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1. Introduction

The first studies on two-photon interband transitions in

crystals were made in early 60s of the last century shortly

after introduction of lasers [1–3]. The theories of field

perturbations of non-polarized electromagnetic wave [2,3],

where two-band Kane model was applied, were used at

calculation of matrix elements of two-photon transitions in

crystals.

In studies [4–7] the linear-circular dichroism (LCD)1

of two- and three-photon absorption of light in cubic

symmetry crystals was examined both theoretically and

experimentally.

Multi-photon light absorption in semiconductor with

complex valence band, caused by direct optical transitions

between sub-bands of heavy and light holes and dependent

on light polarization degree, was examined in studies [8–17].

Non-linear interband single-photon absorption of polarized

light in Weyl semimetals is examined in article [18]. In

these studies it is assumed that non-linearity in dependence

of coefficient of single-photon absorption on light intensity

appears due to resonance absorption saturation [19]. This

saturation both in interband [18], and intraband [9,10,16,17]

light absorption is caused by photo-induced variation of

function of charge carriers distribution in the area of a

pulse space near surface, defined by the energy conservation

principle and relaxation time, reverse value of which is

equal to reverse values of relaxation time in terms of energy

and pulse.

In studies [8,11,14] the multi-photon linear-circular

dichroism (LCD) was examined in p-Ge in the devel-

1 Two-photon linear-circular dichroism, caused by interband optical

transitions of electrons, was predicted by E.L. Ivchenko in study [4]

oped non-linearity mode, when n-photon processes with

n = (1−5) make the consistent contribution to absorp-

tion. In studies [16,17] the four-photon processes in

semiconductors, caused by optical transitions between sub-

bands of valence band, were examined considering coherent

saturation effect.

It should be noted, that in study [7] the theory of linear-

circular dichroism of multi-photon interband absorption

of various frequency and light polarization in semicon-

ductors near Brillouin zone center in three-band approxi-

mation was made, when the following condition is met
2πe2I|epcν |

2

cnωω2m2
0
(~ω)2

≪ 1, where e and I are the polarization

vector and the light intensity, pcν = pck,νk = epck,νk is the

interband matrix element of pulse operator, nω is the

coefficient of medium light refraction on a frequency ω,

m0 is the free electron mass.

In this study, unlike with study [7], we made cal-

culations of LCD of interband two-photon light ab-

sorption (TPLA), as well as spectral dependence of

TPLA coefficient in semiconductors of InSb type in

Kane model, where we consider the contributions to

multi-quantum process of intermediate states in sub-

bands of light and heavy holes and in the valence

band, split out due to spin-orbit interaction, as well

as in conductivity band considering coherent saturation

effect. It should be noted that in semiconductors

of InSb type the energy distance between the closest

lower and upper conductivity bands (1̃) is significantly

larger that width of forbidden or spin-split band [20,21],

that allows to perform the further studies in two-band

approximation.
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2. Classification of two-photon interband
optical transitions

It is known that possibilities of single- or multi-photon

optical transitions (OT) and the corresponding coefficients

of LCD of light absorption are defined using the constituent

matrix elements of the examined OT [4–17]. Therefore,

further down the line we will perform the analysis of

matrix elements related to two-photon OT, characterized

with Feynman diagrams of + -type, which differ

from each other by selection of initial states of charge

carriers:

a) Let’s assume that the initial states of charge carriers

are located in the sub-band of heavy holes (|V,±3/2〉)
with energy Ehh, while virtual states — in the sub-band

of heavy and light holes (|V,±3/2〉) of the semiconductor

valence band (Fig. 1, a, b). In this case, in Kane model

the matrix elements of interband OT of |V,±3/2〉 → |m〉
→ |c,±1/2〉, |V,±3/2〉 → |m〉 → |c,∓1/2〉 type are de-

fined by the matrix in order (c,+1/2), (c,−1/2) and

(V,+3/2), (V,−3/2)

‖M(2)
m′,m‖ =

(

eA0

c~

)2

PcV k

×

∥

∥

∥

∥

∥

∥

∥

2(A−B)e′+ez′

−~ω
+

e′2
−

B
Elh−Ehh−~ω

√
2Be′z e′

−

Elh−Ehh−~ω

i
√
2e′z e′+B

Elh−Ehh−~ω
−i
(

2(A−B)e′
−

ez′

−~ω
+

e′2+ B
Elh−Ehh−~ω

)

