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�¥â®¤®¬ ¥à ¢®¢¥á®£® áâ â¨áâ¨ç¥áª®£® ®¯¥à â®à  ¯®áâà®¥  â¥®à¨ï ¥à¥§® á®£®  ªãáâ¨-
ç¥áª®£® ¯®£«®é¥¨ï ¢ ¨§¨£®¢áª¨å ¬ £¥â¨ª å. �à¥¤¯®« £ ¥âáï, çâ® á¢ï§ì á¯¨®¢ á® §¢ãª®¬

®áãé¥áâ¢«ï¥âáï ç¥à¥§ ¬®¤ã«ïæ¨î ¨§¨£®¢áª®£® ®¡¬¥®£® ¨â¥£à « ,   ¥à¥§® á®¥ ¯®£«®é¥-
¨¥ ®¡ãá«®¢«¥® ¢§ ¨¬®¤¥©áâ¢¨¥¬ á¯¨-á¨áâ¥¬ë á â¥¯«®¢ë¬¨ ª®«¥¡ ¨ï¬¨ à¥è¥âª¨. �¯à¥¤¥«¥ 
ç áâ®â ï § ¢¨á¨¬®áâì ¯®£«®é¥¨ï χ′′(ω),   «¨â¨ç¥áª¨ ®â«¨ç îé ïáï ®â ¨§¢¥áâ®© äãªæ¨¨

�¥¡ ï. �à®  «¨§¨à®¢   â¥¬¯¥à âãà ï § ¢¨á¨¬®áâì χ′′(ω), ª®â®à ï áª« ¤ë¢ ¥âáï 1) ¨§ áà¥¤¨å ®â
ª®«¥¡ â¥«ìëå ¯¥à¥¬¥ëå ¨ 2) ¨§ § ¢¨á¨¬®áâ¨ ®â â¥¬¯¥à âãàë á¯¨®¢ëå ª®àà¥«ïæ¨®ëå äãªæ¨©

«¨¥©®© ¬®¤¥«¨ �§¨£ . �®ª § ®, çâ® ¢§ ¨¬®á¢ï§ì ¤¢ãå ¯®¤á¨áâ¥¬ (¨§¨£®¢áª®© ¨ §¥¥¬ ®¢áª®©)
¯à¨¢®¤¨â ª ¢®§¨ª®¢¥¨î ¢â®à®£® ¯¨ª  ¯®£«®é¥¨ï ¢ ®¡« áâ¨ ¬ «ëå ç áâ®â  àï¤ã á ¬ ªá¨¬ã¬®¬,
å à ªâ¥àë¬ ¤«ï ªà¨¢®© �¥¡ ï.

�®¤¥«ì �§¨£  ï¢«ï¥âáï ¯à®áâ¥©è¥© å®à®è® ¨§-
ãç¥®© ¬®£®ç áâ¨ç®© ¬®¤¥«ìî, ¤«ï à §«¨çëå

¢ à¨ â®¢ ª®â®à®©  ©¤¥® â®ç®¥ ®¯¨á ¨¥ à ¢®-
¢¥áëå á¢®©áâ¢. �à¨ ¨áá«¥¤®¢ ¨¨ ¥à ¢®¢¥áëå

á¢®©áâ¢ íâ®© ¬®¤¥«¨ ¤®áâ¨£ãâ áãé¥áâ¢¥ë© ¯à®-
£à¥áá ¢ ¨§ãç¥¨¨ ª¨¥â¨ª¨ ¨ ¤¨ ¬¨ª¨ ¢ á« ¡®¬ ¯¥-
à¥¬¥®¬ ¯®«¥ [1]. �«ï ¯à®¨§¢®«ì®© ¬®¤¥«¨ �§¨£ 
â¥®à¨ï ¬ £¨â®£® à¥§® á  ¡ë«  à §¢¨â  â ª¨¬

®¡à §®¬, çâ® ®á®¢®© ¨§¨£®¢áª¨© ¬®£®ç áâ¨çë©

£ ¬¨«ìâ®¨  à áá¬ âà¨¢ «áï ¡¥§ ¯à¨¡«¨¦¥¨©. � 
®á®¢¥ ª¨¥â¨ç¥áª®© â¥®à¨¨ ¡ë«® ¨§ãç¥® ¨ ¥à¥§®-
 á®¥ à¥« ªá æ¨®®¥ ¯®£«®é¥¨¥ ¨§¨£®¢áª¨å á¨-
áâ¥¬ ¢ ¯ à ««¥«ì®¬ ¯¥à¥¬¥®¬ ¬ £¨â®¬ ¯®«¥ [2].
�à®¬¥ â®£®, ¡ë«  à §¢¨â  ¬¨ªà®áª®¯¨ç¥áª ï â¥®à¨ï
 ªãáâ¨ç¥áª®£® à¥§® á  [3,4] ¢ «¨¥©®¬ ¨§¨£®¢-
áª®¬ ¬ £¥â¨ª¥. �¥¦¤ã â¥¬ íªá¯¥à¨¬¥â «ìë¥ à¥-
§ã«ìâ âë ®¯ã¡«¨ª®¢ ë â®«ìª® ¯® ¥à¥§® á®¬ã

¯®£«®é¥¨î ã«ìâà §¢ãª  ¤¢ã¬¥à®© ¨§¨£®¢áª®© á¨-
áâ¥¬®© ¢¡«¨§¨ â®çª¨ ä §®¢®£® ¯¥à¥å®¤  [5]. �â®

áâ¨¬ã«¨à®¢ «®  è¨ ¨áá«¥¤®¢ ¨ï ¥à¥§® á®£®

 ªãáâ¨ç¥áª®£® ¯®£«®é¥¨ï (���) ¢ ¨§¨£®¢áª¨å ¬ £-
¥â¨ª å [6].

