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Second-harmonic generation in the surface layer of a dielectric
spheroidal particle: I. Analytical solution
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The problem of second-harmonic generation by a plane elliptically polarized electromagnetic wave in a thin
optically nonlinear surface layer of a dielectric particle shaped as an ellipsoid of revolution is solved. The generalized
Rayleigh—Gans—Debye approximation is used for an analytical description with taking into account the difference
in refractive indices of the medium corresponding to the frequencies of the exciting and generated radiation. The
limiting forms of functions are obtained, with the use of which the electric field strength of the generated radiation
is expressed. The order of dependence of these functions on the linear dimensions is found, when the lengths of
the semiaxes of the particle are small compared to the wavelength of the exciting radiation and their ratio remains
constant. It was found that the power density of the generated radiation in this case is determined to a greater
extent by the chiral components of the nonlinear dielectric susceptibility tensor and is proportional to the fourth
power of the length of the semiaxis of the particle, if the shape of the spheroidal particle differs significantly from
the spherical one. The solution of this problem, obtained by other authors, is supplemented for the possibility
of applying to the description of generation in the surface layer of a dielectric particle not only in the form of a
prolate, but also in the form of an oblate spheroid. Corrections of inaccuracies and misprints made in similar works
by other authors are proposed. The relationships between the formulas used in these works are found, taking into
account the corrections and the formulas used in this work.
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Introduction

Second-harmonic generation was proven to be indis-
pensable in studies of micro- and nanosized objects
(medical and biological research included). It provides
an opportunity both to visualize live cells, tissue, and
collagen fibers [1] and to examine the properties of
surfaces of dielectric particles [2] and molecules adsorbed
on them [3].

According to the results of earlier research, the nonlinear
response of metal and dielectric nanoparticles is directly
affected by their size and shape [4]. The majority
of studies published to date are focused on second-
harmonic generation in spherical particles, since this is
the most simple and symmetrical shape [2-5]. Particles
with a single symmetry axis (spheroidal [6] and cylin-
drical [7-10]) are examined much less frequently. This
is attributable to the fact that such studies raise the
requirements imposed on the mathematical framework and
the computation capacity. Axially symmetric particles
are used in the design of metamaterials that allow for
amplification of a nonlinear signal [11] and control over
the intensity of electromagnetic waves propagating through
interfaces [12].
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Particles shaped as an ellipsoid of revolution (spheroid)
are a generalization of spherical ones. Under the influence
of external forces, spherical particles may deform and
assume a spheroidal shape. In fact, it is virtually impossible
to form dielectric particles of an ideal spherical shape due
to the presence of irregularities on their surface. This is
especially relevant to the formation of ultrasmall particles
(with diameters below 100nm), when the emerging irreg-
ularities become comparable to the linear dimensions of
particles [13]. As far as we know, a sufficiently complete
analytical model of nonlinear generation in the surface layer
of spheroidal dielectric particles has not been developed
yet.

The aim of the present study is to characterize analytically
and reveal the specific features of second-harmonic gener-
ation in the surface layer of dielectric particles, which are
shaped as an ellipsoid of revolution, using the generalized
Rayleigh-Gans-Debye model [4] that was proven to be
efficient in analyzing nonlinear generation in spherical
dielectric particles.

In the first part, we

— provide formulae characterizing the spatial distribution
of generated radiation,

— analyze limit forms of the used mathematical functions
for a small-sized spheroidal particle,
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— find a relation between the obtained expressions and
formulae corresponding to the problem of second-harmonic
generation in the surface layer of a spherical particle,
and

— compare the results with the data obtained in other
studies.

The following topics are covered in the second part of the
study:

— the spatial distribution of generated radiation at key
values of the problem parameters is illustrated using three-
dimensional directivity patterns,

— mathematical properties characterizing the symmetry of
directivity patterns are indicated for the functions used,

— the influence of individual parameters on the shape of
the directivity pattern is characterized, and

— methods for estimating selectively the independent
components of the nonlinear dielectric susceptibility tensor
using the conditions of zero generation and generation of
linearly polarized radiation are proposed.

Problem formulation

Let us assume that second-harmonic generation proceeds
in a thin optically nonlinear layer distributed uniformly over
the surface of a dielectric particle shaped as an ellipsoid
of revolution. We denote the length of the semiaxis of an
ellipsoid aligned with its symmetry axis as a, and the length
of the semiaxis perpendicular to the symmetry axis as ay.
The ratio of these quantities is denoted as p = a;/ax. If
p > 1, a particle has the shape of an elongated ellipsoid of
revolution, which may be produced by stretching a spherical
shape along the prospective symmetry axis. If p <1, a
particle has the shape of an oblate ellipsoid of revolution,
which may be produced by compressing a spherical shape
along the prospective symmetry axis. If p = 1, the particle
shape is spherical. Thickness dy of the optically nonlinear
layer is chosen so that conditions dy < ax, dy < @, are
satisfied.

Following the line of reasoning from [5,8], we define
the electric field vector of an incident plane electromag-
netic wave at a point characterized by radius vector x
as

E(x) = Ege exp(ik@x), (1)

where E; and e are the complex amplitude and a
unit vector of polarization, respectively; the wave vector
is denoted as k(®. Temporal part exp(—iwt), where
w is the cyclic frequency of excitation radiation, is im-
plied to be present here and elsewhere; if not a part
of an index, symbol i denotes imaginary unit. The
schematic diagram of the problem is presented in the
figure.

Scattered electromagnetic waves are neglected in calcu-
lations within a model based on the generalized Rayleigh—
Gans-Debye approximation. Such a model may be used if

Schematic diagram of the problem of second-harmonic generation
in the surface layer of a spheroidal particle.

the refraction indices of a dielectric within and outside of
the particle are fairly close [5]:

n
—p—1‘<<1, 4;7[B
n V)

m

Mo _ 1‘ <1, 2)
Nm
where np and Ny are the refraction indices of the particle
material and the environment, respectively, R is the charac-
teristic particle size (e.g., major semiaxis length), and 1 is
the excitation radiation wavelength in vacuum.