∥

∥

∥

∥

∥

∥

∥

,

(1)

where PcV is the Kane parameter [22,23], Elh(Ehh) is

the energy of light (heavy) holes, A, B are the crys-

tal band parameters, |c,±1/2〉 corresponds to electron

states with energy Ec in the conductivity band, k is

the wave vector of charge carriers in the end state,

e′± = e′x ± ie′y , e′α(α = x , y, z ) are the light polarization

vector projections e on axis x ′, y ′, perpendicular to

the wave vector k. The energy conservation princi-

ple, defined for the specified OT, is expressed using

function δ(Ec − Ehh − 2~ω), Ehh is the heavy holes en-

ergy.

b) Let’s assume that the initial states of charge

carriers are located in the sub-band of light holes

of the valence band, while virtual states — in sub-

bands of heavy and light holes of the valence band

(Fig. 2, a, b). In this case, in Kane model the matrix

elements of interband OT of |V,±1/2〉 → |m〉 → |c,±1/2〉,
|V,±1/2〉 → |m〉 → |c,∓1/2〉 type are defined

by the matrix in order (c,+1/2), (c,−1/2) and

(V,+1/2), (V,−1/2), respectively and written the

following way:

‖M(2)
m′,m‖ =

(

eA0

c~

)2

PcV k

∥

∥

∥

∥

∥

∥

∥

∥

( √
3Be′2+

Ehh−Elh−~ω
− 2√

3

(A + B)e′
−

ez′

~ω

)

2

√

2
3

(A + B)e′
−

e′2z
(−~ω)

−i2
√

2
3

(A + B)e′2z
~ω

−i

( √
3Be′2

−

Ehh−Elh−~ω
− 2√

3

(A + B)e′+ez′

~ω

)

∥

∥

∥

∥

∥

∥

∥

∥

, (2)
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Figure 1. Schemes of two-photon OT, happened between sub-

bands of heavy holes of the valence band and conductivity band,

where hh (lh) is the sub-band of heavy (light) holes, SO is the

spin-orbit splitting band.
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Figure 2. Schemes of two-photon OT, happened between sub-

bands of light holes of the valence band and conductivity band.
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The energy conservation principle for these OT is expressed

using function δ(Ec − Elh − 2~ω), Elh is the light holes

energy.
c) Let’s assume that the initial states of charge carriers

are located in the sub-band of light holes of the valence
band, while virtual states — in the conductivity band

(Fig. 2, c). In this case, in Kane model the matrix elements
of interband OT of |V,±1/2〉 → |m〉 → |c,±1/2〉,
|V,±1/2〉 → |m〉 → |c,∓1/2〉 type are defined
by the matrix in order (c,+1/2), (c,−1/2) and

(V,+1/2), (V,−1/2), respectively and written the
following way:

‖M(2)
m′,m‖ =

1√
3

(

eA0

c~

)2
1

~ω

~
2k

mc
PcV k

∥

∥

∥

∥

∥

e′+
√
2e′z

−i
√
2e′z ie′−

∥

∥

∥

∥

∥

,

(3)
where |m〉 — |c,±1/2〉, Eg is the forbidden band width,
while the energy conservation principle is expressed using

function δ(Ec − Elh − 2~ω).
d) Let’s assume that the initial states of charge car-

riers are located in the sub-band of light holes of the
valence band, while virtual states — in the spin-orbit

splitting band (Fig. 2, d). In this case, in Kane model
the matrix elements of interband OT of |V,±1/2〉 → |m〉
→ |c,±1/2〉, |V,±1/2〉 → |m〉 → |c,∓1/2〉 type are de-
fined by the matrix in order (c,+1/2), (c,−1/2) and

(V,+1/2), (V,−1/2), respectively and written the follo-
wing way:

(
⌢

M)c,lh =

(

eA0

c~

)2 PcV Bk

2
√
3(Ehh − Elh − ~ω)





6e′z e′2−+(Elh + ~ω)
e′+(4e′2z + e′2

⊥
)

~ω
−2

√
2(Elh+~ω)

e′z (4e′2z + e′2
⊥

)

~ω
+i3e′3+

3e′3− − i2
√
2(Elh + ~ω)

e′+(4e′2z + e′2
⊥

)

~ω
6ie′z e′2+ +i(Elh+~ω)

e′+(4e′2z + e′2
⊥

)