�  áâ®ïé¥© à ¡®â¥ â¥®à¨ï ��� ¯®«ãç¨«  ¤ «ì-
¥©è¥¥ à §¢¨â¨¥: ¤«ï â®ç®£® ãç¥â  ¢ª« ¤  ¢ ¯®-
£«®é¥¨¥ ¯®¤á¨áâ¥¬ (¨§¨£®¢áª®© ¨ §¥¥¬ ®¢áª®©)
¢ ª¨¥â¨ç¥áª¨å ãà ¢¥¨ïå, ¯®áâà®¥ëå ¬¥â®¤®¬

¥à ¢®¢¥á®£® áâ â¨áâ¨ç¥áª®£® ®¯¥à â®à  (���)
�ã¡ à¥¢  [7], ãçâ¥ë ç«¥ë, ª¢ ¤à â¨çë¥ ¯® ¢§ ¨-
¬®¤¥©áâ¢¨î á ¯¥à¥¬¥ë¬ ¯®«¥¬. �à¥¤«®¦¥ ¨®©,
¥ à áá¬®âà¥ë© ¢ [3,4], ¡®«¥¥ íää¥ªâ¨¢ë© ª -
 « á¢ï§¨ á® á¯¨-á¨áâ¥¬®© ç¥à¥§ ¬®¤ã«ïæ¨î ¨§¨-
£®¢áª®£® ®¡¬¥®£® ¨â¥£à « ,   â ª¦¥ ¯à®  «¨-
§¨à®¢ ® â¥¬¯¥à âãà®¥ ¯®¢¥¤¥¨¥ ¢®á¯à¨¨¬ç¨¢®áâ¨,
®¡ãá«®¢«¥®¥ § ¢¨á¨¬®áâìî ®â â¥¬¯¥à âãàë á¯¨-
®¢ëå ª®àà¥«ïæ¨®ëå äãªæ¨© «¨¥©®© ¬®¤¥«¨

�§¨£ .

1. � ¬¨«ìâ®¨  § ¤ ç¨

�«ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ¯®«ë© £ ¬¨«ìâ®¨-
  ¨¬¥¥â ¢¨¤

H = H0 +H ′, H0 = HS +HL, H ′ = Ht +HSL. (1)

�¤¥áì H0 — ®á®¢®© £ ¬¨«ìâ®¨  ä¨§¨ç¥áª®© á¨-
áâ¥¬ë, H ′ — ®¯¥à â®à ¢®§¬ãé¥¨ï, HL — £ ¬¨«ìâ®-
¨  â¥à¬®áâ â , HS — £ ¬¨«ìâ®¨  á¯¨-á¨áâ¥¬ë,
ª®â®àë© ¢ ¨§¨£®¢áª®© ¬®¤¥«¨ á®áâ®¨â ¨§ ¤¢ãå ç áâ¥©

HS = HZ + HJ . � ¬¨«ìâ®¨ ë ¨ §¥¥¬ ®¢áª®©, ¨
¨§¨£®¢áª®© ®¡¬¥®© ¯®¤á¨áâ¥¬ ¨¬¥îâ ¢¨¤

HZ = −~ω0

∑
j

SjZ , HJ = −
∑
j,k

JZ(rjk)SjZS
k
Z , (2)

£¤¥ Sjλ ¥áâì λ-ª®¬¯®¥â  á¯¨ , à á¯®«®¦¥®£®

¢ ã§«¥ j ¢ â®çª¥ á à ¤¨ãá-¢¥ªâ®à®¬ rj , J(rjk) —
®¡¬¥ë© ¨â¥£à «, rjk = rj − rk, ω0 — ç áâ®â 

�¥¥¬   ¢ ¯®áâ®ï®¬ ¬ £¨â®¬ ¯®«¥, ¯ à ««¥«ì®¬
®á¨  ¨§®âà®¯®£® ®¡¬¥®£® ¢§ ¨¬®¤¥©áâ¢¨ï.

�«ï ¨á¯®«ì§®¢ ¨ï á®ªà é¥®£® ®¯¨á ¨ï [7] ¢
¨§ãç ¥¬®© á¨áâ¥¬¥ ¤®«¦® ¯à¨áãâáâ¢®¢ âì ¥é¥ ®¤®

¢§ ¨¬®¤¥©áâ¢¨¥, ª®â®à®¥ ãáâ  ¢«¨¢ ¥â ª¢ §¨à ¢®-
¢¥á¨¥ ¢ á¯¨®¢ëå ¯®¤á¨áâ¥¬ å. �§¢¥áâ®, çâ® ¤«ï

¯ à ¬ £¨âëå á¨áâ¥¬ ¡¥§ á¨«ì®£® ®¡¬¥®£® ¢§ -
¨¬®¤¥©áâ¢¨ï â ª®¢ë¬ ï¢«ï¥âáï ¬ £¨â®¥ ¤¨¯®«ì-
¤¨¯®«ì®¥ ¢ §¨¬®¤¥©áâ¢¨¥ [8]. � ¨§¨£®¢áª¨å á¨áâ¥-
¬ å, ®¤ ª®, ¯®¬¨¬® ®¡¬¥®£® ¢§ ¨¬®¤¥©áâ¢¨ï ®¡ëç-
® ¯à¨áãâáâ¢ã¥â ¥¨§¨£®¢áª ï ç áâì HXY , ª®â®à ï,
ª ª ¯à ¢¨«®, ¡®«ìè¥, ç¥¬ Hdd. �®íâ®¬ã ¥áâ¥áâ¢¥®
áç¨â âì, çâ® §  á®ªà é¥®¥ áâ â¨áâ¨ç¥áª®¥ ®¯¨á -
¨¥ ¢ ¬®¤¥«¨ �§¨£  ®â¢¥âáâ¢¥® ¨¬¥® ¢§ ¨¬®-
¤¥©áâ¢¨¥ HXY , ¢¥à¥¥, ¥£® á¥ªã«ïà ï ®â®á¨â¥«ì-
® ®á®¢®£® £ ¬¨«ìâ®¨   HS ç áâì, ®¡®§ ç¥ ï
ª ª He.
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�¯¥à â®à ¢®§¬ãé¥¨ï H ′ á®áâ®¨â ¨§ ¤¢ãå á¯¨®-

¢ëå ¢§ ¨¬®¤¥©áâ¢¨©: á à¥è¥âª®© HSL ¨ á ¢¥è¨¬

¯¥à¥¬¥ë¬ ¯®«¥¬ Ht. �¯¥à â®à®¬ HSL, «¨¥©ë¬

¯® á¯¨ ¬ (Sj± = SjX ± iSjY ) ¨ ¢§ ¨¬®¤¥©áâ¢¨î á

ä®® ¬¨, ï¢«ï¥âáï

HSL =
∑
j

∑
K,α

[
SjZL

Z
j,K,α+

1

2
(Sj−L

+
j,K,α+Sj+L

−
j,K,α)

]
,

L+
j,K,α = AKα

{
aKα exp(iKrj) + a+

Kα exp(−iKrj)
}
,

(3)

£¤¥ a+
Kα, aKα — ®¯¥à â®àë à®¦¤¥¨ï ¨ ã¨çâ®¦¥¨ï

ä®®®¢ α-¢¥â¢¨ á ¢®«®¢ë¬ ¢¥ªâ®à®¬ K. �®áâ â 

AKα å à ªâ¥à¨§ã¥â ¢¥«¨ç¨ã á¯¨-ä®®®£® ¢§ ¨-
¬®¤¥©áâ¢¨ï.

