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Introduction

Hard short electromagnetic impulses enable resolving

the dynamics of various fast processes, including nuclear

reactions at the attosecond scale of time [1]. It is

commonly known that an ultrashort impulse (USI) with

the minimum duration and energy of quantum of the

kiloelectronvolt range for the modern laser intensities may

be generated in the interaction of the intense laser impulse

with foil [2], releasing the USI with a filter that cuts off

”
the substrate“ [3]. Since USI intensity decreases when it

spreads and is filtered, further amplification is necessary for

the practical application, which is possible, for example, in

a free electron laser (FEL) [4–6]. In paper [7] we conducted
the preliminary analysis of the possibility to generate and to

further amplify the USI of photons of multikiloelectronvolt

energy using high-energy electrons in a magnetic ondulator

of FEL. Such ondulator has a limitation of the minimum

period length and requires high energies of electrons in

FEL to amplify the multikiloelectronvolt quanta. Contrary to

the magnetic ondulator, the electrostatic ondulator may be

developed on the basis of ionized filaments or clusters of

submicron range and have small period length comparable

to the Debye radius of a plasma filament. In this case, to

amplify the hard quanta, the electron energy ∼ 100MeV

is sufficient. A bunch of such electrons may be obtained

currently using an intense laser impulse. And the laser

impulse separated into two parts may be also used to

generate USI and to accelerate the electrons. In the latter

case the second part of the laser impulse moves in a gas

target, creating behind an intense longitudinal plasma wave,

which accelerates electrons. As a result, an ultrarelativistic

electron bunch is generated after the laser impulse, having

the length and the diameter comparable to the length and

the diameter of the laser impulse as such (Fig. 1). At

laser energy ∼ 1 J and intensity ∼ 1019 W/cm2 the electron

energy reaches hundreds of megaelectronvolts, and the

total charge of the bunch is ∼ 10 pQ [8]. The Rayleigh

length of the laser impulse may amount to hundres of

microns, therefore, the relativistic intensity of the impulse is

maintained at a considerable distance, which is sufficient for

the ionization of the elements of the short ondulator, and

the electron bunch following the laser impulse is rejected

by the electrostatic field of the ondulator, radiating hard

quanta.

In this paper, using analytical and numerical modeling,

we study the amplification of USI of photons of multik-

iloelectronvolt energy and attosecond duration, which are

generated by the second part of the laser impulse, with the

help of electrons with the energy of several hundreds of

megaelectronvolts (from the first part) as they spread via

the electrostatic plasma ondulator.

Free electron laser with an electrostatic
ondulator

An electrostatic ondulator (periodical electrostatic field)
with a micron period may be designed on the basis of a

periodical structure from ionized filaments or clusters of

submicron thicknesses with distances of λW , λWy several

microns between individual elements. A similar two-

dimensional structure from filaments is shown in Fig. 2,
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Figure 1. Diagram of the USI amplifier FEL using laser impulse separation into two parts.

and a three-dimensional structure may be organized in a

cluster (dust) plasma [9]. With the submicron size of the

element and micron distances between the elements, the

ondulator from ∼ 100 links will have the length of less

than a millimeter, i. e. of the order of the length of laser

impulse absorption in it [10], and the transverse dimension

of the ondulator for the electron bunch movement therein

will be around several dozens of microns. When radiated

with the intense laser impulse traveling ahead of the

electron bunch, the electrons of the ionized elements of

the ondulator are heated [11] to a speciic temperature

of Teh = mec2
√

1 + (ILλ
2
L)/(1.37 · 1018) − 1, where IL —

intensity of laser radiation in W/cm3, λL — length of the

laser wave in µm. Heated electrons leave the ondulator

element. and being exposed to the ambipolar field

between the electrons and ions, the ondulator element

(filament) starts flying away. A density peak arises in

the front of ion density [11], then the density profile for

the filament with radius of R is described with function

ni(r) = ni0θ(R − r) + (δniδr)δ(r − R), where δr — shock

wave front thickness, δni — ion density change in the

front, ni0 — filament density, θ(x) — Heaviside stepped

function,δ(x) — Dirac delta-function.