~ω



 , (4)

where |m〉 = |SO,±1/2〉. The energy conservation
principle for that case is described with function

δ(Ec − Elh − 2~ω).
e) Let’s assume that the initial states of charge car-

riers are located in the sub-band of heavy holes of the
valence band, while virtual states — in the spin-orbit

splitting band (Fig. 1, c). In this case, in Kane model
the matrix elements of interband OT of |V,±3/2〉 → |m〉
→ |c,±1/2〉, |V,±3/2〉 → |m〉 → |c,∓1/2〉 type are de-
fined by the matrix in order (c,+1/2), (c,−1/2) and

(V,+3/2), (V,−3/2), respectively and written the follow-
ing way:

‖M(2)
m′,m‖ =

1√
6

(

eA0

c~

)2 PcV

E1 − Ehh − ~ω

×

∥

∥

∥

∥

∥

∥

−
√
3e′+H∗′−ie′z (G

′−F ′) −ie′−(G′−F ′)+e′z H∗′

ie′z H ′−e′+(G′−F ′) e′z (G
′ − F ′)+i

√
3e′H ′

∥

∥

∥

∥

∥

∥

,

(5)

where E1 is the energy spectrum of charge carriers in the
spin-orbit splitting band, G′, F ′, H ′ are the first derivative

in terms of wave vector of charge carries from val-
ues G, F, H , which are defined using the formula (24.20)
from study [22], (∗) is the complex conjugation sign.
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Figure 3. Schemes of two-photon OT, happened between the

spin-orbit splitting band and conductivity band.

The energy conservation principle is expressed using the

function δ(Ec − Ehh − 2~ω).

The similar way it is possible to present the expres-

sions for optical transitions, where the initial states of

charge carriers are located in the sub-band of heavy

holes, while the virtual states — in conductivity band

and spin-orbit splitting band (Fig. 1, c, d), and expressions

for optical transitions, where the initial states of charge

carriers are located in spin-orbit splitting band, while

the virtual states — in the sub-band of light and heavy

holes, as well as in conductivity band and spin-orbit

splitting band (Fig. 3, a−d), which are not presented for

brevity’s sake, but are considered at calculations of spectral

dependence of light absorption coefficient and its linear-

circular dichroism.

It should be noted that the wave spectrum in the end state

of electrons, participating in interband OT, is defined using

the expression k(2ω)
c,L =

√

2µ
(c,L)
+

~2
(2~ω − Eg), where mc is

the electrons effective mass in conductivity band, mL is the

holes effective mass in sub-band L, L = lh (L = hh) — for

light (heavy) holes, µ
(c,L)
⊥ =

mc mL

mc + mL
is the reduced effective

Semiconductors, 2022, Vol. 56, No. 1
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mass of charge carriers. Then for energy of light and heavy

holes the following relations are valid:

a) if OT is happened from the sub-band of heavy holes,

then

EL=hh(k
(2ω)
c,L=hh) =

mc

mc + mhh
(2~ω − Eg),

Elh(k
(2ω)
c,L=hh) =

mc mhh

mlh(mc + mhh)
(2~ω − Eg);

b) if OT is happened from the sub-band of light holes,

then

EL=hh(k
(2ω)
c,L=lh) =

mc mlh

mhh(mc + mlh)
(2~ω − Eg),

Elh(k
(2ω)
c,L=lh) =

mc

mc + mlh
(2~ω − Eg).

Matrix elements of two-photon transitions, happened

from spin-split band to conductivity band, where virtual

states of charge carriers are located in the sub-bands of

valence band, in the conductivity band, as well as in spin-

orbit splitting band of semiconductor, which are presented in

Fig. 3 and defined the similar way as in the abovementioned

cases.

Thus, interband two-photon OT were classified in narrow-

gap crystal and expressions were observed for matrix ele-

ments depending on band parameters, polarization degree

and light frequency.

3. Interband two-photon absorption
of polarized light and its
linear-circular dichroism

In this section we observe the expression for spectral

dependence of the coefficient of interband TPLA in narrow-

gap semiconductors in Kane model. In the further

calculations we use the calculation method proposed in

studies [4,7,10,18]).

It should be noted that the coefficient of multi-photon

light absorption consists of partial constituents, which

naturally depend on the band, in which charge carriers are

located both in initial and virtual state.