The components of vector P(?) (nonlinear part of the
polarization vector enabling second-order nonlinear gener-
ation) may then be determined, in accordance with the
dipole model, for a surface layer element using the rule
of summation over repeated indices:

P = XiEiEx. (3)
where Ej, Ex are the jth and kth components of the electric
field vector of excitation radiation, respectively. Tensor
Xi(]-z& for second-harmonic generation contains only four

independent components (xﬁg are non-chiral, and Xﬁz) is

chiral) and may be written as follows in the component
form:

Tk = 207 N+ 267 Wi+ 267 (08 + i)

+ 247 NNkt jm — Ny i) (4)

Here, nj, nj, nk, Ny, are the components of a unit normal to
a surface element, Jjk, ki, i are Kronecker delta symbols,
and &jjm, &imk are Levi-Civita symbols. The lower indices
in formula (4) may assume values X, Y, Z that correspond
to the axes of a right-hand orthonormal coordinate system.
Only the case of real values of components X@4 is
considered in the present study.

The objective is to derive and analyze formulae character-
izing the spatial distribution and power of double-frequency
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radiation in the far-field region generated in the surface
optically nonlinear layer of a spheroidal dielectric particle
by a plane elliptically polarized electromagnetic wave.

Electric field of the second harmonic

The following expression may be used to determine
the components of the electric field vector of the second
harmonic in the far-field region:

do (Si m — €ri er,m)e(jw) e|<<w>

o 20)? exp(iKagl
Ei(2 )(X) _ .UZw( Cz) p(r 2 )

< [ explixa)(x ds.. 5)

S

Formula (5), which was derived in [4,5,8] with the use of
the Green function method, is applicable in calculations of
the electric field of radiation generated in the surface layer
of dielectric particles of arbitrary shape. Integration should
be performed over the entire area S of the particle surface
covered with an optically nonlinear layer. The notation
in formula (5) is as follows: py, is the permeability of
the environment, Ky, is the modulus of wave vector k(2®)
of the generated wave, r = |x| is the distance from the
geometric center of a dielectric particle to the observation
point, € ;, € m are the components of unit vector e,
directed from the particle center to the observation point,
x" is a vector directed from the center of a particle to its
surface element, and q(x) is the scattering vector given
by

q(x) = 2k — k) (x),

K(29) = k(29)(x) = Ky, ; 6)

When (4) is inserted into expression (5), it becomes
necessary to calculate the following integrals over the
surface of an ellipsoid of revolution:

() = 35 [ explixaon (x)dsv.
S

) = o5 [ explixaton (x)n (xS

X

[ (ninjn|x) = %/exp(ix’q(x))ni (x")nj (x")nk(x)dSy.
X3
(7)
Permutation symmetry is an important property of inte-
grals (7):
L(ninj[x) = I(njni[x), (8)

I(ninjnk|x) = I(ninkn,- |X), I(ninjnk|x) = I(njnink|x). (9)
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The expression for the components of the electric field
vector may then be written as

2w 2w)% exp(ikaor
EC(x) = p, ) SXPIGul)

x doaZ(8im — er,ie,,m)e(j“’)e,((“’)xrfj?(x), (10)

where X,ffﬁ) is the effective nonlinear dielectric susceptibility
tensor [5] that is expressed in terms of integrals (7) in the
following way:

X129 (x) = 21 (i) + 221 (Nl )5

+ 287 (1) %) Sk + 1 (N X))

2
+ 247 (Hpnufx)emip — 1 (Mo [X)empi)-~ (1)
The determination of the explicit form of integrals in
formulae (7) is the most difficult part of calculation of the
electric field of generated radiation.

Explicit form of auxiliary integrals

Let us introduce Cartesian coordinate system (X, Y, Z)
with its center coinciding with the geometric center of
a dielectric particle and axis Oz being aligned with the
symmetry axis of this particle (see the figure). The equation
characterizing the surface of an ellipsoidal particle with
semiaxes ax, ax, a; may then be written as

2 2 2

X
ag

Z —_
a2z

y

++
ag

1. (12)

In the context of calculation of integrals (7), it is convenient
to switch to the parametric form of this equation:

x' = aysin® cos@’ex + aysin 0’ sing’ey + a, cosO'e,
(13)
where x’ is the radius vector of a surface element of an
ellipsoid of revolution, €', ¢’ are its angular coordinates,
and ey, ey, e; are Cartesian vectors.
Using expression (13), we find the dependence of a unit

normal to the particle surface on angular coordinates €', ¢’:

ax’ ax’
5 = 3]
ax’ ax’
a0 < g7

n—

a,sin 0’ cos @’ey + a, sin @’ sin p’ey + ay cosO'e;

\/ a2sin® @’ + a2 cos? ¢/

_ psin® cosg’ex 4 psin@’ sing’ey + cosO'e,

\/p2 sin® @’ + cos? ¢’

(14)
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The surface element area in integrals (7) is also calculated
based on the expression for radius vector (13):

ox’ 8

!/
50 8 -|d6’de

= |dSy| =

— a,sin0y/a}sin? 0’ + a3 cos? 9'dO/dg’.  (15)
The components of scattering vector q are defined as
q = Oxex + Oyey + gze;. (16)

Inserting (13)—(16) into (7), we obtain a more extensive
form of auxiliary integrals depending on x:

1 .
[(ni|x) = = /exp(lx’q(x))ni (x')dSy
X3
= 22 //exp(|qxax sin 6’ COS(p'—i—quax sin @’ sin ¢’
X

+igza;cos®)

X i (6/, @)y sin 0/ /a3 sin” 6 + &3 cos? 6/d0'de’
Ja

= / exp(ig.az cos ') \/,02 sin® @ + cos? 0’ sin 6’
0

T
X /exp(iqxax sin®’ cos @’ + igyaxsinb’ sing’)
x (0, ¢")de'de’,
(17)

I (ninj|x) = /exp ig.a; cos @’ \/p sin® @’ + cos2 0’ sin &’
0

Ja
X /exp(iqxaX sin@’ cos@’ +iqgyaxsin @’ sing’)

—J

x ni(0', " )n;(6', ¢')de'de’, (18)
I(ninjnk|x) =
= /exp(i zaz cos 9’)\//02 sin® @ + cos? @' sin 6’

0

X /exp(iqxax sin®’ cos ¢’ + igyaxsinb’ sing’)
—7
xni (0, )N (0', " )N (6, ")de'do’. (19)

7)—(19) may be calculated analytically with
An incomplete calculation of

Integrals (1
the use of infinite series.

this kind was performed in [6]. All combinations of
component values (with i, j,k equal to X,Yy, z) should
be considered separately. Since transformations needed
to derive an explicit form of the indicated integrals are
rather cumbersome, we provide only the end result.