�¥«¥á®®¡à §® ¯®¤à®¡¥¥ ®áâ ®¢¨âìáï   ¯à®æ¥¤ã-

à¥ ¢¢¥¤¥¨ï ®¯¥à â®à  ¢§ ¨¬®¤¥©áâ¢¨ï á¯¨®¢ á® §¢ã-
ª®¬. �®¤ ¤¥©áâ¢¨¥¬  ªãáâ¨ç¥áª¨å ª®«¥¡ ¨© à ¤¨ãá-

¢¥ªâ®à ç áâ¨æë, ¯¥à¢® ç «ì®  å®¤ïé¥©áï ¢ â®çª¥
r0
j , áâ ®¢¨âáï à ¢ë¬ rj(t) = r0

j + u(rj , t), £¤¥

u(rj , t) = eu0 cosωt sin prj — ¯¥à¨®¤¨ç¥áª®¥ á¬¥é¥¨¥

¯®¤ ¤¥©áâ¢¨¥¬  ªãáâ¨ç¥áª¨å ª®«¥¡ ¨©. �¤¥áì p —
¢®«®¢®© ¢¥ªâ®à, ω — ç áâ®â  §¢ãª , e ¨ u0 — ¢¥ªâ®à

¯®«ïà¨§ æ¨¨ ¨  ¬¯«¨âã¤  §¢ãª®¢ëå ª®«¥¡ ¨©. �®-
áª®«ìªã ¢á¥ á¯¨-á¯¨®¢ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï § ¢¨áïâ

®â à ááâ®ï¨ï rjk ¬¥¦¤ã á¯¨ ¬¨ ¨ u(rj , t) � rjk,
£ ¬¨«ìâ®¨  íâ¨å ¢§ ¨¬®¤¥©áâ¢¨© ¬®¦¥â ¡ëâì à §-

«®¦¥ ¢ àï¤ ¯®  ªãáâ¨ç¥áª¨¬ á¬¥é¥¨ï¬. �¨¥©ë©
ç«¥ íâ®£® à §«®¦¥¨ï ®¡ëç® ¯à¨ïâ® à áá¬ âà¨-

¢ âì ª ª ®¯¥à â®à ¢§ ¨¬®¤¥©áâ¢¨ï á¯¨®¢ á® §¢ãª®¬

Ht [9]. �à¨ íâ®¬ ��� ®¡ãá«®¢«¥® â®© ç áâìî ®¯¥à -

â®à  Ht, ª®â®à ï ª®¬¬ãâ¨àã¥â á HS . �®«ì íää¥ªâ¨¢-
®£® ®¯¥à â®à  á¯¨- ªãáâ¨ç¥áª®© á¢ï§¨ ¨£à ¥â á ¬®¥

¡®«ìè®¥ á« £ ¥¬®¥ «¨¥©®£® à §«®¦¥¨ï. � à á-
á¬ âà¨¢ ¥¬®© ¬®¤¥«¨ �§¨£  íää¥ªâ¨¢ë© £ ¬¨«ì-

â®¨  Ht ¤ ¥â à §«®¦¥¨¥ ¨§¨£®¢áª®£® ®¡¬¥®£®

¢§ ¨¬®¤¥©áâ¢¨ï HJ(rjk) ¯® á¬¥é¥¨î u(rj , t)

Ht = −u0 cosωt
∑
j,k

QZ(rj,k)SjZS
k
Z ,

QZ(rj,k) =
(
e∇J(rj,k)

)
(rj,kp) sin(rjp).

�ç¨âë¢ ï ãá«®¢¨¥ âà á«ïæ¨®®© ¨¢ à¨ â®-
áâ¨ ªà¨áâ ««¨ç¥áª®© à¥è¥âª¨, ¬®¦® § ¯¨á âì

Ht = hakHJ cosωt, hak = u0
Q

J
, (4)

£¤¥ J = JZ(r0
jk) — ¢¥«¨ç¨  ®¡¬¥®£® ¨â¥£à «  ¯à¨

à ¢®¢¥á®¬ § ç¥¨¨ r0
jk = r0

j − r0
k ¨ Q = 1√

2
QZ(r0

jk).

�â¬¥â¨¬, çâ® ¢ à ¡®â¥ [3] ¢ ª ç¥áâ¢¥ Ht à áá¬®âà¥

«¨¥©ë© ç«¥ à §«®¦¥¨ï ®¯¥à â®à  HXY .

2. �¨¥â¨ç¥áª¨¥ ãà ¢¥¨ï,
®¯¨áë¢ îé¨¥ ¥à¥§® á®¥

 ªãáâ¨ç¥áª®¥ ¯®£«®é¥¨¥

�¥â®¤ ��� ®á®¢    â®¬ ä ªâ¥, çâ® ¢ ¤¨ -
¬¨ç¥áª®© ¬®£®ç áâ¨ç®© á¨áâ¥¬¥ ¯à¨ ®¯à¥¤¥«¥-
ëå ãá«®¢¨ïå ¬®¦® ¢ë¤¥«¨âì ¯®¤á¨áâ¥¬ë á £ -
¬¨«ìâ®¨  ¬¨ Hν , ¢ ¯à¥¤¥« å ª®â®àëå â¥à¬®¤¨ -
¬¨ç¥áª®¥ à ¢®¢¥á¨¥ ãáâ  ¢«¨¢ ¥âáï ¡ëáâà¥¥, ç¥¬
¬¥¦¤ã íâ¨¬¨ ¯®¤á¨áâ¥¬ ¬¨. � ª ®â¬¥ç «®áì ¢ë-
è¥, ¢à¥¬ï ãáâ ®¢«¥¨ï à ¢®¢¥á¨ï ¢ãâà¨ ¯®¤á¨-
áâ¥¬ á¢ï§ ® á £ ¬¨«ìâ®¨ ®¬ He: T2 ≈ ω−1

e(
ω2
e = Sp(H2

e/~2)/ Sp(SZ)2
)
. �¥à ¢®¢¥á®¥ á®áâ®-

ï¨¥ ¢ ¬®¬¥âë ¢à¥¬¥¨ t > T2 å à ªâ¥à¨§ã¥âáï

ª¢ §¨à ¢®¢¥áë¬¨ áà¥¤¨¬¨ 〈Hν〉q £ ¬¨«ìâ®¨ ®¢
Hν , ª®â®àë¥ ª®¬¬ãâ¨àãîâ á ®á®¢ë¬ £ ¬¨«ìâ®¨-
 ®¬ H0. � ¤ ®© § ¤ ç¥ (1) â ª®¢ë¬¨ ï¢«ïîâáï

®¯¥à â®àë HZ , HJ , HL. �¢ §¨à ¢®¢¥á¨¥ ¢ á¨áâ¥¬¥

¬®¦¥â ¡ëâì ®¯¨á ® áâ â¨áâ¨ç¥áª¨¬ ®¯¥à â®à®¬ ρq(t)

