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Analytical solution of the problem of synthesis of three-link stepped
Chebyshev’s microwave filter
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The problem of synthesis of the three-link stepped Chebyshev’s microwave filter is reduced to two independent
fourth-degree equations, including a single link wave impedance as unknown. The solution of Descartes —Euler
is applied to these equations. It is proved that, in case wave impedances of extreme links are equal, the problem
of the filter synthesis has two solutions. Identical phase-frequency responses correspond to these solutions. It is
proved that for each link a product of the wave impedances relating to these solutions is equal to a square of the
wave impedance of the transmission line including the filter.
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The stepped microwave filter is a cascade structure of where i is the imaginary unit. The working attenuation

regular transmission line sections (links) with different wave function of the filter is L = |Ty;|%. Parameter L may be
impedances [1-4]. There is a numerical technique providing represented in the form of a cubic polynomial in degrees of
an exact solution of the task of synthesizing such a device sin® ()

with an arbitrary number of links having equal electrical 3 o]

lengths [5]. Wave impedances of the filter links may L=1 "'ZCI sin” () (3)
be expressed via the parameters of the prototype stepped 1=

waveguide junction. Paper [1] presents the fourth-degree =~ With coefficients

equation to which the synthesis of the three-link junction c 1 6Bl (P1 P P2 ol 08 P8 P;
with the Chebyshev’s frequency response may be reduced. =% 02 03 3 + p_f’ _5’ ;0_§

The analytical solution of the synthesis task described 5
in this paper allows rigorous substantiation of a number 420! s Ps Po (4)
of properties of stepped Chebyshev’s microwave filters as 0102 P13 P03 ) |

exemplified by a simplest three-link structure. 1 o (P1 P2
The figure demonstrates a schematic diagram of the three- Co = 4 {6 +4Q ( > + 6! ( )
: e . P2’ p3 P3
stepped microwave filter. Here it is assumed that the link
wave impedances p1, p2, p3 and the wave impedance pg e (pg 08 p(z)) L qb (pf p? p%)
of the transmission line comprising the filter are frequency P} 3 p3 p3’ p? p3

independent, while the link electrical lengths 0 are equal
to each other. Element Ty; of the filter transmission wave 60l o5\ 40 0 0d
matrix (transmission factor) is defined as follows [1]:

P13 P1P2" P2p3
Tt = (1/2)[Ai + (1/p0)Ai2 + pohor + An]. (1) N 29[2]< p?  p? ) e (pgpz pépz) 5)
Here Ajj are the filter transmission matrix elements defined 203" P12 /Ofm’ Plﬂ%
as
1
Ci=1 {9“1 (p1p3) - 2] ~C-C,. 6)
A1 = cos(0) {0052(6) — (ﬂ +2 p2> smz(e)], p0p2
P2 P33 P3

Here QM (x, ..., Xm) = Z(xk +1/x) (m=T1,3).
k=
App = i sin(0) [(/01 + 024 03) 0052(9) _Pps sin (9)} , The working attenuation functlon of the three-link Cheby-

02 shev’s filter [1] is:
_ e A
por = isin(0)| (- o+ ) cost(0) = L2 sn’(0)] L= 1+ *T{[sin(0)/S), ™
oL P2 pP3 P1P3

where h and S are the amplitude and scale factors (h > 0,
0 < S< 1), T3(x) is the Chebyshev’s first-kind cubic poly-

_ 2 P2 P3 -2
Aoz = cos(0) {COS 0) - <p_1 o1 T p_z) s (9)]’ (2) nomial. It follows from relation (7) that the average link
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The equivalent circuit diagram of the filter.

electrical length in the first attenuation band is 6y = /2.
Setting equal the factors at the same sin’ (0) degrees in
relations (3) and (7), obtain a set of nonlinear equations
in the link wave impedances:

C; =9h?/S*, C, = -24h%*/S', C;=16h*/S. (8)
As per (3) and (7),

3
L0 =m/2) =1+ Cj=1+hT}1/S).
=1

Taking into account relation (6), obtain
(¥ —2+1/9%)/4 = WT(1/9), 9)

where ¥ = p1p3/(pop2). Solutions of equation (9) may be
represented as follows:

p® =\ 1+ T2(1/9) + (- 1)*NT3(1/9) (k = 1,2).
(10)
The number of unknowns in equations (8) may be reduced
to two by assuming that

Py =p 0y 1 ¥p0) (k=1.2. (1)
Relations (4)—(6), (11) are invariant to mutual substitu-
(k) (k)

tion p;’ < p; . Thus, any of equations (8) may be written
in two ways. For example,

S ) oS,
C(lk) (pgk)’pgk)) _ 9h2/82 (k -1, 2)