The solution to the Poisson equation for the potential

of an individual element of the ondulator (filament) in

Figure 2. Ondulator from nanofilaments. A rectangular electron

bunch with volume of L2
ey × Le moves in a periodical (period

λW ) structure made of filaments (red circles). Adjacent rows of

filaments are shifted along the axis x by value of δx = λW/2 for

formation of the only value of ondulator period λW . Solid red lines

show the electron trajectories.

cylindrical coordinates is

eϕ(r)

mec2
≈

(

Teh

mec2

(

1 +
RK1(R/rD)

2rDK0(R/rD)

(

1− r2

R2

))

+
Teh

mec2

(

δniδr

ni0R

)

I0(r/r0)

I0(R/rD)

)

θ(R − r)

+
Teh

mec2

(

1 +
δniδr

ni0R

)

K0(r/rD)

K0(R/rD)
θ(r − R), (1)

where θ(ξ) — Heaviside function, I0(ξ), K0(ξ) — Bessel

functions of the 1st and 2nd types, specific scale of the

field (Debye radius) is rD =
√

Teh/4πe2neh, and electron

density is assessed as neh ≈ πmec2/e2λ2L. The specific

value of the filament potential is eϕ ∼ Teh, and the spe-

cific electrostatic field near the surface of the ondulator

element will be EW ≈ Teh/erD =
√
4πTehneh. The specific

dimensionless field (ondulator parameter) with account of

the scale of its localization is conveniently managed as

KE = eEW rD/mec2 ≈ Teh/mec2. with C amplification KE

the angle of the electron trajectory deflection increases

in the ondulator. To implement the process of forced

radiation, the deflection angle must not exceed the specific

angle of radiation of the relativistic electron [5,12,13], which

is achieved at KE ≤ 1. Accordingly, the parameters of

numerical modeling were selected to obtain KE ∼ 1. Note

that the field may fill both the entire period λW of the

ondulator in Fig. 2, and a part of the period — depending

on the ratio between λW , rD . Numerical modeling of the

ondulator field and comparison of the estimate (1) with the

numerical data is given in Annex 1.

The specific energy of electric field of one filament of

the ondulator corresponds to the energy of hot electrons

heated in a skin layer of the filament: ε1 ≈ 2πRls DZni Teh,

where D — diameter of the laser impulse that heats the

filament, Is = λLnc

√

(ILλ
2
L)/(1.37 · 1018)/π

√
2Zn — length

of the skin layer at relativistic intensity of the laser field

(nc = πmec2/e2λ2L — critical concentration of the laser

plasma, Z — plasma ion charge). Accordingly the length

L f of free path of the laser impulse, which heats the

ondulator, is estimated from the energy conservation law

as 2πRls DZni Teh
D
λWy

L f

λW
, where εL = ILπD2τL/4 — laser
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impulse energy. Therefore, the laser impulse with intensity

of IL makes it possible to heat the ondulator from plasma

filaments to the length

L f ≤
√
2πcτLλWyλW

√

(ILλ
2
L)/(1.37 · 1018)

8RλL(
√

1(ILλ
2
L)/(1.37 · 1018) − 1)

From this estimate you can see that the path length hardly

depends on the laser intensity, but is inversely proportional

to the filament radius. A similar estimate is provided in

paper [14] for the cluster laser plasma. For the laser impulse

with duration of 30 fs, interacting with the ondulator with

λW = λWy = 2 µm and filaments R = 100 nm, we obtain

L f ≈ 240 µm, therefore it is possible to create a plasma

ondulator with N ≈ 120 periods, and increase of the

filament radius up to 250 nm will cause N ≈ 50.

The considered ondulator is a dynamic plasma structure

with a short lifetime. Ionization and electrostatic field

arise for the time of action of the laser (pre)impulse

(τL ∼ 30 fs) and are maintained until the heated elements

of the ondulator fly away. The specific speed of flying

away is cs ≈
√

Zteh/Amp, where A — atomic number of

filament (cluster) ion, mp — proton mass. The lifetime

of the ondulator element will be ∼ R/cs = R
c

√

Amp

Zme KW
. We

believe that the laser impulse heating the ondulator filaments

moves directly upstream the electron bunch and amplified

USI, which is located inside the electron bunch. Time delay

1τeL between the end of the laser impulse and the start of

the electron one is 1τeL ≤ 30 fs, for this time the heated

filaments of the ondulator have no time to fly away.

