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�®áâã¯¨«® ¢ �¥¤ ªæ¨î 1 ®ªâï¡àï 1996 £.

�à¥¤« £ ¥âáï ¬¥â®¤ ®¯à¥¤¥«¥¨ï á¯¥ªâà  ¬ áá ¬®®åà®¬ â¨ç¥áª®£®

â®ç¥ç®£®  ¯à ¢«¥®£® ¨áâ®ç¨ª  ¯à¨ ¯®¬®é¨ ¯«®áª®£® ª®¤¥á â®à 

á á¨ãá®¨¤ «ì® ¬¥ïîé¨¬áï á® ¢à¥¬¥¥¬  ¯àï¦¥¨¥¬   ®¡ª« ¤ª å.
�¯¥ªâà ¬ áá ¢®ááâ  ¢«¨¢ ¥âáï ¨§ ¨â¥£à «ì®£® ãà ¢¥¨ï, á¢ï§ë¢  î-
é¥£® â®ª   ª®««¥ªâ®à¥ á  ¬¯«¨âã¤®© ¯¥à¥¬¥®© ç áâ¨  ¯àï¦¥¨ï.

� ª ¨§¢¥áâ®, ¢ í«¥ªâà®áâ â¨ç¥áª¨å ¯®«ïå âà ¥ªâ®à¨ï § àï¦¥-
®© ç áâ¨æë ¥ § ¢¨á¨â ®â ¬ ááë, ¯®íâ®¬ã â ª¨¥ ¯®«ï ¨á¯®«ì§ã-
îâáï ¤«ï ¬ áá-  «¨§  â®«ìª® ¢® ¢à¥¬ï¯à®«¥âëå ¯à¨¡®à å (á¬.,
 ¯à¨¬¥à, [1]). �¤¥« ¢ ¯®«¥ ¬¥ïîé¨¬áï ¢® ¢à¥¬¥¨ (¤®áâ â®ç-
® ¬¥¤«¥®, çâ®¡ë ¯à¥¥¡à¥çì í«¥ªâà®¬ £¨âë¬¨ íää¥ªâ ¬¨),
¬®¦® ¯®«ãç¨âì à §¤¥«¥¨¥ ¯®â®ª  ¯® ¬ áá ¬ ¢ ¯à®áâà áâ¢¥ (ª ª
íâ® á¤¥« ®,  ¯à¨¬¥à, ¢ [2] ¤«ï ¨¬¯ã«ìáëå ¨áâ®ç¨ª®¢, á¨-
åà®¨§®¢ ëå á ¯®«¥¬). �â¥£à «ìë© å à ªâ¥à ¯à¥¤«®¦¥®£®

¨¦¥ ¬¥â®¤  ¬ áá-  «¨§  ¯®§¢®«ï¥â à áá¬ âà¨¢ âì ¨áâ®ç¨ª, ¥
á¨åà®¨§®¢ ë© á ¨§¬¥ïîé¨¬áï ¢® ¢à¥¬¥¨ ¯®«¥¬ (¢ ¤ ®¬

ç áâ®¬ á«ãç ¥ áâ æ¨® àë©), â ª ª ª ¯à¨   «¨§¥ ãç¨âë¢ îâáï
¢á¥ âà ¥ªâ®à¨¨ ç áâ¨æ, ¯®ª¨ã¢è¨å ¨áâ®ç¨ª ¢ à §«¨çë¥ ¬®¬¥âë
¢à¥¬¥¨. �à¨ íâ®¬ ¨á¯®«ì§ã¥âáï á ¬ ï ¯à®áâ ï ¨ «¥£ª® à¥ «¨§ã¥¬ ï
¨§ ¢®§¬®¦ëå ¯®«¥¢ëå áâàãªâãà (¯®«¥ ¯«®áª®£® ª®¤¥á â®à ) ¨
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¢à¥¬¥ë́å § ¢¨á¨¬®áâ¥© (á¨ãá®¨¤ «ì®¥  ¯àï¦¥¨¥   ®¡ª« ¤-

