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Stationary Mach configurations with an endothermic normal shock wave
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Conditions of existence of triple-shock configurations with normal main (Mach) shock (so-called stationary
Mach configurations) in the presence of pulsed energy absorption on that strong main shock are determined

analytically and numerically.

As formation of stationary Mach configuration corresponds to well-known von

Neumann criterion, which describes Mach/regular oblique shock reflection transition, shift of that criterion due
to possible flow endothermicity at the main shock is estimated.
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Triple configurations formed during the Mach reflection
of oblique shocks (for example, shock j; in Figure 1,a,b)
separate the gas flow downstream of the triple point T
into two regions (above and below the tangential discon-
tinuity 7). As shown in [1,2], many gas-dynamic prop-
erties (for example, velocity, Mach number, temperature,
density, acoustic impedance, stagnation pressure, dynamic
pressure, momentum flux) in these regions downstream of
the reflected (j,) and main or Mach (j3) shocks differ
considerably, sometimes multifold, in particular, at high
Mach numbers M of flow upstream of the triple point.
Considerable differences in the flow properties on the tan-
gential discontinuity sides shall be considered, for example,
for macrobody throwing by cocurrent flow behind a shock
wave [3], gas-dynamic design of supersonic air inlets [4,5],
detonation engine [6,7] and compound engine design using
detonation effects [8,9]. In the last two cases increase in
the combustible mixture temperature on the main shock
(much more considerable than on the incident and reflected

shocks) facilitates excitation of exothermic reactions behind
its surface, forming the stationary detonation wave structure.

According to [10], positive energy release on j3; notice-
ably increases the shock dimensions (i.e. height of the Mach
reflection triple point above the plane or symmetry axis)
compared with the case of reflection of j; with the same
intensity in the flow with the same properties, but without
energy release on the Mach shock. In addition, possibility
of energy release moves the known von Neumann criterion
of reflection change (regular or Mach) towards weaker
incident shocks. This results in the Mach reflection of
such shocks, which are reflected only regularly in non-
reacting gas. In [11], a generalized von Neumann criterion
was obtained — conditions that define the properties of
the incident shock j;, which forms the stationary Mach
configuration (SMC) and corresponds to the change of the
type of reflection of this shock, if pulse energy release and
change of the gas mixture composition take place on the
main shock of possible Mach reflection. It is noted that
positive energy release has a more significant influence on
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Figure 1. Flow diagram in the neighborhood of the triple point during formation of the typical triple Mach reflection configuration (a)
and formation of the stationary Mach configuration in the transient case (b).

50



Stationary Mach configurations with an endothermic normal shock wave 51

30

25

20

Ji. 5

10

Figure 2. Shock intensities corresponding to the normal shock in perfect non-reacting gas (/), normal shock with absorption of 5% (2a),
10% (2b), 20% (2c), 40% (2d), 80% (2e¢) and 100% (2f) of the total flow enthalpy, oblique incident shocks that form SMC with the
above-listed energy absorptions on the main shock (3a—3f), maximum flow deflection criterion (4) and von Neumann criterion for perfect

non-reacting gas (35).

the shift of the generalized von Neumann criterion with
respect to the classical one (for perfect non-reacting gas)
than the concomitant variation of the chemical composition
(change of specific heat ratio).

If the triple configuration with a strong Mach shock is
formed in non-reacting gas, then negative energy release
(energy absorption) is possible on the Mach shock due
to the energy consumption for excitation of vibrational
degrees of freedom, molecule dissociation and other high-
temperature effects (especially in high-speed flows). There-
fore, it is necessary to define the SMC existence conditions
corresponding to the generalized von Neumann criterion
in the case when there is pulsed energy absorption on the
main shock, and to evaluate the shift of these conditions
compared with the classical case.

Compatibility conditions on the oblique (Figure 1,a) or
normal (Figure 1,b) shock j; with positive or negative
energy release and change of gas composition lead to the

following relation between the shock intensity J3 = p3/p
and flow deflection angle 83 on the surface [12]:
Jz—1)VF -1
B3 = arctg [—( : 3 ) }
yYM™—(J3-1)
M [(y —p3) + (» = D((U3 = 1) — (13 — 1)

F =

(v = D3 = D[(rs + (I3 = 1) + 23]
(1)
Here, p = ¢/(p/p) is the dimensionless energy release on
J3; @ is the specific energy release (positive ot negative);
p, p and y are static pressure, density and specific heat
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ratio of gas before the shock, p; and y3 are static pressure
and specific heat ratio after the shock; M is the Mach
number of the incoming flow. Normal shock intensity J3
in the stationary Mach configuration is calculated from (1)
at B3 =0

y+l VPMH2 29 M (12 1) +(3 ) [y —1)]

J - T 5
Ty yst 1
VPR — 12 = 2p(p2 — )M
J3 = > + 1

(2)
at y3 # p and equal specific heat ratios behind and before
the shock, respectively. Here, J,, = (1 +&)M? — ¢ is the
normal shock intensity in the non-reacting perfect gas flow
with the same Mach number (curve 7 in Figure 2), and
e=@-1/+1)

Energy release or absorption is interconnected with
various physical and chemical transformations that change
the specific heat ratio of the gas mixture. However, since the
main objective of the study is to qualitatively evaluate the
link between energy absorption on the main shock and the
shift of the von Neumann criterion (corresponding to SMC
formation), and the effect of change of the specific heat ratio
on this shift is secondary [11,13], the second of relations (2)
is further used for the Mach shock intensity. All calculations
correspond to y = y3 = 1.4 and can be generalized to flows
with other values of p.