The electron bunch moving in the ondulator with a

delay from the laser impulse may be produced by laser

acceleration of the electrons in the plasma of subcritical

density [6,10]. For our purposes, the powerful laser

impulse may be divided into two parts, one of which is

used to create the field in the ondulator, and the second

one — with delay of 1τeL — to accelerate the electrons.

According to [10], the accelerated electron bunch has the

length corresponding to the duration of the laser impulse

(Le ≈ 10µm for the impulse with duration of 30 fs), the

diameter of the order of the diameter D of the laser beam

and the density nb0 ≤ 1019 cm−3. The specific time of

interaction between the electron bunch and the ondulator

filament is ∼ (Le + 2R)/c and provided that

R

c

√

Amp

ZmeKW

gg
(Le + 2R)

c
+ 1τeL

the bunch will have time to interact with the heated section

of the ondulator until it flies away. At optimal KE ≈ 1 and

A/Z ∼ 2 the inequation is 60R ≫ Le + c1τeL, which is true,

for example, for R ∼ 1 and Le ∼ 10 µm. Therefore, the

length of interaction of the electron bunch and USI with the

ondulator field is limited on top by the length of absorption

of the laser impulse L f , and the maximum quantity of the

used periods of the ondulator is Nmax ∼ L f /λW .

Analytical model of USI amplification

The considered process is described using equations

for the USI field and electron motion in the following

setup: USI together with the electron bunch move in axis

X , where the ondulator occupies the interval x ∈ [0; Lw ].
The Coulomb field of the bunch is presumed to be small

compared to the ondulator field, and the dynamics of

electrons is described in a single-particle approximation.

Hamiltonian of jth electron, moving in the electrostatic

field of the lattice from filaments (in axis x period λw , in

axis y — λWy , N — number of filaments in axis x , Ny — in

axis y) and in the field of the electromagnetic wave has the

following appearance

H j/mc2 = ε j =
√

1 + (p j,⊥ − a(x j , t))2 + p2
jx

+ KE

l=N

s=Ny/4
∑

l=0
s=−Ny/4

ϕ̃(x j + lλW , y j + 2sλWy )

+ KE

l=N

s=Ny/4
∑

l=0
s=−Ny/4

ϕ̃(x j − lλW , y j + (2s + 1)λWy )

=
√

1 + (p j⊥ − a(x j , t))2 + p2
js + KE8(x j , y j), (2)

where a(x , t) = ey a(x , t), a = eA/mc2 — dimensionless

vector potential of the USI field, p jx(t), p j⊥(t) — dimen-

sionless (in units mc) longitudinal and transverse impulses

of the jth electron, x j(t), y j(t) — Cartesian positions of

the electron, ϕ̃ = (ϕ/Teh),

8(x , y) =

l=N

s=Ny/4
∑

l=0
s=−Ny/4

ϕ̃(x − λW/2 + lλW , y + (2s + 1)λWy )

— total dimensionless potential of all ondulator elements.

At the inlet to the ondulator the transverse impulse of

the electron p j⊥|x=0 ≈ 0, p jx |x=0 = γ0 j . Note that for the

ondulator from foil plates the dependence on y in the

potential is absent and (2) depends only on x , and for

clusters the coordinate z is added.

At the inlet to the ondulator, the electron distribution

function f (x j0, y j0, γ0 j) will be selected as

f (x j0, γ0 j) = nb0θ(Lp/2− |x j0|)θ(Lev/2− |y j0|) f ε(γ0 j),

where Le , Ley — dimensions of the electron bunch in axes

x , y ,

f ε(γ0 j) = π−1/2(1γ)−1 exp(−(γ0 j − γb)
2/(1γ)2)

— Gaussian distribution of electrons by energies, nb0 —
average density of the electron bunch, γb — average value
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of Lorentzian factor of the electron bunch, 1γ — spread of

Lorentzian factors of electrons in the bunch.