ª å). � ï¢«¥ ï ¢ëè¥ ”¨â¥£à «ì®áâì” ¬¥â®¤  á ¬ â¥¬ â¨ç¥-

áª®© â®çª¨ §à¥¨ï ®§ ç ¥â à¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢¥¨ï,

á¢ï§ë¢ îé¥£® á¯¥ªâà ¬ áá á § ¢¨á¨¬®áâìî â®ª    ª®««¥ªâ®à¥ ®â

®â®è¥¨ï ¯¥à¥¬¥®© ¨ ¯®áâ®ï®© á®áâ ¢«ïîé¨å  ¯àï¦¥¨ï

  ®¡ª« ¤ª å. �« £®¤ àï ¯à®áâ®â¥ ®¯¨áë¢ ¥¬®© á¨áâ¥¬ë ã¤ «®áì

¯®«ãç¨âì à¥è¥¨¥ íâ®£® ¨â¥£à «ì®£® ãà ¢¥¨ï ¢ ª¢ ¤à âãà å ¨

¯à¥¤«®¦¨âì  «£®à¨â¬ ¢®ááâ ®¢«¥¨ï äãªæ¨¨ à á¯à¥¤¥«¥¨ï ¯®

¬ áá ¬ ¢ ¨áâ®ç¨ª¥.

� áá¬®âà¨¬ í«¥ªâà¨ç¥áª®¥ ¯®«¥ ¯«®áª®£® ª®¤¥á â®à , á¨ãá®-

¨¤ «ì® ¬¥ïîé¥¥áï á® ¢à¥¬¥¥¬:

Φ = Φ0(1 + α sin 2πνt), (1)

£¤¥ ν — ç áâ®â , t — ¢à¥¬ï. �ãáâì ¢ ¯«®áª®áâ¨ ¨¦¥£® í«¥ªâà®¤ 

 å®¤¨âáï áâ æ¨® àë© â®ç¥çë© ¨áâ®ç¨ª § àï¦¥ëå ç áâ¨æ,

¢ë«¥â îé¨å ¯à¨ § ¤ ëå  ç «ìëå § ç¥¨ïå í¥à£¨¨ ¨  ¯à -

¢«¥¨ï áª®à®áâ¨. �ë¡¥à¥¬ á¨áâ¥¬ã ª®®à¤¨ â â ª, çâ®¡ë ®áì OX

á®¢¯ ¤ «  á ¨¦¨¬ í«¥ªâà®¤®¬,   ®áì OY ¡ë«   â¨¯ à ««¥«ì 

á¨«®¢ë¬ «¨¨ï¬ ¯®«ï. � â®çª¥ Xs ¯® ®á¨ OX ¯®¬¥áâ¨¬ ª®««¥ªâ®à

ª®¥ç®© è¨à¨ë ¯® ®á¨ OY . �¯¨á  ï á¨áâ¥¬  ¬®¦¥â ¡ëâì

¤¢ã¬¥à®© ¨«¨  ªá¨ «ì®-á¨¬¬¥âà¨ç®© (á¬. à¨áã®ª).