Curves 2a—2f in Figure 2 show J3(M) with energy ab-
sorption @, constituting a part K = @/Pum of a theoretically
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limiting, but hardly practicable value

_ Y y—1
’(thIZy_l(l—i- 5 M2>,

corresponding to the total absorption of flow stagnation
enthalpy. Obviously, occurrence and growth of energy
absorption steadily increase the main shock intensity from
Jn(M) to J3 = yM2 + 1 crresponding to @ = @im (curve
2f). At high Mach numbers (M — oc) within the
mathematical perfect gas model, intensity of js3 is described
by the asymptotic dependence

J3 1+e¢
— =
M? 2

<1+ 1+(y2—1)K)

(in particular, J3/ M2 = ypatp= Plim )-

Intensity J; of the incident shock that forms SMC is
defined as the root of equation of the generalized von
Neumann criterion [11], where J3 is found from (2):

5
> HJ} =0, (3)
n=0

H5 =1- g,

Hy=—[2(1+&— " )M* + (1 —&)(2 - 2e — &J3)],
Hi=(14¢)(1 +2e)M* + [2— 66>+ & —2J3(2 - e)}M2

+ (1 —e)(1 —4de+&*+(1—¢))3),
Hy = —¢&(1 +¢)(J3 — 2e)M* + e[e]? — (2 — 3e + 2¢%)J3
+2(1—&)(1+26)[M*+2(1—¢)[e — e — J3(1 — & + &%)],
Hi=—(1+¢)[e2+(14+&*)J3]M* +&[2J5+ (1 —2e+2¢2)J3
—14+2B]M* + (1 — &) [e? + J3(1 — &)?],
Ho = —J3[e(1+e)M* + (1 — 262 — J3)M? — ¢(1 — ¢)].

Roots of equation (3) are shown by curves 3a—3f
in Figure 2. Equation (3) has no physically realizable
solutions at low Mach numbers (at M < M,,, where the
values of M,, depend on the degree of energy absorption K
and correspond to the left-most points a; on curves 3a—3f
and to points a! on curves 2a—2f). Therefore, left parts of
curves 2a—2f (up to points a}) in Figure 2 are shown as
dashed lines: static pressures behind the main shocks with
such intensity at small Mach numbers are unattainable at
small Mach numbers in the incident and reflected shock sys-
tem. M,, at degrees of energy absorption K corresponding
to curves 3a—3f have the following values: M,, = 1.809
at K=0.05, M,, =1921 at K=0.1, M, =2.066
at K=0.2, M,, =2.254 at K=0.4, M,, =2.504 at
K=038, M, =2600 at K— 1. When the energy
absorption decreases and disappears (@ — 0), M,, tends
to the limit M, = /(2 —¢€)/((1 —¢) = 1.483, i.e. to the
smallest Mach number, at which there are solutions for SMC
in non-reacting gas.

At M > M,,, there are two solutions to equation (3),
which have a physical significance. ~They are shown,
respectively, by upper and lower curve branches 3a—3f
in Figure 2. Lower parts of curves 3a—3f describe SMC
with strong (corresponding to the upper branches of shock
polars) reflected shocks, the flow behind which is subsonic.
As proved in [14], regular reflection and, according to [15],
also Mach reflection with a strong reflected shock is non-
resistant to small perturbations (regular reflection of j; with
»weak” reflected shock is actually realized).

Left parts of the upper curve branches 3a—3f (between
points a; and b;) also describe unstable SMC with strong
reflected shocks. At points b; curves 3a—3f are tangent
to line 4 corresponding to other known shock reflection
change criterion (maximum flow deflection angle criterion
or ,,detachment criterion” [16]). Mach numbers M,, take the
following values: M, = 2.281 at K = 0.05, M, = 2.348 at
K=0.1,M, =2458 at K = 0.2, M), =2.629 at K = 0.4,
M,, =2.888 at K=0.8, My, =2.995 at K —1. At
@ — 0, M,, tends to M, = 2.202, which corresponds to
the coincidence of two best known shock reflection change
criteria and shock waves: maximum flow deflection angle
criterion (curve 4) and ,classical“ von Neumann criterion
shown by curve 5 [16,17].

At M > M,, the upper curve branches 3a—3f correspond
to stable Mach reflection structures with a ,,weak reflected
shock. Distance between curves 3a—3f and line 5 make it
possible to estimate the change of J; of the incident shock
(Figure 3,a), shock inclination angle oy (Figure 3,5) and
flow deflection angle B; on the shock surface (Figure 3,c¢)
compared with the parameters set by the ,classical“ von
Neumann criterion due to possible energy absorption on
the main Mach reflection shock. As can be seen from
Figure 3,5, c, typical shift of the von Neumann criterion
with respect to shock incidence and flow deflection angles
is about 1-2°. o7 and f; were linked to J; through well
known relations [17] for shocks in perfect gas.