Dimensionless (in units mec2) energy of spontaneous

radiation εrad (in disregard of a in (2)) of the electron

in the electric field of the ondulator EW (r) = −∇ϕ(r) is

determined [5] by formula

εrad =
2e2

3rDmec2

×
∫

[KE(r(t), t)]2 − (vKE(r(t), t))2/c2

(1− v2/c2)
d(ct/rD). (3)

Spontaneous radiation in the ondulator with the transverse

electric field corresponds to (at KE ∼ KB = eBλW/(mec2))
spontaneous radiation in the transverse field B of the

magnetic ondulator:

εrad =
2e2

3λW mec2

∫

[v×KB(r(t), t)]2/c2

(1− v2/c2)
d(ct/λW ).

The trajectories of electron motion in the transverse electric

and magnetic ondulators are also similar. Note that in case

of additional grouping of electrons at the scales of the order

of the radiated wavelength, the coherent radiation of the

electron bunch is possible in the magnetic ondulator [15,16].
Assessment of energy (3) for N of the filaments at

λwy ≈ rD depends on the conditions KE > 1, KE < 1.

In case of KE > 1 (synchrotronous mode of radiation) the

assessment is proportionate to the number of filaments N:

ε⊥rad ≈







2Ne2γ2
b K2

E/(3rDmec2(1 + K2
E/2)), rD ≤ λw

2Ne2γ2
b K2

EλW /(3rDmec2(1 + K2
E/2)), rD > λw .

(4)
Note that the case KE > 1 of spontaneous radiation of the

electron in the ondulator from the plasma nanofilaments

was considered in paper [10]. Analytical estimates [10] of
the energy radiated by the electron with a precision of up

to the numerical factor coincide with the upper formula (4).
At KE ≤ 1 the case of the ondulator radiation considered in

this paper is implemented. Ondulator radiation is coherent

(the intensity is proportionate to the square of the number

of filaments) and has a local maximum of intensity at

frequency ωs = 4πγ2
b c/λW , corresponding to the frequency

of the process of forced radiation in FEL. For the ondulator

in the form of a set of parallel planes ε‖rad ≈ γ−2
b ε⊥rad due

to the smaller value of the longitudinal acceleration fo the

relativistic electron compared to the transverse acceleration

in the field of the filaments.

The equation of the electron motion in the trans-

verse (in axis y) direction for (2) has the apperance

of ṗ j⊥ = cKE∂8(x j , y j)/∂y j . For implementation of the

process of forced radiation in the ondulator, the deflec-

tion angle of the trajectory of the jth electron must

not exceed γ−1
0 j [5,12]. For γ0 j ∼ 103 at the length

of 1mm (∼ 100 periods) the transverse shift of the

electron will not exceed 1 µm. Under such conditions

you can disregard the transverse shift and assume that

ṗ j⊥(x j) = cKE∂8(x j , y0 j)/∂y0 j , where y0 j — electron

coordinate at the inlet to the ondulator. As a result

p j⊥(t, y0 j) = cKE

t
∫

0

dt(∂8(x j(t), y0)/∂y0 j)

≈ cKE

t
∫

0

dt(∂8(x0 + ct(1− 0.5γ−2
0 j ), y0 j)/∂y0 j). (5)

Note that in process of ondulator transit, the angle of

electron deflection is p j⊥/p jx < γ−1
0 j . For KE ≤ 1and for

FEL operation it is also necessary that the relative spread of

bunch electron energies 1γ j/γ0 j does not exceed N−1 [12].
Contrary to the magnetic one in the electrostatic ondulator,

the specific (average) electron energy is equal to γb , and the

spread of electrons by energies 1γ may vary in the case,

when Debye shells of individual plasma filaments touch,

and the field potential that is average in the space inside

the ondulator does not turn to zero. Formula (5) does not

account for such change, which is fair at γ0 j < N
√

KE .

The ondulator potential 8(x , y) is periodical in the plane

(x , y) and is expanded into the Fourier series:

8(x , y) =

∞
∑

l,n=0

Cnl cos(2πnx/λW ) cos(2πly/λWy ),

where the first harmonics n = l = 1 are determinant, and

accordingly

p j⊥(t) ≈ KEC11 sin(2πct/λW ) sin(2πy0 j/λWy ).