In the further (intermediate) calculations instead of
∑

k

( f L − f cond)δ(Econd − EL − 2~ω)F(k) we use the ex-

pression
1

(2π)3
F(kc,L)k2

c,L, where kc,L is the wave vec-

tor, defined from the energy conservation principle:

Ec − EL − 2~ω = 0. Particularly, in spherical approxi-

mation in the energy spectrum of charge carriers, i.e.

in case of EL = E(0)
L + ~2k2

2mL
, the wave vector of charge

carriers, participating in interband OT, is defined as

k2
c,L =

2µ
(c,L)
+

~2
(2~ω − Eg), where µ

(c,lh)
+ = mc mL

mc + mL
is the

reduced effective mass, mL is the charge carriers effective

mass in the band (or sub-band) with number L. Particularly,

L = c for the conductivity band, then E(0)
L = Eg , while

L = lh(hh) for sub-band of light (heavy) holes of the valence

band, then E(0)
L = 0.

It should be noted that the frequency dependence of

denominators in the matrix elements is defined with the

energy conservation principle, type of examined OT and

virtual states. For instance, if virtual states are in the valence

band, and initial state is in the heavy holes sub-band, then

the denominator in the matrix element of this period is

defined with the expression

Ehh − Elh − ~ω =
mc

mhh

mhh − mlh

mc + mlh
(2~ω − Eg) + ~ω,

if this transition is happened from the light holes sub-band,

then the denominator in the matrix element of this transition

is defined as

Elh − Ehh − ~ω =
mc

mlh

mhh − mlh

mhh + mc
(2~ω − Eg),

where the following relations are considered:

A − B =
~
2

2mhh
, A + B =

~
2

2mlh
.

Then we calculate the partial coefficients of two-photon

absorption (e.g. see the formula (1) from study [16]), that

are differ from each other by OT type, i.e. from initial,

intermediate and virtual states:

a) if initial state is in the heavy holes sub-band of the

valence band, then, according to [16,18,19], the coefficient

of interband two-photon light absorption can be defined with

the expression2

K(2)
C,±1/2;V,±3/2 =

2π

~
2~ω

1

I
4

(2)
C,hh

(

eA0

c~

)2

P2
cV k2

×









〈

∣

∣

∣

2(A−B)e′+ez′

−~ω
+

e′2
−

B
(Elh−Ehh−~ω)

∣

∣

∣

2

√

1+4 αω
~2ω2

[(

eA0

c~

)2
PcV k

]2
∣

∣

∣

2(A−B)e′+ez′

−~ω
+

e′2
−

B

(Elh−Ehh−~ω)

∣

∣

∣

2

〉

+

〈

∣

∣

∣

√
2B

e′z e′
−

(Elh − Ehh − ~ω)

∣

∣

∣

2

√

1 + 4 αω
~2ω2

[

(

eA0

c~

)2
PcV k

]2 ∣
∣

∣

√
2B

e′z e′
−

(Elh − Ehh − ~ω)

∣

∣

∣

2

〉









,

(6)

from where, after averaging over solid angles of the wave

vector of charge carriers (〈. . .〉) and not considering the

2 Both here and later we examine the area of low light intensity, when

the perturbation theory is applied.
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coherent saturation, we get

KC,±1/2;V,±3/2 =
8π2

~
~ω

1

I
(µc,hh

+ )3/2

(2π)3~3

√
2
√

2~ω − Eg f hh

×
[

mc

mc + mhh
(2~ω − Eg)

][(

eA0

c~

)2

PcV k

]2

ℜ(2)
C,±1/2;V,±3/2.

(7)

Here, 4
(2)
C,L =

∑

k

( f L − f cond)δ(Econd − EL − 2~ω),

ℜ(2)
C,±1/2;V,±3/2 =

1

4π

×
〈∣

∣

∣

∣

∣

2(A − B)e′+ez ′

(−~ω)
+

e′2−B

(Elh − Ehh − ~ω)

∣

∣

∣

∣

∣

2〉

+

〈

∣

∣

∣

∣

√
2B

e′z e′−
(Elh − Ehh − ~ω)

∣

∣

∣

∣

2
〉

=
B2

15(~ω)2

[

(

2
A − B

B

)2

a (2)
C,±1/2;V,±3/2

+

(

~ω

Elh − Ehh − ~ω

)2

b(2)
C,±1/2;V,±3/2

]