Function Mos ¢ q(Z1, Z2, p) needs to be introduced for this

purpose:

4i2a/2}—¢ 2

2S+C+C| 1 ZZZ

MZs,(;,q(Zl, Z;, /0) =

g=0 n=0 m=0
S—M2mH+c
XN (=D)9(2(g/2+ {g/2) +n+g+ k) — )N
k=0 1=0

-(c+g-1)/2-s s
X< n )(m,k,s—m—lj

MEA (LY g2 2 k
><< l. )(;—)(q/+{q/}+n+g+.)l

(2m+c—I)
Jq/2+{q/2}+n+g+k(zl) Zigﬂ{q/z}
Zcia/2+{q/2}+n+g+k+! (29 + 2{a/2})"

(20)

The notation in formula (20) is as fol-

lows:

— all symbols with a dot below them (s, ¢, g, g, n, m k,

I, d) are auxiliary non-negative integer indices;
— {z} designates the fractional part of z;

~ () = F(F'-ZI)U is the Pochhammer symbol expressed in

terms of a gamma function;

S s!
- <m> = SE-m) and

(m K. SS_ m— k) = W’mk) are  binomial and

multinomial coefficients, respectively;

g
- jfjd)(z) = BTJZ”((,Z—) — is the derivative of order d of a

spherical Bessel function of order n.

The infinite series in n in (20) converges only at
0% > 1/2. A proof of this is provided in Appendix A. It may
be proven in a similar fashion that the infinite series in (20)
converges at arbitrary values of z; and z, in summation

over indices N and g.
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In the case when the series in formula (20) diverges, one
needs to use another form of function Mas ¢ q(21, Z2, p):

co oo S S—M2mHc

Mascq(z1, 22,p) = 4mi2@2¢ 5 7% 7% 7% 0%

g=0 n=0 m=0 k=0 [=0

n

x Y (=K (2(g/2+ {g/2} +d+ g+ k) — 1)
d=0

—(c+a-1)/2-s
“\~c+g-1/2-s-nn-d.d

s 2m+c
“\mks—m-k l

x (0* = 1)™a/2+{9/2} +d +g+k)

i (2m+e—1)
Ja/2+ {02y +arg ik (Z1)

Zcia/2+{q/2}+d+g+k+l (29 +2{q/2})"’

2g9+2 2
229+ {a/2}

(21)
where the notation is similar to the one used in (20).
Index d and the other indices also assume integer non-
negative values. The convergence domain of the infinite
series in summation over n in (21) is bounded by condition
0 < p? < 2. The proof of this is similar to the one presented
in Appendix A.

Thus, at p? > 2, one should use form (20) of function
Mos.c.q(Z1, 22, p); at 0 < p? < 1/2, only form (21) is ap-
plicable; if condition 1/2 < p? < 2, p # 1 is satisfied, both
formulae are applicable. When p = 1, 0° indeterminancy
emerges in formulae (20) and (21), which renders them
unusable. Since a particle is spherical in this case, the
formulae from [5], where second-harmonic generation in
the surface layer of a spherical particle was characterized,
should be used. The following trend is observed when either
one of formulae (20), (21) are applied: the lower the value
of |p? — 1| is, the smaller is the number of terms in infinite
sums over N and g needed to achieve the required accuracy
of the value of function Mjsc q(Z1,22,p). Analyzing
formulae (20), (21), one may notice that, depending on the
values of indices, function Mos ¢ (21, Z2, p) assumes real
(c + q is even) or purely imaginary (c + g is odd) values.

The expressions for integrals (17)—(19) take the follow-
ing form when function Mjs ¢ (21, Z2, p) is used:

1((nz)™x) = Mo,o.m(0L(x)ax, 0z(x)az, p), m=1,2,3,
(22)

1((nz)™ni |x)=pMo,1,m(0L (X)ax, 0z(x)az, p)vi, m=0, 1, 2,
(23)

| ((n2)™my %) = p* (Mo 2.m (A2 (9)ax, Gz(¥)az, p)
— M2,O,m(QJ_ (x)ax, 9z(x)az, p)) Vi Vj

+p*Maom(aL(x)ax, Gz(x)az, p)8ij, m=0,1,  (24)
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L (ninjne|x) = p° (M0,3,0 (0. (x)ax, gz(x)az, p)
—3Ma,1,0(0L (x)ay, 0z (x)az, p))Vivij

+p*Ma. 1,0 (AL (X)ax, Az (X)az, p) (Vidjk + Vjdi + Vi)

(25)
The possible values of m are indicated in the corresponding
formulae; indices i, j, k may assume values X or y; quantity
. is the modulus of component q of the scattering vector
perpendicular to the particle symmetry axis; Q, is the
projection of scattering vector q onto Cartesian axis Oz; and
Vi, vj, v are the components of unit vector v codirectional
with vector q:

d: =qe,, q1. =q—0zez, 91 =|qL|, v=q1/qL. (26)

Formulae (22)—(25) were verified by numerical integration
at random parameter values for all possible combinations of
indices i, j, k.

This compact form of formulae (22)—(25) eliminates
the need to specify integrals (17)—(19) component-wise at
different values of indices i, j, k. However, the values of
integrals | at all the possible values of indices i, j, k, mare
listed in Appendix B to make it easier to compare the results
with the solution of a similar problem presented in [6].

Note that integrals |(nj|x) and I(ninjng|x) assume real
values, while the values of integrals | (ninj|x) are purely
imaginary. This is attributable to the specifics of functions
Mos c.q(Z1, Z2, p): functions Moo,1, Mo, 1,0, Which are used
to define integrals 1(nj|x), and functions M3, M2 1,
M3.0.1, M2.1.0, Mo.3,0, which are used to define integrals
I (ninjn|x), assume imaginary values, and functions Mg 1,1,
Mo,0,2, M2,0.0, Mo 2,0 found in the expressions for | (nin;|x)
assume real values.

Limit forms of functions M

Limit forms of functions M at p — 1

At limit wvalues of certain parameters, function
Ms.c.q(Z1, 22, p) takes a simpler form and may be related
to the already known functions used to solve problems of
nonlinear generation.