ρq(t) ≈ exp
{
−
∑
ν

βν(t)Hν

}
, ν = Z, J, L,

βν — ®¡à âë¥ â¥¬¯¥à âãàë, ¯à¨¯¨áë¢ ¥¬ë¥ ¯®¤á¨-
áâ¥¬ ¬, 〈Hν〉 = 〈Hν〉q = Sp{Hνρq(t)} — ¥à ¢®¢¥á-
ë¥ áà¥¤¨¥ ®¯¥à â®à®¢ Hν . �®®¡é¥ £®¢®àï, ¢§ ¨-
¬®¤¥©áâ¢¨¥ He ã¦® à áá¬ âà¨¢ âì ¢ ª ç¥áâ¢¥ ¥é¥

®¤®£® ª¢ §¨¨â¥£à «  ¤¢¨¦¥¨ï. �¤ ª® ¨§¢¥áâ®,
çâ® ¯®¤á¨áâ¥¬  He ¢«¨ï¥â   ª¨¥â¨ªã ¤¨ ¬¨ç¥-
áª®© á¨áâ¥¬ë, â®«ìª® ¥á«¨ ®   å®¤¨âáï ¢ á¨«ì®

¥à ¢®¢¥á®¬ á®áâ®ï¨¨. �®á«¥¤¥¥ ¢®§¬®¦®, ª®-
£¤  ç áâ®â  ¯¥à¥¬¥®£® ¯®«ï ω ≈ ωµ ± ωe, ωµ —
®¤  ¨§ á®¡áâ¢¥ëå ç áâ®â £ ¬¨«ìâ®¨   HS . �

á«ãç ¥ ¥à¥§® á®£® ¯®£«®é¥¨ï ¢ ¬®¤¥«¨ �§¨£ 

íâ® ãá«®¢¨¥ ¥ ¢ë¯®«ï¥âáï, ¨, á«¥¤®¢ â¥«ì®, à®«ì
¯®¤á¨áâ¥¬ë He ¢ ª¨¥â¨ª¥ ¤¨ ¬¨ç¥áª®© á¨áâ¥¬ë

¯à¥¥¡à¥¦¨¬® ¬ « .

�¥®à¨ï ¥à¥§® á®£® ¯®£«®é¥¨ï á¯¨-á¨áâ¥¬,
®á®¢  ï   ¬¥â®¤¥ ���, ¡ë«  à §¢¨â  à ¥¥ [10]
¤«ï ä¨§¨ç¥áª¨å á¨áâ¥¬, ®á®¢®© £ ¬¨«ìâ®¨  ª®â®-
àëå (HS) ï¢«ï¥âáï ®¤®ç áâ¨çë¬. �¤ ª®  ©¤¥-
ë© â ¬ á¯®á®¡ ¯®áâà®¥¨ï ��� ¤«ï ¥à¥§® áëå

¯à®æ¥áá®¢ ¯¥à¥®á¨âáï ¨   à áá¬ âà¨¢ ¥¬ãî §¤¥áì

áãé¥áâ¢¥® ¬®£ç áâ¨çãî á¨áâ¥¬ã. �á«¨ ®¯¥à â®à
¢ §¨¬®¤¥©áâ¢¨ï á ¢¥è¨¬ ¯¥à¥¬¥ë¬ ¯®«¥¬ Ht

ª®¬¬ãâ¨àã¥â á ®á®¢ë¬ £ ¬¨«ìâ®¨ ®¬ HS , â®

¤«ï ¯®£«®é¥¨ï í¥à£¨¨ ¯¥à¥¬¥®£® ¯®«ï âà¥¡ã¥â-
áï á®¢¬¥áâ®¥ ¤¥©áâ¢¨¥ ¯¥à¥¬¥®£® ¯®«ï ¨ á¯¨-
à¥è¥â®ç®£® ¢§ ¨¬®¤¥©áâ¢¨ï. �«ï ¯®áâà®¥¨ï ª¨¥-
â¨ç¥áª¨å ãà ¢¥¨© á â®ç®áâìî ¤® ¡®«¥¥ ¢ëá®ª¨å

áâ¥¯¥¥© ¯® H ′ ¥®¡å®¤¨¬® ¢ ¨§¢¥áâ®¬ ¢ëà ¦¥¨¨

¤«ï ��� [7]

ρ(t) = ε

0∫
−∞

eεt1V +(t+ t1, t)ρq(t+ t1)V (t+ t1, t)dt1
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¯à®¢¥áâ¨ à §«®¦¥¨¥ ®¯¥à â®à  í¢®«îæ¨¨

V (t+ t1, t) = e−i/~(H0+HSL)t1T exp

{
1

i~

t+t1∫
t

Ht′(t
′)dt′

}

¤® ¡®«¥¥ ¢ëá®ª¨å áâ¥¯¥¥© ®¯à¥à â®à Ht. � ®¡ëç®©
ª¨¥â¨ç¥áª®© â¥®à¨¨ ®¯¥à â®à í¢®«îæ¨¨ à §« £ ¥âáï

¢ àï¤ ¤® «¨¥©ëå ¯® ¢®§¬ãé¥¨î á« £ ¥¬ëå. �«ï
®¯¨á ¨ï ¥à¥§® á®£® ¯®£«®é¥¨ï ¯®âà¥¡®¢ «®áì

ãç¥áâì ¯¥à¥ªà¥áâë¥ ç«¥ë HSLHt [10]. � ¤ ®©

à ¡®â¥ ¢¯¥à¢ë¥ ãç¨âë¢ îâáï á« £ ¥¬ë¥ â¨¯ HSLH
2
t .

�®«ãç¥ë© â ª¨¬ ®¡à §®¬ ®¯¥à â®à ρ(t) ¨á¯®«ì§ã-
¥âáï ¤«ï ãáà¥¤¥¨ï ãà ¢¥¨© ¤¢¨¦¥¨ï �¥©§¥¡¥à-
£  ¤«ï £ ¬¨«ìâ®¨ ®¢ ¯®¤á¨áâ¥¬ Hν . �áà¥¤¥ë¥

ãà ¢¥¨ï á ¯®¬®éìî á®®â®è¥¨©

d〈Hν〉

dt
= −cν

dβν

dt
, cν = −

d〈Hν〉T
dβL

áâ ¤ àâë¬ ¯ãâ¥¬ ¯à¨¢®¤ïâáï ª § ¬ªãâ®© ä®à¬¥

dβµ

dt
=−

∑
ν

(
βν(t)−β0

) (
τ−1
µν + π(1)