, (8)

that in spherical approximation in energy spectrum of

charge carriers is written as

ℜ(2,s f er)
C,±1/2;V,±3/2=

B2

15(~ω)2

[

16m2
lh

(mhh−mlh)2
a (2)

C,±1/2;V,±3/2

+

(

~ω(mhh + mc)mlh

mc(mhh − mlh)(2~ω − Eg)

)2

b(2)
C,±1/2;V,±3/2

]

, (9)

where for linear (circular)-polarized light

a (2)
C,±1/2;V,±3/2 = 2 (a (2)

C,±1/2;V,±3/2 = 9), a (2)
C,±1/2;V,±3/2 = 3

(b(2)
C,±1/2;V,±3/2=13), b(2)

C,±1/2;V,±3/2=3(b(2)
C,±1/2;V,±3/2 =13).

In this case the coefficient of LCD for these OT depends

on light frequency and band parameters;

b) if the initial state is in the light holes sub-band, then

we get

K(2)
C,±1/2;V,±3/2 =

2π

~
2~ω

1

I
4

(2)
c,lh

(

eA0

c~

)4 P2
cV k2

3

×









〈

∣

∣

∣

3Be′2+
(Ehh−Elh−~ω) + 2

(A+B)e′
−

ez′

(−~ω)

∣

∣

∣

2

√

1+4 αω
~2ω2

[(

eA0

c~

)2
PcV k√

3

]2∣
∣

∣

3Be′2+
(Ehh−Elh−~ω)+2

(A+B)e′
−

ez′

(−~ω)

∣

∣

∣

2

〉

+

〈

∣

∣

∣2
√
2(A + B)

e′2z
(−~ω)

∣

∣

∣

2

√

1 + 4 αω
~2ω2

[

(

eA0

c~

)2 pk√
3

]2 ∣
∣

∣2
√
2(A + B)

e′2z
(−~ω)

∣

∣

∣

2

〉









,

(10)

or

K(2)
C,±1/2;V,±3/2 =

32π

~
~ω

1

I
4c,lh

(

eA0

c~

)2 P2
cV k2

3

×ℜ(2)
C,±1/2;V,±1/2. (11)

Here,

ℜ(2)
C,±1/2;V,±1/2 =

1

4π

×
(〈∣

∣

∣

∣

∣

3Be′2+
(Ehh − Elh − ~ω)

+ 2
(A + B)e′−ez ′

(−~ω)

∣

∣

∣

∣

∣

2〉

+

〈

∣

∣

∣

∣

2
√
2(A + B)

e′2z
(−~ω)

∣

∣

∣

∣

2
〉)

=
B2

15(~ω)2

×
[

4

(

A + B
B

)2

+

(

3~ω

Ehh − Elh − ~ω

)2
]

a (2)
C,±1/2;V,±1/2,

(12)

that in spherical approximation of the energy spectrum of

charge carriers is written as

ℜ(2,s f er)
C,±1/2;V,±1/2 =

~
4(mhh − mlh)

2

15(4~ωmhhmlh)2

[

4

(

2mhh

mhh − mlh

)2

+

(

3~ω
mc
mhh

mhh−mlh
mc+mlh

(2~ω − Eg) + ~ω

)2]

a (2)
C,±1/2;V,±1/2,

(13)

where for linear (circular)-polarized light a (2)
C,±1/2;V,±1/2 = 8

(a (2)
C,±1/2;V,±1/2 = 7), the coefficient of LCD for these OT

does not depend on light frequency and is equal to 8/7.

Now let’s assume that the virtual states of charge carriers

are in the conductivity band. In this case:

a) if the initial state is in the heavy holes sub-band of the

valence band, then

K(2)
C,±1/2;V,±3/2 =

2π

~
2~ω

1

I
4c,hh

(

eA0

c~

)4(PcV k
~ω

~
2

mc

)2

×
〈

|e′z e′−|2
√

1 + 4 αω
~2ω2

[

(

eA0

c~

)2 PcV k
~ω

~2

mc

]2

|e′z e′−|2

〉

, (14)

from which, not considering the contribution of the coherent

saturation effect to K(2)
C,±1/2;V,±3/2, we get

K(2)
C,±1/2;V,±3/2 =

2π

~
2~ω

1

I
4c,hh

(

eA0

c~

)4

×
(

PcV k
~ω

~
2

mc

)2
1

15
a (2)