�ãªæ¨ï à á¯à¥¤¥«¥¨ï ¯à¨ ¢ë«¥â¥ ¨§ ¨áâ®ç¨ª  ¥ § ¢¨á¨â

®â ¬®¬¥â  ¢ë«¥â  t0. �® âà ¥ªâ®à¨¨ ç áâ¨æ ª®«¥¡«îâáï ¢ § -

¢¨á¨¬®áâ¨ ®â t0 ¢ ¯à¥¤¥« å, ®¯à¥¤¥«ï¥¬ëå  ¬¯«¨âã¤®© ª®«¥¡ ¨©

 ¯àï¦¥¨ï ¨ ¬ áá®© ç áâ¨æë. � áâ¨æë á ¬ áá®©, ¡®«ìè¥© ¥ª®â®-

à®© ¯®à®£®¢®©, ¯®¯ ¤ îâ   ª®««¥ªâ®à ¥§ ¢¨á¨¬® ®â ä §ë ¢ë«¥â ,

  ¨§ ¡®«¥¥ «¥£ª¨å ç áâ¨æ   ª®««¥ªâ®à ¯à¨å®¤¨â â®«ìª® ç áâì,

¢ë«¥â¥¢è ï ¢ ®¯à¥¤¥«¥®¬ ¨â¥à¢ «¥ ¢à¥¬¥, § ¢¨áïé¥¬ ®â ¬ ááë

m ¨ ®â®è¥¨ï  ¬¯«¨âã¤ ¯¥à¥¬¥®© ¨ ¯®áâ®ï®© á®áâ ¢«ïîé¨å

¯®«ï — α. �áà¥¤¥ë© ¯® ¯¥à¨®¤ã â®ª ç¥à¥§ ª®««¥ªâ®à § ¢¨á¨â ®â

α ¨ ¢ëà ¦ ¥âáï ¨â¥£à «®¬ ¯® ª®««¥ªâ®àã ®â ¬£®¢¥®£® § ç¥¨ï

â®ª  ¢ ª ¦¤®© â®çª¥. �â  § ¢¨á¨¬®áâì ¨ á«ã¦¨â ¨â¥£à «ìë¬

ãà ¢¥¨¥¬ ¤«ï ¥¨§¢¥áâ®£® á¯¥ªâà  ¬ áá.
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�¨áâ¥¬  ª®®à¤¨ â ¨ á¥ç¥¨¥ í«¥ªâà®¤®¢: 1 — ¨áâ®ç¨ª, 2 — ª®««¥ªâ®à,
3 — âà ¥ªâ®à¨¨ ç áâ¨æ.

� ¯¨è¥¬ ãà ¢¥¨¥ ¤«ï ¢¥«¨ç¨ë ¯®â®ª  § àï¦¥ëå ç áâ¨æ

ç¥à¥§ ¯«®áª®áâì, ¯¥à¯¥¤¨ªã«ïàãî ®á¨ OX:

j(X,Y, t) =

∞∫
0

dm

t∫
−∞

dt0

∞∫
0

dX

∞∫
−∞

dẎ Ẋf(m,X, Y, Ẋ, Ẏ , t, t0), (2)

£¤¥ f(m,X, Y, Ẋ, Ẏ , t, t0) — ¯®« ï äãªæ¨ï à á¯à¥¤¥«¥¨ï

ç áâ¨æ — ¯®¤ç¨ï¥âáï ãà ¢¥¨î ¥à §àë¢®áâ¨ (á¬. [3]) á

 ç «ìë¬ ãá«®¢¨¥¬

f(m,X, Y, Ẋ, Ẏ , t)
∣∣
t=t0

= f0(X,Y, Ẋ, Ẏ )

= g(m)δ(X −X0)δ(Y − Y0)δ

(
m
Ẋ2 + Ẏ 2

2
− ε0

)
δ

(
arctg

Ẏ

Ẋ
− ϑ0

)
,

(3)
£¤¥ g(m) — ¨áª®¬®¥ à á¯à¥¤¥«¥¨¥ ¯® ¬ áá ¬, ϑ0 — ã£®« ¢ë«¥â ,
ε0 —  ç «ì ï í¥à£¨ï, δ(·) — ¤¥«ìâ -äãªæ¨ï �¨à ª .
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�à¥¤¯®«®¦¨¬, çâ® å à ªâ¥à¨áâ¨ª¨ ãà ¢¥¨ï ¥à §àë¢®áâ¨

ψ1, ψ2, ψ3, ψ4 ¨§¢¥áâë ª ª äãªæ¨¨ ®â m,X, Y, Ẋ, Ẏ , t, t0. �ãª-
æ¨ï à á¯à¥¤¥«¥¨ï ¢ëà ¦ ¥âáï ç¥à¥§ å à ªâ¥à¨áâ¨ª¨ ¨  ç «ì®¥