µν

)
+βL

(
π

(1)
µ0 + π

(2)
µ0

)
,

(5)
τ−1
µν = c−1

µ Tµν , π(k)
µν = c−1

µ Π(k)
µν ,

Tµν =

0∫
−∞

eεt1
〈
{PµPν(t1)}

〉
T,L

dt1, (6)

Π
(1)
µ0 = hak cosωt

0∫
−∞

eεt1
〈
{PµPJ(t1)}

〉
T,L

cosωt1dt1,

(7)

Π(1)
µν = hak cosωt

i

~ω

0∫
−∞

eεt1

×
〈
{Pµ[HJPν(t1)]}

〉
T,L

sinωt1dt1, (8)

Π(2)
µν = h2

ak

i

2~ω

0∫
−∞

eεt1

×
〈
{Pµ[HJPν(t1)]}

〉
T,L

sinωt1dt1, (9)

Pµ = (ih)−1[HµHSL],

ρT = exp{−βLHS}/Sp exp{−βLHS},

〈. . . 〉T,L = SpSρT . . .SpLρL, (10)

£¤¥ ρL, ρT — à ¢®¢¥áë¥ áâ â¨áâ¨ç¥áª¨¥ ®¯¥à â®àë

¤¨áá¨¯ â¨¢®© ¯®¤á¨áâ¥¬ë ¨ á¯¨-á¨áâ¥¬ë á®®â¢¥â-
áâ¢¥®. � ¬¥â¨¬, çâ® ¢ëá®ª®â¥¬¯¥à âãà®¥ ¯à¨¡«¨-
¦¥¨¥ ¯® ¢§ ¨¬®¤¥©áâ¢¨î HS ¨£¤¥ ¥ ¨á¯®«ì§®¢ -
«®áì, ¯®íâ®¬ã á¯¨®¢ë¥ ª®àà¥«ïæ¨®ë¥ äãªæ¨¨,
ª®â®àë¥ ¢å®¤ïâ ¢ ª¨¥â¨ç¥áª¨¥ ¯ à ¬¥âàë [6–9],

ï¢«ïîâáï å®à®è® ¨§¢¥áâë¬¨ à ¢®¢¥áë¬¨ ª®àà¥-
«ïæ¨®ë¬¨ äãªæ¨ï¬¨ ¬®¤¥«¨ �§¨£  [11].

� ¢ëà ¦¥¨¨ ¤«ï Π
(2)
µ0 ®â¡à®è¥ë ®áæ¨««¨àãîé¨¥

ç«¥ë, â ª ª ª ®¨ ¥ ¢®áïâ ¢ª« ¤  ¢ ª®¥ç®¥

¢ëà ¦¥¨¥ ¤«ï ¯®£«®é¥¨ï, ¯®«ãç¥®¥ ãáà¥¤¥¨¥¬
¨§¬¥¥¨ï í¥à£¨¨ ¯® ¯¥à¨®¤ã ¯¥à¥¬¥®£® ¯®«ï.
�á«¨ ®£à ¨ç¨âìáï â®«ìª® «¨¥©ë¬¨ ¯® ¯¥à¥¬¥-
®¬ã ¯®«î ç«¥ ¬¨, â® á¨áâ¥¬  ¤¢ãå ª¨¥â¨ç¥áª¨å

ãà ¢¥¨© (5) ¯à¨¨¬ ¥â ¯à®áâ®© ¢¨¤

dβν(t)

dt
= −

∑
ν

{
βν(t)− βL

(
1 + hak

τµν

τµJ
cosωt

)}
τ−1
µν .

(11)
� ãà ¢¥¨¨ (11) ª¨¥â¨ç¥áª¨¥ ¯ à ¬¥âàë (7) ¯à¥¤-

áâ ¢«¥ë ¢ ¢¨¤¥ π
(1)
µ0 = hakτ

−1
µJ cosωt. � ª ï ä®à¬ 

§ ¯¨á¨ ¢®§¬®¦  ¯à¨ ãá«®¢¨¨ ω � ωµ, ª®â®à®¥ ¢ë-
¯®«ï¥âáï ¢á¥£¤  ¢ íªá¯¥à¨¬¥â å ¯® ¥à¥§® á®¬ã

¯®£«®é¥¨î.

3. �¨¥© ï ¬®¤¥«ì �§¨£ 

� áá¬®âà¨¬ ¡®«¥¥ ¯®¤à®¡® ¥à¥§® á®¥ ¯®£«®-
é¥¨¥ ¢ ®¤®¬¥à®¬ ¨§¨£®¢áª®¬ ¬ £¥â¨ª¥ á® á¯¨-
®¬ S = 1/2 ¨ ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¡«¨¦ ©è¨å á®á¥¤¥©.
� ¬¨«ìâ®¨  ¨§¨£®¢áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï HJ ¯à¨-
¨¬ ¥â ¢¨¤

HJ = −~ωJ
∑
j

SjZS
j+1
Z , JZ

(
r0
j − r0

j+1

)
= ~ωJ , (12)

ª®â®à®¬ã á®®â¢¥âáâ¢ãîâ á®¡áâ¢¥ë¥ ç áâ®âë

ωµ = ω0 + µωJ (µ = 0,±1). �á¯®«ì§ãï ®¯¥à â®à

á¯¨-à¥è¥â®ç®£® ¢§ ¨¬®¤¥©áâ¢¨ï HSL ¢ ä®à¬¥ (3),
¯®«ãç¨¬ á«¥¤ãîé¨¥ ¢ëà ¦¥¨ï ¤«ï à¥« ªá æ¨®ëå

¯ à ¬¥âà®¢ (6):

TZZ =
1

2
ω2

0~2
∑
µ

Kµ(ωµ),

TJJ =
1

2
ω2
J~2

∑
µ

µ2Kµ(ωµ),

TJZ = TZJ =
1

2
ω0ωJ~2

∑
µ

µKµ(ωµ), (13)

£¤¥

Kµ(ωµ) =
∑
j,K,α

∞∫
−∞

Φj,K,α(ω)G(ωµ − ω)dω. (14)

�¥«¨ç¨  G(ωµ − ω) =
∞∫
−∞

gµ(t)e−i(ω−ωµ)tdt ï¢«ï-

¥âáï äãªæ¨¥© ä®à¬ë à¥§® á®© «¨¨¨   ç áâ®â¥

ωµ. � ¢¨á¨¬®áâì ®â ¢à¥¬¥¨ ª®àà¥«ïæ¨®®© äãª-
æ¨¨

gµ(t) =
〈
eiHet/~S+

j (ωµ)e−iHet/~S−1
j (−ωµ)

〉
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®¯à¥¤¥«ï¥âáï ¤¢¨¦¥¨¥¬ ®¯¥à â®à  S+
j (ωµ) ¯®¤ ¢«¨-

ï¨¥¬ £ ¬¨«ìâ®¨   He. � á¨«ã ¯à¥¤¯®« £ ¥¬®©

âà á«ïæ¨®®© ¨¢ à¨ â®áâ¨ «¨¥©®© ¬®¤¥«¨

äãªæ¨ï gµ(t) ¥ § ¢¨á¨â ®â ®¬¥à  á¯¨  j. �¤¥áì

Sjλ(ωµ) ≡ SjλRj(ωµ) ¥áâì �ãàì¥-ª®¬¯®¥â  ®¯¥à â®à 

Sjλ   ç áâ®â¥ ωµ,

eitH0/~Sjλe
itH0/~ =

∑
µ

Sjλ(ωµ)e−iωµt,

£¤¥ Rj(ωµ) — ¯à®¥ªâ¨¢ë¥ ®¯¥à â®àë, ®¯à¥¤¥«¥ë¥
¢ [11].