The presence of the integral (5) makes it possible to

write the equations of electron motion in axis x for the

dimensionless (in units mec2) energy ε j of the jth electron,

where the initial transverse coordinate of the electron y0 j

plays the role of the parameter:

dε j

dx
=− p j⊥(t, y0 j)−a(x , t)

ε j−KE8(x , y0 j)

∂

∂x
a(x , t) − KE

∂

∂x
8(x , y0 j),

cdt

dx
=

ε j− KE8(x , y0 j)
√

(ε j−KE8(x , y0 j))2−1−(p j⊥(t, y0 j) − a(x , t))2
,

ε j |x=0 = γ0 j, x |t=0 = x0 j . (6)

Note that equations for the unidimensional ondulator

made of foil plates located perpendicularly to axis x , are

identical (6), except for the fact that 8(x , y0 j) → 8(x) and

p j⊥(t, y0 j) = p0 j⊥ = 0. In the mode of weak amplification

in equations (6) ε j ≫ KE , ε j ≫ p and the right parts (6) are
expanded in the Taylor series using small parameters KE/ε j ,

p j⊥/ε j . Equation for dε j/dx describes the consistent

change of the electron energy due to interaction with the

combination wave of the USI field and the ondulator field

corresponding in the upper equation (6) to the summand

∼ p j⊥(t, y0 j)(∂a(x , t)/∂x) sin(2πct/λW ) sin(2πx/λx −ωx t)
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∼ cos(2πx/λx − (ωx − 2πc/λW )t). If the resonant

condition is met

ωx = γ2
0 j

4πc/λW

1 + K2
E/2

the phase speed c(1− λx/λW ) of such wave coincides

with the electron speed c(1− γ−2
0 j /2), and the electron

gives energy to the amplified impulse [12]. The resonant

condition also arises at the expense of the summand

∼ KE8(x , y0 j)∂a2(x , t)/∂x with the expansion of the de-

nominator (ε j − KE8(x , y0 j))
−1 ≈ ε−1

j + ε−2
j KE8(x , y0 j).

The summand KE8(x , y0 j)∂a2(x , t)/∂x remains in the

unidimensional case, when the potential depends only on x

and p j⊥(t, y0 j) = 0. Amplification of the impulse energy is

assessed by the expansion of the system (6) using the small

parameters KE/ε j , p j⊥/ε j through ε j(x) according to [12].
At the distance of x = NλW the decrease in the energy of

the separate electron will amount to mec2(γ0 j − ε j(NλW )),
besides, only

”
resonant“ electrons change the energy,

for which γ0 j = γ(ωx ) =
√

λW (1 + K2
E/2)/2λs . The

change in the density of the energy flux of the res-

onant share in the bunch electrons will amount to

ne0 f ε(γ(ωs ))mec3(γ(ωs ) − ε j(NλW )). Accordingly, the

density of the energy flux of the amplified wave

a2m2
ec3ω2

s /(8πe2) will increase by the same value. As a

result, the amplification coefficient for the wave energy with

the frequency will amount to

κE(ωx , ne0, y0) = 8πe2ne0 f ε(γ(ωx ))mec3(γ(ωx )

− ε j(NλW ))/(a2m2
ec3ω2

s ).

The amplification coefficient for the wave amplitude at the

same time will amount to κE(ωs , ne0, y0 j)/2. The electron

energy in the end of the ondulator ε j(NλW ) is found from

equations (6) and the initial condition ε j |x=0 = γ(ωx ), as
a result of which the dependence on γ0 j disappears (only
the resonant electrons are taken into account). Finally, for

the weak amplification coefficient averaged by the initial

transverse coordinate y0 j we receive the following

κ̄E(ωs , nb0) =
1

Ley

Ley /2
∫

−Ley /2

κE(ωx , ne0, y0 j)dy0 j

≈ πK2
E

Ley

(

4πe2nb0

meω2
x

)

f ε(γ(ωs ))γ(ωx )N
3

×
Ley /2
∫

−Ley /2

dy0 j

(

9

(

λw∂ϕ(0, y0 j)

Teh∂y0 j

)2

+ 5.3a2γ−4(ωx )

)

.