If p — 1, formulae (20) and (21) take the form

oo $ S—M2m+c

Jim Mascq(Z1, 22, p) = 4ni @26 3 "X "% " %~

g=0 m=0 k=0 =0

x (—1)9(2(q/2+ {a/2} + g+ k) — )1

y S 2m+c¢
mk,s—m-—Kk |

x (9/2+{a/2} +g +k)

(2mic—1)
Jq/2+{q/2}+g+k(21) Z§g+2{q/2} )
LVPHa2rgHel (29 4 2{q/2})!"

1
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We managed to avoid summation over index n here, since
all terms at n > 0 turn to zero.

At specific values of indices s,cC,qQ, limit
lim,_,1 Mas ¢ q(Z1, Z2,p) in (27) assumes the following

forms after simplification (here, Z = /2% + z3):
. 2 .
lim Mo,o,1(z1, 22, p) = dati = j1(2Z), (28)
p—1 Z
limMo,0.2(21, 22, p)
p—1
2
1,. . V4) .
:4n[§(10(z)+12(z)) - <f) Jz(Z)], (29)
lim Mo, 0,3(21, 22, p)
p—1
3 Z) ) }
= 4gi [5(11(2) + 13(2))? - JS(Z)(Y) ] (30)
_ 71 .
thml Mo.1,0(Z1, 22, p) = 4 %11(2), (31)

212 .

ph—>m1 Mo,1,1(21, 22, p) = —4n 7 j2(2), (32)

pli_)mlMO,l,2(Zl,Z2’p)
2
= 4qi % é(jl(z)ﬂg(z))—js(z)(z—;) } (33)
lim M2,0.0(21, 22, p) = 4;;%(]0(2) +i22)), (34

. .1z, .
pILII} M2.0.1(21, 22, p) = 4mi 3 22(] 1(Z2) +j3(2),  (35)

gimlMo,z,o(zl, 22,p)

_ 4n<%(j0(2) @) - ma(%)z), (36)

pli_)mlMO,ll(Zl, 23,p)
2
i 2(36@+ 1) - 1@ (2) ). 61

. 1. . z
pllinl M2 1.0(21, 22, p) = 4mi 3 (i1(2) + J3(Z))71, (38)

;imlMo,g,o(zl, 22,p)

—ani 2 ((1(2)+ 12@) —u@(%)z). (39)

Only the
for integrals
in (28)—(39).

in formulae
considered

values of indices found
(22)—(25) were

Inserting (28)—(39) into formulae (22)—(25) and the

obtained result into formula (11), we find the expres-

sion for effective susceptibility tensor Xi(jzlf’ ). In accor-

dance with the correspondence principle, this expression
matches a similar quantity in [5] for second-harmonic
generation in the surface layer of a spherical parti-
cle.

Limit forms of function M at z;, — 0

Let us analyze the value of function Masc (21, 22, p)
at small values of z; and z,. Condition z; — 0 in
the considered problem corresponds to the case when
gz(x)a; — 0. It is established if semiaxis length a,
is negligible comparable to the wavelength of excitation
radiation or radiation is generated in directions where
projection ¢ (x) of the scattering vector is close to zero.
Condition z; — 0 may be satisfied if g (x)ax — 0. When
this is the case, semiaxis length ay is small comparable
to the wavelength of an incident electromagnetic wave
or generation proceeds in directions where the modu-
lus of the scattering vector projection onto the plane
perpendicular to the particle symmetry axis tends to
Zero.

.. 2g+2{q/2
At z; — 0, all terms containing factor 22g+ {o/2} atg >0

in the sum over index g are negligible comparable to the
terms at g = 0. Therefore, function Mg ¢ ¢(Z1, Z2, p) may
be written as '

4pi2fa2t—¢c > ¢

ST 22

M2$,(_:,q(zl, Z;, p) =

n=0 m=0
S—mM2m+-c

x> (=D (2(a/2+ {a/2) +n+ k) — )N
k=0 1=0

) (—(c+9;1)/2_$> <m, k,ss—m—k)

« (2'7”[* ‘?> <[% - 1)n(q/2+{q/2}+n+k>!

i (2mic—1)
Jo2+{q/2y 0k (21) zi{q/z}

Z?/2+{q/2}+n+k+l. (2{(_;]/2})!‘

Since expression (40) was derived from formula (20), it
is applicable only at p? > 1/2. Extending this reasoning
to formula (21), we find that function Mo ¢ q(Z1, 22, p) at

Optics and Spectroscopy, 2022, Vol. 130, No. 7
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p? < 2 may be written as

MZs,c,q(Zl, 23, p) = 4mi 2{q/2}—¢ Z Z

oo $ S—m2mic
n=0 m=0 k=0 |=0

n

x 3 (=1)(2(a/2 4 {9/2} + d + k) — 1)1

d=0
(( —(<.:+q—1>/2—$_d,d>
. (m,k,sim—k) (2ml+c)

—(c+g-1)/2—s—n,n
X (0> = 1)™(q/2+{a/2} +d + k),

(2m+c—I)
JQ/2+{q/2}+d+k(21) 25{9/2} "
/L (2{g/2})

It follows from  (40) and  (41)  that

Masc.q(Z1, 22, p) Z;{q/ Y This implies that function

Mos ¢ q(21, 25, p) is independent of z, at even q values; at
odd values, Mg ¢, q(21, 23,p) X Z3.

Limit forms of function M at z; — 0

Let us analyze the dependence of function M on Zz;.
A series expansion of the corresponding factor containing
a spherical Bessel function [14] and depending on z; is
needed for this purpose:

in'(z1) _ i —1)Pz}*2P
z = azd ZPp' (2n+2p+ 1)

- Ph—d+2p+1)d _n—d—m2p
Z ZPp' 2n+2p+ 1 - (42)

p=0
Inserting formula (42) into (20) and simplifying
the obtained expression at z; — 0, we find that
Mos.c.q(Z1, 22, p) x Z?{c/z} The transformations are not

detailed here owing to their cumbersomeness. Thus,
function Mos ¢ q(Z1, Z2, p) is independent of variable z; at
even values of C; at odd ¢ values, it is proportional to z;.

The indicated trends are easy to verify by analyzing
the simplified form of functions Mjs ¢ (21, 22, p) at fixed
values of parameters S, C, g, which are given in Appendix C,
or at p— 1 (formulaec (28)—(39)) or via numerical
calculations at arbitrary values of arguments of function
M2$,§,q(21’ 23,p).

Limit forms of function M at zy — 0 and z; — 0

If z; and z, both assume small values, the following
formula holds true:
A2} 202 50, 7, 0.