�ãæ¨ï ΦKα(ω) = 1
2π

∞∫
−∞

〈{
L−KαL

+
Kα(t)

}〉
eiωt dt

ï¢«ï¥âáï �ãàì¥-âà áä®à¬ â®© ¢à¥¬¥®́© ª®àà¥«ï-
æ¨®®© äãªæ¨¨ ¯¥à¥¬¥ëå â¥à¬®áâ â L±Kα. �¥à¥-
å®¤ï ¢ (14) ®â áã¬¬¨à®¢ ¨ï ¯® K ª ¨â¥£à¨à®¢ ¨î

¯® ç áâ®â¥ (¨ ¢ë®áï ¬¥¤«¥® ¬¥ïîéãîáï ¯® áà ¢-
¥¨î á G(ω − ωµ) äãªæ¨î §  § ª ¨â¥£à «   

ç áâ®â¥ ωµ), ¯®«ãç¨¬

Kµ(ωµ) =
ω2
µ

ω2
J

gµ(0)
(
1 + 2n0(ωµ)

)
τ−1,

τ−1 =
ω2
J

ω2
µ

∑
α

A2
Kαρα(ωµ), (15)

£¤¥ ρα(ωµ) — á¯¥ªâà «ì ï ¯«®â®áâì à¥è¥â®çëå

®áæ¨««ïâ®à®¢. �¥¬¯¥à âãà ï § ¢¨á¨¬®áâì

¢à¥¬¥ à¥« ªá æ¨¨ ®¯à¥¤¥«ï¥âáï ¬®¦¨â¥«¥¬(
1 + 2n0(ωµ)

)
= cth(βL~ωµ/2), £¤¥ n0(ωµ) — áà¥¤¥¥

ç¨á«® ä®®®¢ á í¥à£¨¥© ~ωµ,   â ª¦¥ äãªæ¨ï¬¨
gµ(0), ¯®áª®«ìªã ®¨ ¢ëà ¦ îâáï ç¥à¥§ § ¢¨áïé¨¥

®â â¥¬¯¥à âãàë á¯¨®¢ë¥ ª®àà¥«ïæ¨®ë¥ äãªæ¨¨

«¨¥©®© ¬®¤¥«¨

g±(0) =
1

8
(1± 2σ + ε2), g0(0) =

1

4
(1− ε2).

�¤¥áì

σ = 2
〈
SjZ

〉
T
, εm = 4

〈
S0
ZS

m
Z

〉
T
,

εm = σ2 + (1− σ2)fm,

σ = sh(βL~ω0)
{

sh2(βL~ω0) + exp(−2βL~ωJ)
}−1/2

,

f =
{
σ − th(βL~ω0)

}{
σ + th(βL~ω0)

}−1

. (16)

�¥¯«®¥¬ª®áâ¨ §¥¥¬ ®¢áª®© ¨ ¨§¨£®¢áª®© ¯®¤á¨áâ¥¬

cZ , cJ â ª¦¥ § ¢¨áïâ ®â â¥¬¯¥à âãàë

cZ =
N

2
(~ω0)

dσ

dβL
, cJ =

N

4
(~ωJ)

dε1

dβL
.

�á¯®«ì§ãï ª®ªà¥âë© ¢¨¤ ¯ à ¬¥âà®¢ (13), ãáâ ®-

¢¨¬ á¢ï§ì ¤¨ ¬¨ç¥áª¨å
(
π

(1)
µν , π

(2)
µ0

)
¨ à¥« ªá æ¨®-

ëå
(
τ−1
µν

)
ç«¥®¢ ¢ ª¨¥â¨ç¥áª¨å ãà ¢¥¨ïå (5).

�®áª®«ìªã ®¡¬¥ë© ¨â¥£à « J = ~ωJ ¢ ¡®«ìè¨-
áâ¢¥ ¬ £¥â¨ª®¢ áãé¥áâ¢¥® ¯à¥¢ëè ¥â §¥¥¬ ®¢-
áªãî í¥à£¨î ~ω0, á®®â¢¥âáâ¢ãîéãî ¯à¨¬¥ï¥¬ë¬

¢ ®¯ëâ å ¯®áâ®ïë¬ ¬ £¨âë¬ ¯®«ï¬, ¯à¨ á®®â®-
è¥¨¨ ç áâ®â ωJ � ω0 ¯®«ãç ¥¬

π(1)
µν = 2hak cosωtτ−1

µν , π
(2)
µ0 = h2

akτ
−1
µJ .

4. � áâ®â ï ¨ â¥¬¯¥à âãà ï

§ ¢¨á¨¬®áâì ¥à¥§® á®£®

 ªãáâ¨ç¥áª®£® ¯®£«®é¥¨ï

�®¥ç ï æ¥«ì  è¥© à ¡®âë — à ááç¨â âì í¥à-
£¨î ¢¥è¥£®  ªãáâ¨ç¥áª®£® ¯®«ï, ¯®£«®é ¥¬ãî

¨§¨£®¢áª¨¬ ¬ £¥â¨ª®¬ ¢ ¥à¥§® áëå ãá«®¢¨ïå.
�®áª®«ìªã ¨§ ç «ì® ¢¢¥¤¥ë ¤¢¥ ¯®¤á¨áâ¥¬ë, ¢ ¢ë-
à ¦¥¨¨ ¤«ï ¯®£«®é¥¨ï â ª¦¥ ¤®«¦ë ¯à¨áãâáâ¢®-
¢ âì ¤¢¥ ç áâ¨, á®®â¢¥âáâ¢ãîé¨¥ ¨§¬¥¥¨î í¥à£¨©