C,±1/2;V,±3/2, (15)

where for linear (circular)-polarized light a (2)
C,±1/2;V,±3/2 = 2

(a (2)
C,±1/2;V,±3/2 = 3), the coefficient of LCD for these OT is

constant and equal to 2/3;
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b) if the initial state is in the light holes sub-band of the

valence band, then

K(2)
C,±1/2;V,±1/2 =

2π

~
2~ω

1

I
4c,lh

(

eA0

c~

)4 (PcV k
~ω

~
2

mc

)2

×ℑ(2)
C,±1/2;V,±1/2, (16)

ℑ(2)
C,±1/2;V,±1/2

=

〈

|e′z e′+|2
√

1 + 4 αω
~2ω2

[

1√
3

(

eA0

c~

)2 1
~ω

~2

mc
PcV k

]2

|e′z e′+|2

〉

+

〈

|
√
2e′2z |2

√

1 + 4 αω
~2ω2

[

1√
3

(

eA0

c~

)2 1
~ω

~2

mc
PcV k

]2

|
√
2e′2z |2

〉

,

(17)

from which, not considering the contribution of the coherent

saturation effect to K(2)
C,±1/2;V,±1/2, we get, that for a light

with linear (circular) polarization ℑ(2)
C,±1/2;V,±1/2 = 8/15

(ℑ(2)
C,±1/2;V,±1/2 = 7/15), and the coefficient of LCD is equal

to 7/8.

Now let’s assume that the virtual states of charge carriers

are in the spin-orbit extended band. In this case:

a) if the initial state is in the heavy holes sub-band of the

valence band, then we get that

K(2)
C,±1/2;V,±3/2 =

2π

~
2~ω

1

I
4c,hh

×
[

(

eA0

c~

)2
1√
2

BkPcV

(E1 − Ehh − ~ω)

]2

8
(2)
C,±1/2;V,±3/2.

(18)

Here,

8
(2)
C,±1/2;V,±3/2

=

〈

|e′z e′−|2
√

1 + 4 αω
~2ω2

[

(

eA0

c~

)2 1√
2

BkPcV
(E1−Ehh−~ω)

]2

|e′z e′−|2

〉

+

〈

|e′2⊥|2
√

1 + 4 αω
~2ω2

[

(

eA0

c~

)2 1√
2

BkPcV
(E1−Ehh−~ω)

]2

|e′2⊥|2

〉

,

(19)

from which, not considering the contribution of the coherent

saturation effect to K(2)
C,±1/2;V,±3/2, we get, that for a light

with linear (circular) polarization the coefficient of LCD is

equal to 2/3;

b) if the initial state is in the light holes sub-band of the

valence band, then the coefficient of two-photon polarized

light absorption is defined as

K(2)
C,±1/2;V,±1/2 =

2π

~
2~ω

1

I
4c,lh

×
[

(

eA0

c~

)2
1√
6

BkPcV

(E1 − Ehh − ~ω)

]2

8
(2)
C,±1/2;V,±1/2.

(20)

8
(2)
C,±1/2;V,±1/2

=

〈

|3e′2± + 4e2z ′ |2
√

1+4 αω
~2ω2

[

(

eA0

c~

)2 1√
6

BkPcV
(E1−Ehh−~ω)

]2

|3e′2± + 4e2z ′ |2

〉

+

〈

|e′z e′+|2
√

1 + 4 αω
~2ω2

[

1√
3

(

eA0

c~

)2 1
~ω

~2

mc
PcV k

]2

|e′z e′+|2

〉

,

(21)

from which, not considering the contribution of the coherent

saturation effect to K(2)
C,±1/2;V,±3/2, we get, that the coefficient

of LCD is equal to 3/2.

It should be noted that the aggregate coefficient of

TPLA (K(2)
c,V ) is defined by the sum of the abovementioned

partial coefficients of TPLA. Thus, the main contribution to

LCD of TPLA is made by OT, coming from the light holes

sub-band to the conductivity band.