(43)

In addition to functions M2$,q,q(21,22,p), one should

also consider linear combinations of these functions found

Masc.q(21, 22, p) ox 2
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in integrals (22)—(25):
M2.0.0(21, 22, ), (44)

Mo,2,1(Z1, 22, p) — M2,0,1(Z1, 22, p). (45)

If functions Mas ¢ q(Z1, Z2, p) in their explicit form are in-
serted into formulae (44) and (45), it becomes evident that
these two expressions are directly proportional to (z;)? and
(21)*z,, respectively, at z; — 0, z; — 0. This is attributable
to the canceling out of terms containing factor z; and z,z,
in formulae (44) and (45), respectively.

Mo2,0(Z1, 22, p) —

Limit forms of integrals |

Let us consider the dependence of integrals (22)—(25)
on the linear dimensions of an ellipsoidal particle and the
components of scattering vector q at |g;(x)a;| < 1 and
0. (x)ay < 1. Using (43), we obtain

L((nz)™x) o¢ (0z(x)az)* ™2, m=1,2,3, (46)

| ((nz)mni x) o< (gL (x)ax)(a; (X)az)z{m/z}, m=0,1,2,
(47)
L((nz)™in; [x) oc (g, (x)az)*t™?, m=0,1, (48)
L(ninjnk|x) oc (g (x)ax). (49)

Indices i, j, kK may assume values X or y. The sole excep-
tions are the values of integrals | (nyny|x) and I (nznyny|x).
They contain expressions (44) and (45), respectively. There-
fore, the following formulae hold true for the indicated

integrals:
(neny [x) oc (qL (x)ax)?, (50)
(9L (x)ax)* (g (x)az). (51)

Formulae characterizing the dependence of integrals
H(nix), 1(ninj[x), T(ninjnex) on qgu(x)ax and g (x)a,
at |gz(x)az] < 1 and qi(x)ax < 1 and all the possible
combinations of indices i, j, k are given in Appendix D.
Note that the discovered trends are not only valid at small
particle sizes (a,/A < 1, ax/A < 1), but are also typical
of directions where specific components of the scattering
vector are close to zero (g, — 0, g, — 0) even at relatively
large linear dimensions of a spheroidal particle. The
indicated forms of dependence of integrals | on linear
particle dimensions agree with the formulae for functions
listed in Table 5 in [6].

Dependences (46)—(51

the dependence of effective susceptibility tensor X1<12 c )
on linear dimensions of a small (k,ax < 1) dielectric
particle. The expressions for non-chiral components, which
feature coefficients ng_g, also contain integrals | (nj|x) and
[ (ninjn|x). The indicated integrals are, in turn, proportional
to ay at a fixed p value. In the farfield region where
the generated radiation is characterized by equations for
plane waves, the modulus of the Umov-Poynting vector of
a generated wave may be calculated as

S ~ 812 (x)| =

[ (nznyny|x) o

) may be used to characterize

C My

E2®) (x)|2. 52
3 szl (x)] (52)
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Therefore, the power density of the generated radi-

ation for a non-chiral layer (X§223 #0, xf) =0) is
directly proportional to a$ for a spheroidal particle
with small linear dimensions. Similar dependences for
non-chiral components have already been found ear-
lier in solving the problems of second-harmonic genera-
tion [5] and sum-frequency generation [15] in a spherical
layer.

The expressions for chiral components including Xf‘z)
also contain integrals |(nin;|x) that do not depend on ay.
Therefore, the modulus of the Umov—Poynting vector for
a chiral layer (Xf‘z) #0, Xﬁ)3 = 0) is directly proportional
to aj. A similar degree of dependence was found in the
examination of sum-frequency generation in the surface
layer of a spherical particle [15].

It is worth noting that the Umov-Poynting vector is
directly proportional to a8 in the case of second-harmonic
generation in a chiral surface layer of a spherical particle [5].
This differs considerably from the result for a spheroidal
dielectric particle (S*” x a2).

The probable reason for this is as follows. In accor-
dance with formula (11), the value of integrals | (nmng|x)
and |(nmnj|x), which contain zero-order and second-
order spherical Bessel functions at p — 1, is required
in calculation of the contribution of chiral component
Xf‘z) to generation. One may verify this assertion by
inserting the values of functions Mysc q(2Z1, 22, p) from
formulae (29), (32), (34), (36) of the present study
into formulae (81)—(86) from Appendix D. However, the
terms containing zero-order spherical Bessel functions are
canceled out in summation over indices j and k, which
emerges after the insertion of (11) into formula (5).
The terms proportional to second-order spherical Bessel
functions, which are proportional to a2 in the case of
small-sized particles, become dominant. The canceling
out of zero-order spherical Bessel functions occurs only
in the case of second-harmonic generation in a spherical
layer; it does not occur in sum-frequency generation [15]
in a spherical layer or second-harmonic generation in a
spheroidal layer.

Comparison with the works of other
authors

The problem of nonlinear generation in the surface layer
of a spheroidal dielectric particle has been analyzed earlier
in [6]. However, the obtained solution suffered from several
drawbacks and inaccuracies.

(1) The obtained expressions in the form of series for
characterization of integrals, which are similar to the ones
written in (7), converge only at p> > 1/2 and are thus
inapplicable to the process of generation in sufficiently
oblate spheroidal particles. Notably, the authors of [6] do
not indicate the limits of applicability of their model.

(2) The values of integrals in [6] were determined on
the assumption that scattering vector q lies in plane OXxz.

Therefore, it is not possible to calculate the numerical values
of components of the electric field vector of generated
radiation outside of the plane containing vector q without
additional rotation transformations, which complicate the
process of analysis of the spatial distribution of generated
radiation.

(3) Several typing errors were made in Table 3 in [6]:

— the expression for By/,/ should not feature an imaginary
unit. In other words, the expression for By/; should be
imaginary (in common with the expressions for By/xs, Byry/,
and B/, listed in the same table); this is also corroborated
by one characteristic feature noted in the present study: the
values of integrals | (nin;j|x) corresponding to functions Bjj
are real;

— variable a,s in the expression for By:,» should be
substituted with q,/. This is corroborated by the fact that,
in contrast to s, 8 is not found in any other expression
in [6].