íâ¨å ¯®¤á¨áâ¥¬. �®£«®é ¥¬ ï ¬®é®áâì ®¯à¥¤¥«ï¥â-
áï [8,12] ª ª ãáà¥¤¥ ï ¯® ¢à¥¬¥¨ (ç¥àâ  á¢¥àåã)
áã¬¬  ¨§¬¥¥¨© í¥à£¨© ¯®¤á¨áâ¥¬, ¯à¨ç¥¬ íâ¨ ¨§-
¬¥¥¨ï ¤®«¦ë ¡ëâì á¢ï§ ë â®«ìª® á í¢®«îæ¨¥©

á¯¨-á¨áâ¥¬ë ¢ ¯¥à¥¬¥®¬ ¯®«¥

P (ω) =
d〈HZ +HJ〉

dt

∣∣∣
HSL=0

= ωχ′′u2
0,

£¤¥ χ′′ — ¬¨¬ ï ç áâì  ªãáâ¨ç¥áª®© ¢®á¯à¨¨¬ç¨¢®-
áâ¨ ¨§¨£®¢áª®© á¨áâ¥¬ë. �®¤áâ ¢¨¢ áî¤  § ç¥¨ï
d〈Hν〉/dt, ¢§ïâë¥ ¨§ ª¨¥â¨ç¥áª¨å ãà ¢¥¨© (5) ¯à¨
ãá«®¢¨¨ τµν →∞, ¯®«ãç¨¬

P (ω) =
∑
µ

cµ

{∑
ν

(
βν(t)− β0

)
π

(1)
µν − β0π

(2)
µ0

}
. (17)

�å®¤ïé¨¥ ¢ (17) ®¡à âë¥ â¥¬¯¥à âãàë βν  å®¤ïâ-
áï ª ª à¥è¥¨ï ª¨¥â¨ç¥áª¨å ãà ¢¥¨© ¯à¨ ãá«®-
¢¨ïå ¤ ®£® íªá¯¥à¨¬¥â . � á«ãç ¥ áâ æ¨® à®£®

á« ¡®£® ¢®§¤¥©áâ¢¨ï ¯¥à¥¬¥®£® ¯®«ï íâ® à¥è¥¨¥

¡ã¤¥¬ ¨áª âì ¢ ä®à¬¥(
βν(t)− β0

)
= hak (a′ν cosωt+ a′′ν sinωt) ,

£¤¥ a′ν , a′′ν — ¯®áâ®ïë¥, ª®â®àë¥ á«¥¤ã¥â ®¯à¥¤¥«ïâì
¨§ à¥è¥¨ï á¨áâ¥¬ë (11).
�®£¤  ¢®á¯à¨¨¬ç¨¢®áâì χ′′ ®ª §ë¢ ¥âáï à ¢®©

χ′′ = β0

(
Q

J

)2

ω
{
cZ(ω2 − τ2

0 )τ−1
ZJ

+ cJ(τ−1
SS τ

−2
0 + ω2τ−1

JJ )
}

∆−1, (18)

£¤¥ ¢¢¥¤¥ë ®¡®§ ç¥¨ï

∆ = ω4 + ω2
(
1/τ2

l − 2/τ2
)

+ 1/τ4,

τ−1
l = τ−1

ZZ + τ−1
JJ , τ−2

0 = τ−1
JJ τ

−1
ZZ − τ

−1
JZ τ

−1
ZJ .
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�¨á. 1. � áâ®â ï § ¢¨á¨¬®áâì ¬¨¬®© ç áâ¨ χ′′(ω)  ªãáâ¨ç¥áª®© ¢®á¯à¨¨¬ç¨¢®áâ¨ ¯à¨ â¥¬¯¥à âãà¥ T ∗ = 1 ¨ § ç¥¨ïå
¯ à ¬¥âà  p = 0.8 (1 ) ¨ 0.4 (2 ). τ−1

1 ¨ τ−1
2 : 1 — 0.021τ−1 ¨ 5.03τ−1, 2 — 0.104τ−1 ¨ 7.54τ−1.

�¨á. 2. � áâ®â ï § ¢¨á¨¬®áâì ¬¨¬®© ç áâ¨ χ′′(ω)  ªãáâ¨ç¥áª®© ¢®á¯à¨¨¬ç¨¢®áâ¨ ¯à¨ p = 0.5 ¨ § ç¥¨ïå â¥¬¯¥à âãàë
T ∗ = 1 (1 ), 2 (2 ) ¨ 3 (3 ). τ−1

1 ¨ τ−1
2 : 1 — 0.039τ−1 ¨ 6.69τ−1, 2 — 0.17τ−1 ¨ 3.57τ−1, 3 — 0.22τ−1 ¨ 3.04τ−1.

�§¢¥áâ®, çâ® ¢ ä¨§¨ç¥áª¨å á¨áâ¥¬ å, âà ¤¨æ¨®-
® ®¯¨áë¢ ¥¬ëå ®¤®ç áâ¨çë¬ £ ¬¨«ìâ®¨ ®¬ ª ª

¥¤¨ ï §¥¥¬ ®¢áª ï á¨áâ¥¬ , ç áâ®â ï § ¢¨á¨¬®áâì
¥à¥§® á®£® ¯®£«®é¥¨ï ®¯à¥¤¥«ï¥âáï ªà¨¢ë¬¨

�¥¡ ï χ′′D = ωτD/(1 + ω2τ2
D), £¤¥ τD — ®á®¢ ï

à¥« ªá æ¨® ï å à ªâ¥à¨áâ¨ª  ¨§ãç ¥¬®© á¨áâ¥¬ë.
�®á¯à¨¨¬ç¨¢®áâì (18)   ¢®§¤¥©áâ¢¨¥ ¥à¥§® á®£®
¯¥à¥¬¥®£®  ªãáâ¨ç¥áª®£® ¯®«ï ¢ à áá¬ âà¨¢¥¬®©

¬®£®ç áâ¨ç®© á¨áâ¥¬¥ ®â«¨ç ¥âáï ®â ¤¥¡ ¥¢áª®©

äãªæ¨¨  «¨ç¨¥¬ ¢ § ¬¥ â¥«¥ ¯®«¨®¬  ç¥â¢¥à-
â®£® ¯®àï¤ª  ¯® ç áâ®â¥ ¨ ¯®«¨®¬  ¢â®à®£® ¯®-

àï¤ª  ¢ ç¨á«¨â¥«¥. �à¨ íâ®¬  á¨¬¯â®â¨ª  ¯®£«®-
é¥¨ï   ¢ëá®ª¨å ç áâ®â å á®¢¯ ¤ ¥â á ¤¥¡ ¥¢áª®©

