] were chosen. As is clear from

the results, an increase in tissue density entails a shift in

the PR to the depth of the transparency region of biological

tissues. As in the previous cases, taking into account the SD

in the shell is accompanied by a decrease in the PR to 30%

with a slight shift to the region of short waves.

Fig. 7 is devoted to studying the influence of particle

orientation (Fe2O3 core and d = 2 nm shell) with respect to

the direction of external excitation propagation. For this, the

absorption cross section for the P polarization is averaged

over the angles of incidence of the wave in the range

θ0 ∈ (0◦, 90◦). As can be seen from the above results, this

entails a decrease in absorbance by about 42%. Additional

averaging over polarizations leads to an additional decrease

in the PR value. In this case, the total decrease in
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Figure 5. Influence of spheroid elongation on the absorption

cross section without taking into account (LR) and taking into

account (NL) SD.
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SD.
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amplitude is about 67%. This circumstance demonstrates

the importance of taking into account the orientation of

particles with respect to the direction of external excitation.

Conclusion

In conclusion, we formulate the main results of the work.

1. DSM was adapted to study the problem of absorption

of electromagnetic energy by a hybrid non-spherical particle,

composed of a magnetic core and a gold shell, taking into

account the SD of gold in the framework of the theory of

GNR.

2. It has been convincingly shown that an increase in

the elongation of a particle parallel to the direction of

polarization of the external field, while maintaining the

volume of the particle core, makes it possible to significantly

increase the amount of absorbed energy and simultaneously

shift the absorption maximum to the region of transparency

of biological tissues.

3. Accounting for SD leads to a decrease in the absorbed

energy to 30% with a shift to the region of short waves by

a value of about 25 nm.

4. Averaging the absorption cross section over the angles

of incidence and polarizations entails a decrease in the

absorbed energy by a factor of three. This circumstance

demonstrates the importance of particle orientation and

makes it possible, when using a P-polarized radiation

source, to optimize the process of photothermal heating at

moderate optical powers, contributing to the preservation of

healthy tissues and their rapid recovery.

Summarizing the above, we note that taking into account

SD is necessary to develop an optimal strategy for the prac-

tical application of magnetoplasmonic layered particles in

the implementation of photothermal heating of oncological

formations in order to use moderate optical powers and save

surrounding healthy tissues.
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