Each of these equations defines the first argument C(lk) as an
implicit function of the second argument. Thus, obtain two
identical functions pgk) =r® (pgk)) and pgk) =rk (pgk))
whose plots are mirror-symmetric about line pgk) = pgk).
Intersection points of these curves relate to the solutions
of the filter synthesis task. If such solutions exist, then the
abscissa and ordinate of one of them meet the following
condition: " "

pi =p; (k=12). (12)

Taking into account (12), relation
2c10 4+ = ~6(M/S)T3(1/S) (k = 1,2),

following from (8) may be reduced to

3 )
(o) + () =0 k=12, (13
j=0
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where
= GO, al = g
h
oy = —(-1*6p g0l ot = 2% (k=1.2).
(14)

Applying the Descartes—Euler solution [6] to the first of
the fourth-degree equations (13), obtain

= W1 = (=1)™2 + (—1)"sign(B1) /¥ — %ag”

0
(m = 1, 2),
_ 1
) =~V — (~1P V¥ — (~1)signi(B1) 5 — 3af’
Here

Bo = ol — (1/4)a "V + (1/16)al” (i)

— (3/256) ("),

3
pr= ol — (1/2)a e + (1/8) ("),

B =alV — (3/8) (")’

Ym (M= 1, 3) are the solutions of equation

2
> sy +y’=0 (16)
i—0

with coefficients 8o = —(1/64)3,

&1 =—(1/4)Bo + (1/16)B3, 62 = (1/2)a.
To determine Yy, use the Cardano’s solution for a cubic
equation [6]:

..
Y1 =W 273
. —v,
ymz—‘”;"2+(—1)mn/§‘“ 2"2 -3 (m=2.3),

v=/~(1/2)% — (1A (1=1,2),
n= (/4 + (1/21)&,
fo =380 — (1/3)8:162 + (2/27)83, & =61 — (1/3)55.

It is easy to verify that quantities yn, are interrelated as
follows:

3
T ym = (1/64)B7. (17)

Based on (14), find
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h 1
pr =3y (25 - Ewm)pé,

3 h

b =—7 ") 52+,
3 h?
h=-30") g0
1 6 h?
(O 2\ 12

1 vh
vy = 51/)(1)%(\/ 1+h>+ 1)2/3,03

Thus the equation (16) solutions are

1 1vh
y1 = pgpV (Zlﬁ( )+ —£‘§>

1 3h  1Vh
Ym = po'" [Zwm - (zé + Z§$>

V3 ik

+(-n™ ——(0'2—0'1)] (m=2,3), (18)

where

=<\3/\/1+—hz+1—\3/\/1+—h?—1>2,

01,2 = (\/ 1+h? F 1)2/3.

The y, and y3 quantities are complex-conjugate:

y2=VY3, Yays=lyal> > 0. (19)

The y, absolute value does not vanish to zero since
Im(y,) > 0. Therefore, taking into account (17), obtain
y1 > 0. From (19) it also follows that ,/y> = (,/y3)*. Thus,
among expressions (15) real ones are

pyn= V1 — (~1)"2Re(/¥2) — —w (m=1,2).
(20)
Using relation
1
Re(\/y2) = 7 Re(y2) +1y2l,
find that
1 (1) h vh
Re(/¥2) =Poy P [I/)T - (35 + %%)

h  p0)\? h O\ vh, hB3 172
*V(%‘T)*(ﬁé‘ﬂ Serge]
(21)

From (18), (20), (21), inequality p|'] > 0 follows. Taking
into account relation

)

ot = (57— L) — aTRe(52))* = o
h oh p  Vhe
o e o ()

h  p0)\? h pO\vh, hB ]
*\/(5‘7)+(6§‘7>—5 325]

1)\ 2
i (G50 g B <o

obtain pilg < 0. Therefore, the first equation of (13) has a

unique real positive solution

—por{ N

S2
h 0?2 h pO\Vh,  m3
+ \/(3§‘7> +(6§‘7) ScT gt
1/2
p h Vhé
3 552 [ 22
As per (10), p(yp?) = 1 with () < 1, ¥ > 1. Substi-

transform the second
Thus, solutions of the
filter synthesis task are bound by condition pil)pgz) = pg.
Equations (11), (12) allow extending it to wave impedances

of all the filter links by writing

tutions @ = 1/p() = p2/ptY
equation of (13) to the first one.

PP =pd/p\" (i =T.3). (23)

The phase shift between the direct voltage waves at
the filter input is ¢ = arg(Ti;). As it follows from (1),
(2), transmission factor T is invariant to substitution
p}” :,08//0]<2 or pJ /00/,0J (j =1,3). Therefore,
phase-frequency responses related to solutions (11), (12),
(22), (23) are identical.

The analysis performed shows that, under the assumption
that wave impedances of extreme links are equal, the
problem of synthesizing the three-link stepped Chebyshev’s
microwave filter has two solutions. Filters consistent with
these solutions have identical phase-frequency responses.
For each link, the product of wave impedances correspond-
ing to these solutions is the squared wave impedance of the
transmission line comprising the filter.
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