ãá«®¢¨¥ á«¥¤ãîé¨¬ ®¡à §®¬ [3]:

f(m,X, Y, Ẋ, Ẏ , t, t0) = f0(m,ψ1, ψ2, ψ3, ψ4). (4)

�®¤áâ ¢¨¢ (4) ¢ ãà ¢¥¨¥ (3), ¯à®¨â¥£à¨à®¢ ¢ ¯«®â®áâì â®ª  ¯®
ª®««¥ªâ®àã, ãáà¥¤¨¢ â®ª ç¥à¥§ ª®««¥ªâ®à ¯® ¯¥à¨®¤ã ¨ ¨§¬¥¨¢

¯®àï¤®ª ¨â¥£à¨à®¢ ¨ï (¢á¥ ¨â¥£à «ë à ¢®¬¥à®-¥¯à¥àë¢®
§ ¢¨áïâ ®â ¯ à ¬¥âà®¢), ¯®«ãç ¥¬:

I(Xs, α) = ν

∞∫
0

dm

1/ν∫
0

dt

h∫
a

dY

t∫
−∞

dt0

∞∫
0

dẊ

∞∫
−∞

dẎ Ẋ

× f0(m,ψ1, ψ2, ψ3, ψ4). (5)

�à ¢¥¨¥ (5) ï¢«ï¥âáï ¨áå®¤ë¬ ¤«ï ¢®ááâ ®¢«¥¨ï á¯¥ªâà 

¬ áá. �â®¡ë  ©â¨ ¥£® ª®ªà¥âë© ¢¨¤, ¯à®¨â¥£à¨àã¬ ãà ¢¥¨ï

¤¢¨¦¥¨ï.
�à¥¦¤¥ ç¥¬ ¨â¥£à¨à®¢ âì ãà ¢¥¨ï ¤¢¨¦¥¨ï, æ¥«¥á®®¡à §®

¯¥à¥©â¨ ª ¡¥§à §¬¥à®© ä¨§¨ç¥áª®© ¬®¤¥«¨ ¯® áå¥¬¥, ãª § ®©
¢ [4]. � ¡¥§à §¬¥àëå ª®®à¤¨ â å ãà ¢¥¨ï ã¯à®é îâáï ¨ ¢§ -
¨¬®á¢ï§ì à §«¨çëå ¯ à ¬¥âà®¢ áâ ®¢¨âáï ¡®«¥¥ ï¢®©. �ë¡¥à¥¬
§  ¥¤¨¨æã ¤«¨ë à ááâ®ï¨¥ ¬¥¦¤ã ®¡ª« ¤ª ¬¨ L ¨ ¯¥à¥©¤¥¬ ª

¡¥§à §¬¥àë¬ ª®®à¤¨ â ¬ x, y ¨ ¢à¥¬¥¨ τ :

x = X/L, y = Y/L, τ = t/T, (6)

£¤¥ T — ¬ áèâ ¡ë© ¬®¦¨â¥«ì, ®¯à¥¤¥«ï¥¬ë© ãá«®¢¨¥¬

mL2/T 2 = qΦ0, (7)

£¤¥ q — § àï¤ ç áâ¨æë (à ¢¥áâ¢® ¬®¦¨â¥«¥© ¯à¨ ”ª¨¥â¨ç¥áª®¬”
¨ ”¯®â¥æ¨ «ì®¬” á« £ ¥¬ëå ¢ äãªæ¨¨ � £à ¦ ). �¥§à §¬¥àë¥
¨ à¥ «ìë¥ áª®à®áâ¨ ¨í¥à£¨¨ á¢ï§ ë â ª:

ẋ =
dx

dτ
=

√
m

qΦ0

dX

dt
, ẏ =

dy

dτ
=

√
m

qΦ0

dY

dt
, (8)