(7)
Two summands in the integral (7) correspond

to the resonance of the electron with the

combination wave p j⊥(t, y0 j)(∂a(x , t)/∂x) and wave

KE8(x , y0 j)∂a2(x , t)/∂x . In (6) the summand in brackets

is a2γ−4(ωx ) ≪ 1, whereas
λw∂ϕ(0,y0 j )

Teh∂y0 j
∼ 1. Therefore, the

unidimensional ondulator, in which the potential does not

depend on y (from foil plates), has a very low amplification

coefficient compared to the two-dimensional one (from
filaments). The physical reason for it is the longitudinal

relativistic mass of the electron ∼ γ3
0 j contrary to the

transverse mass ∼ γ0 j , which complicates grouping of

electrons into bunches and the process of the coherent

radiation. For the ondulator from the filaments we will

disregard the second summand in brackets in (7). The

integral for dy0 j in (7) due to the periodicity of the

potential for y is transformed as follows:

1

Ley

Ley /2
∫

−Ley /2

(

λw∂ϕ(0, y0 j)

Teh∂y0 j

)2

dy0 j

=
1

λWy

λWy/2
∫

−λWy/w

(

λw∂ϕ(0, y0 j)

Teh∂y0 j

)2

dy0 j

=
λ2w

λWy r2D

λWy/2
∫

−λWy/2

((

y0 j

R

K1(R/rD)

K0(R/rD)

−
(

δniδr

ni0R

)

I1(y0/rD)

I0(R/rD)

)

θ(R − |y0 j |) sign (y0 j)

+

(

1 +
δniδr

ni0R

)

K1(y0 j/rD)

K0(R/rD)
θ(|y0 j | − R) sign (y0 j)

)

dy0 j

≈ λ2w
λWy rD

((

1− δniδr

ni0R

)2
R3

3r3D

+

(

1 +
δniδr

ni0R

)2(

1− 2R

rD

− exp

(

−λWy

rD

)))

, R ≪ rD .

(8)
Then

κ̄E(ωx , nb0) = 9πK2
E

(

4πe2nb0

meω2
x

)

f ε(γ(ωs ))γ(ωx )N
3

× λ2w
λWy rD

((

1− δniδr

ni0R

)2
R3

3r3D
+

(

1 +
δniδr

ni0R

)2

×
(

1− 2R

rD

− exp

(

−λWy

rD

)))

, R ≪ rD, N ≤ Nmax..

(9)
You can see that within the approximation (5) the additional
peak of the ion density always results in the increase of

the amplification coefficient (the mean square of the field

intensity in the ondulator increases). In the numerical

calculations δniδr/(ni0R) ∼ 1, therefore, the change of the

amplification coefficient due to the modification of the ion

density profile in the filament that is flying away is around

one. Also note that the amplification coefficient (7) of the

ondulator from the filaments corresponds to the amplifica-
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tion coefficient of the magnetic ondulator with the same

period with a precision of up to the numerical factor. λW and

effective magnetic field Be f f , such that eBe f f ≈ Teh/rD in

case of λWy < rD and eBe f f ≈ Teh/
√

rDλWy for λWy > rD .

The difference of the electric ondulator from the magnetic

one is the transverse heterogeneity of the deflecting field.

Formula (8) corresponds to the averaging in this hetero-

geneity, having the scale of rD . At λWy ≪ rD the field is

practically homogeneous by y , and the electrostatic ondu-

lator is similar to the magnetic one, and the amplification

coefficient (9) does not depend on λWy . At λWy ≫ rD the

heterogeneity is strong, the largest part of the period λWy

is not occupied by the field. The amplification at the same

time drops ∼ λ−1
Wy .

We will specify as the example of the parameters of the

electrostatic ondulator that the ondulator with λW = 20µm

and KE ≈ 1 is tuned in resonance with the wavelength

λs = 2π/ωx = 0.2 nm (period 0.7 as) at the electron energy

of εe = 200MeV. For the amplification coefficient κE ≈ 1,

N =≈ 90 is required for the electron bunch with the size

of 10×10×10 µm and charge of 10 pQ. Such ondulator will

have the length of 1.8mm, which is rather doable. The

field intensity in such ondulator will amount to 107 Gs

at rD = 1.5µm, and the filament plasma temperature

necessary for this will amount to Teh ≈ 5MeV at plasma

density between the filaments being neh ≈ 0.1πmec2/e2λ2L.