With these corrections, the expression for By, in [6]
should read

- < (2n— 1)1
BX'Z/ = — 3VDqX'qZ' ; W
(2n+ 2h+ 1)1

2h + 1 M (n, h)Kn+h+2(qX/ D) (53)
(4) A typing error was made in the series expansion
in formula (27) in [6]: variable p in the denominator of
expression cos?(t)/p? should not be squared. This is easy
to verify by inserting numerical values into the formula. The
correct form of the mentioned expansion is
1 1

y(e.t)  (cost + p2sin’t)1/2

/P —1\"(2n— 1) cos®"t
:Zo(ppz ) o o

0

(5) Factor 3 was omitted in the expression for vector C
in formula (19) in [6]. The formula should be written as

j1l(a% +p%az)"/?D]
(g% +p03,)"/2D

C =3iqVv , (55)
which is corroborated by the values of components of
vector C listed in Table 3 in [6] and agrees with the results
obtained in the present study.

With the indicated corrections introduced, the relation
between the functions in the present study and in [6] is as
follows:

Ci = azl(m), (56)
Bij = al (ninj), (57)
Aijk:ail(ninjnk). (58)

The designations adopted in [6] are shown on the left, and
the designations from the present study for a special case of
gy = 0 and p? > 1/2 are on the right.
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It is easy to verify that the values of integrals |(n),
[(ninj), and I(ninjnk) also adhere to the properties indi-
cated in [6]:

| (ni nknk) = I(ni), (59)

L(neni) = 1(1). (60)

Expression 1 (1) in [6] is designated as f (q) and referred to
as a surface linear form factor.

Conclusion

Finding the solution of the problem of second-harmonic
generation in the surface layer of a particle shaped as
an ellipsoid of revolution by expansion into a series and
integration is the only currently available approach to an
analytical treatment of this phenomenon. A compact form
of resulting expressions written with the use of function
Mos.c.q(Z1, 22, p) was obtained for the first time. It is
fairly convenient for subsequent analysis of the properties
of the spatial distribution of double-frequency radiation and
remains applicable at arbitrary ratio of linear dimensions of
a spheroidal particle. The use of two forms of function
Mos.c.q(Z1, Z2, p) provided an opportunity to expand the
applicability domain of the analytical solution obtained in [6]
to the characterization of generation of double-frequency
radiation in the surface layer of a particle shaped as an
ellipsoid of revolution. In order to verify the correctness of
this solution, the relation between special cases of functions
given in the present study and the functions used in [6]
to characterize second-harmonic generation was established.
It was found that the general properties typical of tensor
integral quantities, which were mentioned for the first time
in [6], also apply to auxiliary integrals | obtained in the
present study.

In the limit of a spherical shape of a spheroidal
particle (p — 1), the functions used to characterize
second-harmonic generation in the surface layer of a
spheroidal particle transform into functions characteriz-
ing the spatial distribution of double-frequency radiation
generated in the surface layer of a spherical dielectric
particle [5]. This is in line with the correspondence
principle.

The explicit form of functions Mas ¢ (21, 22, p) at fixed
values of indices s, ¢, q (Appendix C) may be used in
further analysis to shorten the time needed for calculating
the components of the electric field vector of the sec-
ond harmonic. The nature of dependence of functions
Mos c.q(Z1, Z2, p) on small arguments z; and z, corresponds
to the formulae given in Appendix C and was used
successfully to determine the behavior of auxiliary integrals
for a small-sized dielectric particle shaped as an ellipsoid of
revolution.

The dependences provided in Appendix D allow one
to determine the dominant components of the double-
frequency electric field vector. Specifically, it was found

that chiral components associated with coefficient Xf‘z)

Optics and Spectroscopy, 2022, Vol. 130, No. 7

produce the dominant contribution to generation in the
case of small linear dimensions of a spheroidal particle
when p differs substantially from 1. The power density
of generated radiation is directly proportional to aj. Under
the same conditions, non-chiral components associated with
coeflicients X93 induce the generation of radiation with its
power density proportional to a$. Similar results with a pre-
dominant contribution of chiral components to generation
have been obtained earlier in studies focused on second-
harmonic generation [8] and sum-frequency generation [16]
in surface layers of dielectric particles shaped as cylinders.

The developed approach to the characterization of
second-harmonic generation in deformed spherical parti-
cles may find application in analytical treatment of sum-
frequency generation and other nonmlinear effects in di-
electric particles of a similar shape. The method of
searching for an explicit form of integral tensor quantities
by expansion into a series may also be applied to problems
of nonlinear generation in particles of a more complex
shape (arbitrary ellipsoid, elliptical cylinder, hemisphere,
and their elements). The use of this method furthers
the prospect of developing systematic approaches for
high-accuracy characterization of nonlinear generation in
particles of an arbitrary shape (higher-order generation
included).
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Appendix A. Proof of convergence of the
sum of infinite series

Let us consider one of the terms in the sum written
in (20). In order to do that, we fix the values of indices
S,C, 0,09, mK, I, d, (all indices except for n) and variables
0, Z1, Z». The following expression is then obtained:

(— 1)+ (q +2{q/2} +2n+2g + 2k — 1)!!
(29 + 2{a/2})!

X (9/2+{q/2}+r_]+g+k)! <—(C+q;1)/2_$>

s am+c) (1 "
“\mk.s,—m—k l. P

i (2mc—1) —(n+g+k+1)_29
X Jq/2+{q/2}+n+g+k(zl) 1 Zy".

(61)
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Let us use the d’Alembert’s ratio test to identify the
conditions for convergence of the sum in n over N — oo.
With this aim in view, we take the ratio limit of values
of expression (61) at two consecutive values of index n at
n— oo:

lim (Foi1/Fy). (62)

We then consider the ratios of the corresponding factors in
functions Fnyq and F,.
The first factor:

(=19 (q+2{q/2} +2(n+ 1) + 2g + 2k — 1)!
(29 + 2{q/2})!

(—1) 9 (q+2{q/2} + 20+ 29 + 2k — 1)\
x (29 + 2{q/2})!

= q+2{g/2} +2n+1+2g + 2k.