�¨áì¬  ¢ ���, 1997, â®¬ 23, ò 2



�®ááâ ®¢«¥¨¥ § àï¦¥ëå ç áâ¨æ ¯® ¬ áá ¬... 5

ε = m
Ẋ2 + Ẏ 2

2
=
mL2

T 2

ẋ2 + ẏ2

2
=
mL2

T 2
W = qΦ0W. (9)

�¤¥áì E ¨ W — á®®â¢¥âáâ¢¥® à¥ «ì ï ¨ ¡¥§à §¬¥à ï í¥à£¨¨.
�¨¤®, çâ® ¥¤¨¨æ¥© í¥à£¨¨ ¢ íâ®© ¬®¤¥«¨ á«ã¦¨â í¥à£¨ï ç áâ¨-
æë, ¯à®«¥â¥¢è¥© å à ªâ¥àë© ¯®â¥æ¨ « Φ0.

�¢¥¤¥¬ ¡¥§à §¬¥àë© ¯ à ¬¥âà, ®¯à¥¤¥«ïîé¨© à¥ «ìãî ¬ ááã

m ¢ ¤®«ïå ¥ª®â®à®© å à ªâ¥à®© ¬ ááë m0:

µ = m/m0, m0 = qΦ0/4π
2ν2L2. (10)

� ©¤ï ¢ ¡¥§à §¬¥àëå ª®®à¤¨ â å å à ªâ¥à¨áâ¨ª¨ ϕ1, ϕ2, ϕ3, ϕ4,
¯®«ãç¨¬ ®¢ë© ¢¨¤ ãà ¢¥¨© (5).

N(x) =
1

4π2νI

∞∫
0

Gµdµ

2π
√
µ∫

0

dτ

b/L∫
a/L

dy

τ∫
−∞

dτ0

∞∫
0

2πν
√
µ
ẋ dẋ

∞∫
−∞

dẏ

× δ(ϕ1 − x0)δ(ϕ2 − y0)δ

(
ϕ2

3 + ϕ2
4

2
−W0

)
δ

(
arctg

ϕ4

ϕ3
− ϑ0

)
. (11)

�¤¥áì

G(µ) = g(m(µ)), N(x) = I(X(x)), (12)

xs — ¯ à ¬¥âà — ¡¥§à §¬¥à ï ª®®à¤¨ â  ª®««¥ªâ®à , ª®â®àë© ¢
¤ «ì¥©è¥¬ ®¯ãáª ¥âáï ¤«ï ªà âª®áâ¨ § ¯¨á¨.

�§ï¢ ¢ãâà¥¨¥ ¨â¥£à «ë, ¬®¦® ¯à¨¢¥áâ¨ ãà ¢¥¨¥ (11) ª
¢¨¤ã

N(α) =
ẋ0

2π

α∫
0

v(s)4 arcsin
s

α
ds+ ẋ0

∞∫
α

v(s)ds, (13)

£¤¥

s = hµ

/√√√√(1− cos

√
µ
xs − x0

ẋ

)2

+

(
√
µ
xs − x0

ẋ
− sin

√
µ
xs − x0

ẋ

)2

,

v(s)ds =
G(µ)

µ
dµ. (14)
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�¨ää¥à¥æ¨àãï ãà ¢¥¨¥ (13) ¯® ¯¥à¥¬¥®¬ã ¯à¥¤¥«ã

¨ ¯à®¤¥« ¢ í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï, ¯®«ãç ¥¬ ãà ¢¥¨¥

�«¥¬¨«ìå :

P (α) =

α∫
0

w(s)
1

√
α2 − s2

ds, (15)

£¤¥

sv(s) = w(s),
πα

2x0

dN(α)

dα
= P (α), (16)

ä®à¬ã«  ®¡à é¥¨ï ¤«ï ª®â®à®£® ¨§¢¥áâ  [5]. �¡à â¨¢ ¥£®,  å®-
¤¨¬ äãªæ¨î v(s):

v(s) =
2

π

s∫
0

P ′(ξ)√
s2 − ξ2

dξ. (17)