Then we calculate the spectral dependence of the ag-

gregate coefficient of TPLA in Kane model and use the

following expressions for energy spectra of charge carriers

in parabolical approximation:

Ec(k) = Eg +
~
2k2

2m0

+
k2P2

cV

(

Eg + 2
3
1
)

Eg(Eg + 1)
,

Ehh(k) =
~
2k2

2m0

, Elh(k) =
~
2k2

2m0

− 2k2P2
cV

3Eg
,

ESO(k) = −1 +
~
2k2

2m0

− k2P2
cV

3(1 + Eg)
, (22)

where Eg(1) is the forbidden (spin-orbit) band width, PcV is

the Kane parameter [23]. Then the spectral dependence of

the coefficient of two-photon absorption of linearly polarized

light in the area of low values of the wave vector of charge

carriers is written as

K(2)
c,V (ω) = K(0)

c,Vℑ
(2,l)
c,V

(

2~ω

Eg

)

, (23)

where K(0)
c,V =

4πe2PcV

~c2n2ωE3
g
, Eg ≪ ESO for case l = 1, Eg ≫ ESO

for case l = 2,

ℑ(2,1)
c,V (ξ) =

4ξ3/2

15
√
6(ξ + 1)3

[

480
(ξ + 1)1/2

(3ξ + 1)2
+

(ξ + 2)3/2

(ξ + 1)5

×
(

9(ξ + 1)4 + 40(ξ + 1)2 + 96
)

]

, (24)
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Figure 4. Spectral dependence of the coefficient of interband two-

photon absorption of the linearly polarized light in InSb crystal,

corresponding to cases Eg ≫ ESO and Eg ≪ ESO .
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Figure 5. Spectral dependence of the coefficient of interband two-

photon absorption of the linearly polarized light in InSb crystal,

corresponding to cases Eg ≪ ESO (curves 1 and 3) and Eg ≫ ESO

(curves 2 and 4). Curves 1 and 2 correspond to parabolical, and

curves 3 and 4 — non-parabolical approximation in the energy

spectrum of charge carriers.

ℑ(2,2)
c,V (ξ) =

32ξ3/2

15(ξ + 1)3

{

36
(ξ + 1)1/2

(3ξ + 1)2
+

(ξ + 2)3/2

(ξ + 1)5

×
(

(ξ + 1)4 + 2(ξ + 1)2 + 6
)

}

, (25)

ξ = (2 · ~ω − Eg)/Eg .

Figures 4 and 5 show the dependence of K(2)
c,V (ω) for InSb

in two cases: Eg ≪ ESO and Eg ≫ ESO . It was assumed

in the calculations that the initial states of charge carriers

are fully occupied, while the end states — completely

empty. These results show that at InSb lighting with linearly

polarized light, both in case of Eg ≪ ESO and Eg ≫ ESO ,

the spectral dependence K(2)
c,V (ω) increases with frequency

rise, reaches maximum and then decreases (Figs. 4 and 5,

curves 3, 4). This is explained by complexity of the band

structure of semiconductor in Kane model, that is expressed

in matrix elements and energy spectra. Because of it, the

complex dependencies of state density and energy of both

initial and end states of photoexcited charge carriers on

light frequency appear. If we limit ourselves to spherical

approximation in the energy spectrum, then K(2)
c,V (ω) will

increase with frequency rise if Eg ≪ ESO (Fig. 4).
It should be noted that if considering the anisotropy of

the energy spectrum of electrons in the valence band in

two-band approximation and in the area of low values of the

wave vector of charge carriers, our results on polarization

dependence of the coefficient of two-photon light absorption

in narrow-gap semiconductors coincide with the results of

study [7]. Quantitative values of band parameters were taken

from study [24].

4. Conclusion

In conclusion let’s summarize the main results and

findings of the performed study.

1. Matrix elements of interband two-photon OT in

narrow-gap semiconductor are classified depending on light

polarization vector component.

2. In Kane approximation, both considering and not

considering the coherent saturation effect, the polarization

and spectral dependencies of partial coefficients of TPLA

and LCD, that differ from each other by OT type, are

calculated.

3. Based on the golden rule of quantum mechanics it

is shown, that at InSb lighting with linearly polarized

light, bot in case of Eg ≪ ESO and Eg ≫ ESO , the spectral

dependence K(2)
c,V (ω) increases with frequency rise, reaches

maximum, and then decreases, and this case is explained

with complexity of dependencies of states density and

energy of both initial and end states of photoexcited charge

carriers on light frequency, which are related to peculiarities

of semiconductor band structure in Kane model. If we

limit ourselves to spherical approximation in the energy

spectrum, then K(2)
c,V (ω) will increase with frequency rise

if Eg ≪ ESO (Fig. 5, curve 1).
4. Theory of LCD, related to interband two-photon OT

in narrow-gap semiconductors in Kane approximation, is

developed.
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