At large Mach numbers (M — o0), curves 3a—3f

are described by asymptotes 2L — C, o1 — arcsin |/ 1<,
B1 — arctg 7C5}1_+é_c), where C is derived from the follow-

ing equation

6
> AC =0,
n=0

Ag=(1—-¢8) As=—(1—¢)(4+3e—4e2+&%),
Ag=(1—¢)*[6+10e — 1062 —7&3 +8e* 35 —3(1+¢)*K],
Ay=—(1+e)(1—¢)*[(1—&)(2+5e—2e?) (2+e—2e> +¢%)

— (2466 -2 +)K],
Ay = (1—€)*[(1—e)*(1 + 6e + 26> — 7 + 4¢*)

— 32+ 5e + 26> — 56 + K],
Ai=—e(14¢)’(1—-e)*[(1—¢€)*(14+2¢) — 2 (2+4e—€)K],

Ag = —Ke*(1+&)*[1 - 3e + 36> — (1 + K)]
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Figure 3. Increase in the intensity (a) of the incident shock that forms SMC, shock inclination angle () and flow deflection angle on the
shock surface (c¢) with energy absorption on the Mach shock constituting 5% (1), 10% (2), 20% (3), 40% (4), 80% (5) and 100 % (6)

of the total flow enthalpy.
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Fig. 3 (Contd).

(in particular, C = 0.163, o7 = 21.919° and B; = 18.082°
at K =0.05 C =0.165, o1 = 22.065° and p; = 18.200°
at K=0.1; C =0.176, o1 = 22.875° and p; = 18.853°
at K =0.4; C =0.197, 01 = 24.251° and B; = 19.957° at
K —1).

Comparison of the above-listed values with asymp-
totes describing the ,classical® von Neumann criterion
(C =0.160, 01 = 21.769°, B; = 17.961°) makes it possible
to estimate the shift of this criterion at high supersonic
speeds with respect to incidence and flow deflection angles
on the shock surface. In particular, as applicable to o of j;
, equation (3) of the generalized von Neumann criterion is
written as follows:

5
> hysin® oy =0, (4)
n=0

hs = (1 —&)(1 4 £)*M®,
hy=—(1+€)*M°[2(1+e—e*)M? — (1—¢)(eJ3—2-3¢)],
hy = (1+&e)M*[(1 + &)(1 + 2e)M* + hyM?
— (1= ((1—3e)J3 +1+3¢)],
hy = —M?[e(1 +€)(3 + 4e + J3)M?* — ehy M?
+(1+e)(1—e*)((2-3e)3+¢)],
hi=—(1+e)((1-e)lJ3—2e2)M*
+e(1 — e)hyM? + (1 — €%)2J3,

/’lo = (1 — 8)2(.]3 — 1)(.]3 — 82),

h3y = —€2J3(2 — &) + 2 + 8¢ + 2e2 — 7¢°,
hyi=eJ3—(2—3e—4e?+36%)J3—4—10e+2e2+9¢,
hyy =273 + (14 2e — 3e?)J3 — 1 + 2¢ 4 5¢%.

Solutions (4) are shown in Figure 4 by curves /a— If. Upper
segments of these curves located to the right of points b;
of tangency to curve 2, which displays the maximum flow
deflection angle criterion, correspond to the stable Mach
reflection. Shift of curves la—If compared with line 3,
corresponding to the ,classical® von Neumann criterion,
characterizes the shift of transfer from the Mach to regular
reflection due to the flow endothermicity on the Mach
shock.

Thus, conditions of SMC existence with energy absorp-
tion on the main shock were obtained using the generalized
von Neumann criterion. Their analysis shows upward shift
of the von Neumann criterion by up to 2° with respect to
the incident shock inclination and flow deflection angles on
the shock surface. This shift is generally compensated only
marginally by the inverse effect resulting from concomitant
growth of the specific heat ratio of gas mixture.

Funding

The study was supported by the Ministry of Science
and Higher Education of the Russian Federation (project
No FZWF-2024-0003).

Conflict of interest

The authors declare no conflict of interest.

Technical Physics Letters, 2026, Vol. 52, No. 6



Stationary Mach configurations with an endothermic normal shock wave 55

80
60
\1\»\2
%D - 4 bl
< )
. = 2by by bsh
© 40} a N\ 4 Tt — If
gz af  as® ¢ag ; P /]e 1d
e
B S
la Ib
20+ le 1q
0 1 1 1 1 1 1 1 1 1 1
1 2 3 4 5 6

Figure 4. Incident shock inclination angles corresponding to formation of SMC with energy absorption on the Mach shock constituting
5% (la), 10% (1b), 20% (Ic), 40% (1d), 80% (Ie) and 100 % (If) of the total flow enthalpy, maximum flow deflection angle criterion (2),
von Neumann criterion for perfect non-reacting gas (3) and shock degeneracy into a weak discontinuity o7 = arcsin(1/M) (4).
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