�®¤áâ ¢¨¢ ¥¥ ¢ (14),  å®¤¨¬ G(µ). �®á«¥ íâ®£® ¬®¦® ¢®¢ì

¯¥à¥©â¨ ª à §¬¥à®© ¬ áá¥ ¨ ®¯à¥¤¥«¨âì g(m) ¯® ä®à¬ã«¥ (12).
�®¬¯ìîâ¥à ï à¥ «¨§ æ¨ï à áç¥â  à¥ «ì®£® á¯¥ªâà  ¬ áá ¯®

¨â¥£à «ì®¬ã â®ªã   ª®««¥ªâ®à ¯à¨ ¯®¬®é¨ ä®à¬ã«ë (17) ¬®¦¥â
¡ëâì ®áãé¥áâ¢«¥  ¥áª®«ìª¨¬¨ á¯®á®¡ ¬¨. � ¯à¨¬¥à:

 ) �¥¯®áà¥¤áâ¢¥®¥ ¢ëç¨á«¥¨¥ v(s) ¯® ¨â¥£à «ì®© ä®à¬ã«¥
(17) ¢¢¨¤ã ¥á®¡áâ¢¥®£® å à ªâ¥à  ¨â¥£à «  áâ ®¢¨âáï ¤®áâã¯-
ë¬ ¤«ï ç¨á«¥®£® ¬®¤¥«¨à®¢ ¨ï, ¥á«¨ ¨§¡ ¢¨âìáï ®â ®á®¡¥®-
áâ¨ ¯à¨ ¯®¬®é¨ ®ç¥¢¨¤®£® ¯à¥®¡à §®¢ ¨ï

s∫
0

P ′(ξ)√
s2 − ξ2

dξ =

s∫
0

P ′(ξ) − P ′(s)√
s2 − ξ2

dξ +
π

2
P ′(s). (18)

¡) �®¦® ¨á¯®«ì§®¢ âì ª ªãî-«¨¡® ã¤®¡ãî  ¯¯à®ªá¨¬ æ¨î

íªá¯¥à¨¬¥â «ì® ¨§¬¥à¥®© § ¢¨á¨¬®áâ¨ P ′(ξ) ¢ (17), £ à â¨-
àãîéãî ¢ëç¨á«¥¨¥ v(s) ¢ ª« áá¥ ¨§¢¥áâëå äãªæ¨©. � ª, ¯à¨
âà¨£®®¬¥âà¨ç¥áª®©  ¯¯à®ªá¨¬ æ¨¨ P ′(ξ) ®âà¥§ª®¬ àï¤  �ãàì¥

¯®«ãç ¥âáï á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ï ¨áª®¬®© äãªæ¨¨ v(s):

v(s) =
2

π

N∑
n=0

Cn

s∫
0

cosnπξ√
s2 − ξ2

dξ =
N∑
n=0

CnJ0(nπs). (19)

£¤¥ Cn — ª®íää¨æ¨¥âë �ãàì¥, J0(x) — äãªæ¨ï �¥áá¥«ï ã«¥¢®£®

¯®àï¤ª .
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¢) �®£¤  ¬®¦¥â ®ª § âìáï ¯®«¥§®© ¯®«¨®¬¨ «ì ï  ¯¯à®ªá¨-
¬ æ¨ï P ′(ξ), ¯à¨ ª®â®à®©  «£®à¨â¬ ¢ëç¨á«¥¨ï ¢ë£«ï¤¨â á«¥¤ãî-
é¨¬ ®¡à §®¬:

v(s) =
2

π

N∑
n=0

dn

s∫
0

ξn√
s2 − ξ2

dξ =
1

π

N∑
n=0

dnB

(
n+ 1

2
,

1

2

)
sn, (20)

§¤¥áì dn — ª®íää¨æ¨¥âë ¯®«¨®¬¨ «ì®£® ¯à¥¤áâ ¢«¥¨ï,
B
(
n+1

2 , 1
2

)
— ¡¥â -äãªæ¨ï (á¬. [6]).
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