χ′′(ω) ≈ 1/ω.
�  à¨á. 1, 2 ¯à¥¤áâ ¢«¥  ç áâ®â ï § ¢¨á¨¬®áâì

χ′′(ω) (18) ¯à¨ à §«¨çëå § ç¥¨ïå ¯à ¬¥âà 

p = ω0/ωJ ¨ â¥¬¯¥à âãàë T ∗ (T ∗ = 2kT/~ωJ) ¢

®â®á¨â¥«ìëå ¥¤¨¨æ å. �à¨¢ë¥ χ′′(ω) à §¤¥«ïîâáï
  ¤¢¥ £àã¯¯ë. �ãªæ¨¨ ¯¥à¢®£® â¨¯  (ªà¨¢ ï 3  

à¨á. 2) ¨¬¥îâ â®«ìª® ®¤¨ ¬ ªá¨¬ã¬ ¨ ¢ íâ®¬ á¬ëá«¥
ª ç¥áâ¢¥® á®®â¢¥âáâ¢ãîâ ä®à¬¥ ¤¥¡ ¥¢áª®© ªà¨¢®©

¯®£«®é¥¨ï. �à¨¢ë¥ ¢â®à®£® â¨¯  (ªà¨¢ë¥ 1 ¨ 2  
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�¨á. 3. �¥¬¯¥à âãà ï § ¢¨á¨¬®áâì ¢à¥¬¥ à¥« ªá æ¨¨ τ/τ1 (1 ) ¨ τ/τ2 (2 ) ¯à¨ p = 0.1.

à¨á. 1, 2) ®â«¨ç îâ ¤¢¥ íªáâà¥¬ «ìë¥ â®çª¨. �â®¡ë
®â¢¥â¨âì   ¢®¯à®á ® ¯à¨ç¨¥ ¯®ï¢«¥¨ï ¢â®à®£®

¯¨ª  ¯®£«®é¥¨ï, ¯à®  «¨§¨àã¥¬, ª ª ¯à®¨áå®¤¨â

¯à®æ¥áá ãáâ ®¢«¥¨ï à ¢®¢¥á¨ï ¢ ¤¨ ¬¨ç¥áª®©

á¨áâ¥¬¥, à §¤¥«¥®©   ¤¢¥ ¯®¤á¨áâ¥¬ë ¨ å à ªâ¥-
à¨§ã¥¬®© ¢à¥¬¥ ¬¨ τ−1

ZZ , τ−1
ZJ , τ−1

JZ , τ−1
JJ .

� ª ¬®¦® ¢¨¤¥âì ¨§ à¥è¥¨ï á¨áâ¥¬ë (11) ¡¥§ ¯¥-
à¥¬¥®£® ¯®«ï, ª¨¥â¨ª  á¯¨-á¨áâ¥¬ë ®¯¨áë¢ ¥âáï

¤¢ã¬ï íªá¯®¥â ¬¨ á ¢à¥¬¥ ¬¨ à¥« ªá æ¨¨

τ−1
1,2 =

1

2

(
τ−1
l ±

√
τ−2
l − 4τ−2

0

)
. (19)

�å â¥¬¯¥à âãà ï § ¢¨á¨¬®áâì ¤ ¥âáï ä®à¬ã« ¬¨

(13), (15), (16),   à¥§ã«ìâ âë ç¨á«¥®£® à áç¥â 

¯à®¨««îáâà¨à®¢ ë   à¨á. 3. �®¯®áâ ¢«ïï ç¨-
á«¥ë¥ § ç¥¨ï ¢¥«¨ç¨ (19) ¨ § ç¥¨ï ç áâ®â

¢ íªáâà¥¬ «ìëå â®çª å (ω
(1,2)
max ), ¬®¦® ¢¨¤¥âì, çâ®

¯®«®¦¥¨ï ¤¢ãå ¯¨ª®¢ ¯®£«®é¥¨ï ®¯à¥¤¥«ïîâáï

ãá«®¢¨ï¬¨ ω
(1)
maxτ1 ≈ 1, ω

(2)
maxτ2 ≈ 1. � ª á«¥¤ã¥â ¨§

  «¨§  â¥¬¯¥à âãà®© § ¢¨á¨¬®áâ¨ ¢à¥¬¥ à¥« ªá -
æ¨¨ (à¨á. 3), ¨å § ç¥¨ï á¡«¨¦ îâáï ¯à¨ ¯®¢ëè¥¨¨
â¥¬¯¥à âãàë. �à¨ íâ®¬ ¬ ªá¨¬ «ì®¥ ¯®£«®é¥¨¥

¯à¨ ¢â®à®¬ § ç¥¨¨ ç áâ®âë ω
(2)
max ã¬¥ìè ¥âáï,

¨ ¯à¨ ®¯à¥¤¥«¥®© â¥¬¯¥à âãà¥ ¢ íâ®¬ ¨â¥à¢ «¥

ç áâ®â ¯à®¨áå®¤¨â ¬®®â®®¥ § âãå ¨¥ äãªæ¨¨

χ′′(ω). �¤¨áâ¢¥ë© ¯¨ª ¯®£«®é¥¨ï ¨¬¥¥â ¬¥áâ®

¢¡«¨§¨ ç áâ®âë ω
(1)
max ≈ τ

−1
1 .

� ª¨¬ ®¡à §®¬, ¢  áâ®ïé¥© à ¡®â¥ ¬ë ¯®ª § «¨,
çâ® ¢ ¨§¨£®¢áª®¬ ¬ £¥â¨ª¥ á«¥¤ã¥â ®¦¨¤ âì  «¨-
ç¨¥, ª ª ¬¨¨¬ã¬, ¤¢ãå ¯¨ª®¢ ¯®£«®é¥¨ï ¢ ç áâ®â-
®© § ¢¨á¨¬®áâ¨ ¥à¥§® á®©  ªãáâ¨ç¥áª®© ¢®á¯à¨-

¨¬ç¨¢®áâ¨. �à¨¢ë¥ χ′′(ω) ®¡« ¤ îâ á«®¦®© â¥¬-
¯¥à âãà®© § ¢¨á¨¬®áâìî, ¨¬¥îé¥© ¤¢  ¨áâ®ç¨ª :
â¥¬¯¥à âãà®¥ ¯®¢¥¤¥¨¥ áà¥¤¨å ®â ª®«¥¡ â¥«ìëå

¨ ®â á¯¨®¢ëå ¯¥à¥¬¥ëå. � ¯«®áª®© ¬®¤¥«¨ �§¨£ 
¢¡«¨§¨ â®çª¨ ä §®¢®£® ¯¥à¥å®¤  á¯¨®¢ë¥ ª®àà¥«ï-
æ¨®ë¥ äãªæ¨¨ ¯à®ï¢«îâ ªà¨â¨ç¥áª®¥ ¯®¢¥¤¥¨¥,
¨ á«¥¤ã¥â ®¦¨¤ âì ¡®«¥¥ á«®¦ãî â¥¬¯¥à âãàãî

§ ¢¨á¨¬®áâì ¯®£«®é¥¨ï.
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