The second factor:

((_q/2+{q/2}+r_1+1+g+l_<)I

[(02+{9/2) +n+g+k)
C9/2+{9/2t+n+1+g+Kk

a/2+{a/2} +n+g+k
The third factor:

—(c+q-1)/2-s —(c+q-1)/2-s
n+1 / n

I(—(c+g-1)/2-s+1)
Fn+2)I(-(c+9q-1)/2-s-n)

(64)

F(—(c+g-1)/2-s+1)
/Fm+UH—@+q—Uﬂ—s—n+U

_In+1)T(=(c+a-1)/2-s-n+1)
- I(n+2) T(-(c+g-1)/2-s-n

—(c+g-1)/2-s-n
I+n ’

Since the fourth and the fifth factors do not depend on n,
their ratio at two consecutive values of n is unity. The sixth

factor:
1 nl 1 "o
— 1 — 1) == 1. 66
<p2 ) / <p2 > p? (66)

To perform calculations with the seventh factor, we first
need to calculate limit lim i9.(@2/iY ().

(65)

The easiest

way to do that is via a series expansion [14]:

s _lzz)k (- 1)k22k+n
- Z KI(2n+ 2k + 1)1 Z < 2KKI(2n + 2k + DI
(67)

k=0

The following expansion then holds true for the derivative
of order d:

> 2k+n)( 1)kz2k+n—d
d)12¥k!(2n + 2k + 1)1

(68)

Therefore, the ratio of the corresponding functions at
consecutive values of N may be written as

Z 2k+n+1)( 1)k 2k+n+1—d
k=0 (2k+n—d+1)12¥k!I(2n+2k+3)!

Z (2k+n)!(—1)kz2+n—d
k=0 2k+n d)12%k!(2n+2k+1)!

(2k+)(—= 1)Kz (2k+n+1)
. Zk 0 (2k+n—d)12XKI2n+2k+ 1)1 (2k+n—d+1)(2n+2k+3) 69
- (2k-+n)!(—1)kz2 . ( )
Zk 0 (2k-+n—d)2¥KI(2n+2k+1)!
At n — oo, we obtain
lim @krntl) =5 (70)
n—oo 2k+n—d+1)2n+2k+3) 2n
Using (70) in (69), we find
Z (2k+n)!(—1)k2% (2k+n+1)
i k=0 (2k-+n—d)2KI2n+2k+ 1)1 (2k-+n—d+1)(2n+2k+3)
ngrolo (2k+n)!(—1)kz%
: Zk 0 (2k+n—d)I2RKI(2n+2Kk+1)1
(2k+n)!(—1)4z%
i Zk =0 (2k+n—d)2KI2n+2k+ 1)1 Z
= m Zz 2k n)(— 1)z ~on
: Zk 0 2k+n—d)2*KI2n+2k+ 1)1 :
(71)
Note that the substitution of (2kto+l) with 1

(2k+n—d+1)(2n+2k+3)
in formula (71) is correct if n>> k. However, the other

terms of the sum for which n and k are of a similar order
(or condition K > n is satisfied) are negligible relative to the
accurate value of the derivative corresponding to a spherical
Bessel function.

The limit value of the ratio of derivatives of order d of
(n+ 1)- and n-order spherical Bessel functions at n — oo
may be determined using the following expression:

- (d)
im JD+1(Z) _ i (72)
n—o0 jﬁd)(z) 2n

Applying (72), we find
(2mc—1)
. Jq/2+{q/2}+n+1+q+k(zl)
lim

n— (2m+c—1)
e Jq/2+{q/2}+n+g+k(zl)

Z
2(a/2+{9/2t +n+g+k)

The ratio for the eighth and the ninth factors is

—(n+14g+k+l) _2

Zl<A g+k .)Zzg B 1 oy
—(ntg+kth_29 ~ Z.° (74)
z, " z, 1

Optics and Spectroscopy, 2022, Vol. 130, No. 7



Second-harmonic generation in the surface layer of a dielectric spheroidal... 889

Using (63)—(66), (73), and (74), we then find the limit
of ratio Fyy1/Fy:

Tim (Fye1/Fo)= lim (q+2{q/2} + 20+242g+2k — 1)

a/2+{a/2} +n+1+g+k
q/2+{a/2} +n+g+k

—(c+g-1)/2-s—n
1+n

o) et ()
p? ) 2/2+{q/2}+n+g+K)zi \p? )’

(75)
In accordance with the d’Alembert’s ratio test, the series
converges only if the following condition is satisfied:

-

This is possible if p? adheres to restriction

<L (76)

o> 1/2. (77)

Appendix B. Explicit form of integrals |

I (n[x) = pMo,1,0(0L (X)ax, Gz(X)az, 0)vx, (78)
I(ny|x) = pMo,1.0(d.L(X)ax, Gz(X)az, p)vy, (79)
I(nz[x) = pMo,0,1(qL (x)ax, Gz(x)az, p), (80)

I (nxnx|x) = )02 (M0,2,0(QJ_ (X)ax, (O} (X)az, )O)Vx\)x

+ M2,0,0(aL(x)ax, Gz (x)az, p) (1 — ),

(81)
I (nkny[x) = ﬂz(Mo,z,o(QL(X)ax, 0z(x)az, p)
— M20.0(qL(X)ax, 9z(x)az, p))vxvy,  (82)
L (nyny|x) = p? (Mo,2,0(a.L(x)ax, 0z(x)az, p)vyvy

+ M2,0,0(qL(x)ax, Gz(x)az, p)(1 — vyvy))

(83)
I (nzny[x) = pMo,1,1(A1 (X)ax, Gz(X)az, p)vx, (84)
I (nzny[x) = pMo,1,1(A1 (X)ax, Gz(x)az, p)vy, (85)
I (nzNnz[x) = Mo,0,2(d1 (x)ax, Gz (x)az, p), (86)
I (nynxny|x) = p> (Mo,3,0(QL(X)ax’ dz(x)az, p)vxvx

+ 3M2,1,O(QJ_(X)ax’ QZ(X)az, p)(l - vax))vx, (87)

I (nxnxny|x) = )03 (MO,S,O(QL (X)ax, g (X)az, p)VxVx
+ Ma10(dL (x)ax, 9z (x)az, p)(1 = 3vax))vy,  (88)
| (nenyny[x) = p° (Mo.3,0(qL (X)ax, dz(x)az. p)vyvy

+ M2 1.0(0L (X)ax, Gz(x)az, p)(1 — 3vyvy ) )ik, (89)
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I (nynyny |x)

+ 3My,1.0(q1 (X)ax, Gz(x)az, p)(1 —vyvy))vy,  (90)

=p’ (M0,3,0(QJ_(X)ax, dz(x)az, p)vyvy

I (nznxnx|x) = /02 (M0,2,1 (QJ_ (X)ax, (O} (X)az, p)VxVx

+ My 0,1(0L (X)ax, 0z(x)az, p)(1 — VxVx)),
(91)

L (nzneny|x) = p* (Mo,2,1 (0L (X)ax, Uz(X)az, p)

— M20.1(dL(x)ax, Az(x)az, p))vxvy),  (92)
p*(Mo2.1(d. (x)ax, 9z(x)az, p)vyvy

| (nznyny|x) =

+ M2,0.1(q.L (X)ax, Gz(x)az, p)(1 — vyvy)),
(93)

I (nznzny [x) = pMo,1,2(q1 (X)ax, Gz(X)az, 0)Vx, (94)
I (nznzny |x) = pMo,1.2(qL (X)ax, Gz(x)az, p)vy, (95)
I (Nzn;N;|x) = Mo,0,3(01 (x)ax, 0z(x)az, p). (96)

Appendix C. Simplified formulae for
functions M

The following formulae hold true at p? > 1/2:
4gri 249/2}

Mo,0.q(21, 22, ) = P

> (=1%(2(a/2+{a/2t +n+g)— 1)1

n=0

ey

2g+2{q/2
Zzg {a/2}

(29 +2{q/2})"

qu

‘ﬁ
(=]

] g/2+{a/2}+n+g (z1)

a/2+{a/2}+n+g
Zi

4JT|2{CI/2} 1 >
Mo,1,q(21, 22, 0) =

S

9=0 n=0 1=0

x (Z(q/z +{a/2} +n+ g)—l)n(q/z +{a/2} +n+9),

()G

(1=
Jg/20{q/2+n4g(21)

a/2+{q/2}+n+g+l
oA : :
229+2{Q/2} 4 j2{a/2}-1
(29 +2{a/2})!  pf
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co o oo oo 1 n
XZZ g+1( Q/2+{Q/2}+n+g)—1) M()lq(Zl,Zzp —4.71I2{q/2} 1222 I+g+d
g=0 n=0 g=0 n=0 1=0 d:O
. 2(9/24+{a/2} +d+g) — 1)
—q/2\ (1 " Jg/2+{q/23+nrg+1(21) < (29/2+{9/2}b +d+g) — 1)
>< i _ 1 . . 2
n ) \p? LV} —q/2 Y
X (—q/z—h,n—d,d) (" =1)
Zzg+2{q/2} 8) x (/24 {a/2} +d+9)
(29 +2{a/2})r |
Jq/2+){q/2}+d+g(21) Z§9+2{9/2}
L2z +dvg+l (29 + 2{q/2})!
4mi2fa/2}-2 = o 2 Zi ~ :
Mo2.q(21, 22, p) = e ZZZ( 1) o s
g=0 n=0 =0 — 4gi2la23-1 Z Z Z(_1)1+g+d
9=0 n=0 d=0
—(1+0a)/2
x (2(a/2 +{a/2} +n+g) - 1)t ( n’ x (2(9/2+ {/2} +d +g) — 1)1

X (|2) (/% —~ 1)n(q/2+ {a/2} +n+9)

)
Jq/2+{q/2}+n+g(21) Z§9+2{q/2}

Zcix/2+{q/2}+n+g+! (29 +2{q/2})!

4gri2fa/2y-2 2
- mT 3> (=19(2(a/2+{a/2} +n+g)—1)!

P g=0 n=0

()

jq/2+{q/2}+n+g+2(zl) - jq/2+{q/2}+n+g+1(zl)/zl
% TR CTRIR:
1

Zzg+2{q/2}
—_— 99
“ g+ 2g2y >
The formulae for 0 < p? < 2 are as follows:
oo 00 n
Mo,0,q(21, 22, ) = 4gri 2192 Z Z Z(—l)gﬂ‘j
‘ g=0 n=0 d=0
x (2(9/2+{a/2} +d+g) - 1)1
-(q-1)/2 2 n
8 <—(q— D/2-nn-ddg) Y
i 29+2{0/2}
Z ? ;
Ja2+{921+04+9(21) 2, (100)

Zcia/2+{q/2}+d+g (29 +2{qg/2})""

-q/2 n
8 (—q/z—ri,n—d,d) (0" =1)

. 20+2{a/2
Jq/2+(q/2)+d+g+1(zl) 229 {2}

Z?/2+{q/2}+d+g (29 + 2{q/2})"

oo 00 2
Mo2,q(21, 22, p) = 4l 2{q/2}-2 Z Z Z

x (2(9/2+{aq/2} +d+g) - 1)!

(et e g (o

x (a/2+{a/2} +d+9)

(2=
Jq/2+{q/2}+d+g(zl) Z§9+2{9/2}

Z?/2+{q/2}+d+g+l (29 + 2{a/2})!

n

= 47i219/2} i i 1)g+d+

g=0 n=0d O
X (2(q/2+{q/2}+d+g)—1)!!

—(g+1)/2 .
8 (—(q +1)/2—n,n—d, d) (p*—1)

J q/2+{q/2}+d+g+2 (z1) =] q/2+{q/2} +d+g+1 (z1)/21
q/2+{q/2}+d+g

2g+2{q/2
Zg {a/2}

(29 +2{q/2})"
(102)
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Appendix D. Dependence of auxiliary
integrals on linear dimensions of a

particle

I(n[x) o< (qL(x)ax), (103)
I(ny[x) o< (gL (x)ax), (104)
(g [x) o (Qz(x)az), (105)
I (NN |x) o< 1, (106)
I (nknyx) o< (g (x)ax)?, (107)
I (nyny|x) oc 1 (108)
I(nzne|x) o< (g (x)ax)(dz(x)az), (109)
I(nzny[x) oc (g (x)ax)(dz(x)az), (110)
[(nznz|x) o< 1 (111)
[ (nxnxnk |x) o< (g (x)ax), (112)
| (nknyny [x) oc (0L (x)ax), (113)
| (nxnyny [x) o< (0L (%)), (114)
I (nynyny[x) oc (0L (x)ax), (115)
(N2 |x) o< (02 (x)2z), (116)
L(nznkny[x) oc (a1 (x)ax)* (g2 (x)az), (117)
I (nznyny|x) o (0 (x)az), (118)
I(nznzny [x) oc (gL (x)ax), (119)
[ (nznzny|x) o< (gL (x)ax), (120)
I (nzn;n;|x) x (gz(x)az). (121)
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