Note that it is not possible to currently design a magnetic

ondulator with the field intensity ∼ 107 Gs, besides, for the

amplification of the considered impulse in the FEL with

such ondulator, an electron bunch will be required with

the significantly higher energy (∼ 1.5GeV) than for the

electrostatic ondulator with the implemented intensity of

the magnetic field. Therefore, the electrostatic ondulator

on the basis of the ionized microstructure makes it possible

to substantially decrease the energy of the electron bunch in

FEL and the ondulator length. The amplification coefficient

κE(ωx , nb0, y0) of the monochromatic component of USI

with frequency ωx corresponds to the spatial increment of

USI harmonic growth, therefore, to calculate the amplifica-

tion of USI made of multiple harmonics, let us multiply the

amplitude of each harmonic of the spectrum a s(ω) of the

dimensionless vector potential of USI by its amplification

coefficient, after which using the inverse Fourier transform

of the spectrum of the amplified USI and averaging by y0 j

(for all electrons of the bunch) we will determine the time

profile of the amplified impulse and assess its duration after

amplification. Such method to assess the duration of the

amplified USI is approximated. A stricter method based on

the solution to the wave equation for the USI is described

in Annex 2. Note that the dimensionless vector potential

a = eA/mec2 corresponds to the dimensional electric field

E = amecωs/e. Therefore, the time profile of USI after

amplification will be determined by the formula

a(t) =
2τa

λWy

λWy/2
∫

−λWy/2

dy0 j

∞
∫

0

exp(κ(ωs , nb0, y0 j)/2)a s(ωs t)dωs ,

(10)
The integral (10) may be assessed by the saddle method

with the bell-shaped form of the inlet impulse spectrum [7]
with duration of the envelope 2π/ω∗ and the period of the

carrier ∼ τa :

a s(t) = a s0 exp(−(ω∗t)2) sin
πt

τa

, ω∗τa ≤ 1,

a s(ω) =

=
ia s0 exp(−(π2+(ωτ0)

2)/4(ω∗τa)
2)sh(πωτa/2(ω

∗τa)
2)

2
√
πω∗

.

(11)

The duration of the envelope depends on the boundary

frequency ω∗ of the filter that cuts off the harmonics with

the frequencies below ω∗ [17]. This cut-off makes the

unipolar component [18] present in the USI reflected from

the thin target disappear [4]. When (11) is substituted into

(10), the assessment of the amplified impulse duration has

the following appearance

τN ≈ τa+

λWy/2
∫

−λWy/2

dy0 j

ωs

8λWy

∂2

∂ω2
x

κ(ωx , γ(ωx ), nb0, y j0)

∣

∣

∣

∣

ωx≈τ
−1

a

= τa +
ωx

8

∂2

∂ω2
s

κ̄(ωs , γ(ωs ), nb0)

∣

∣

∣

∣

ωs≈τ
−1

a

≈ τa

[

1 +
15

32
κ̄(ωs , γ(ωx ), nb0)

∣

∣

∣

∣

ωs≈τ
−1

a

]

.

(12)
Dimensionless increase of the impulse duration will be

τN − τa

τa

=
δτa

τa

≈ 15

32
κ̄(ωx , γ(ωx), nb0)

∣

∣

∣

ωs≈τ
−1

a

,

where γ(ωx = τ −1
a ) = γb,

κ̄E(ωx , nb0) ≈ 3πK2
E f ε(γ)γN3 nb0

nc

ω2
Lτ

2
a

λ22
λWy rD

R3

r3D
,

R ≪ rD, nb0/nc ≈ 10−2,

f ε(γ) = π−1/2(1γ)−1 exp(−(γ − γb)
2/(1γ)2),

γ =
√

(λW /4πcτa)(1 + K2
E/2).

Under weak amplification of κ̄ ∼ 1 the duration increases

insignificantly: δτa/τa ≤ 1.
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Figure 3. (a) The time profile (10) of the USI amplified in the ondulator (blue and green curves) against the inlet impulse (red line):
KE = 1, 1γ = γb/3, ω

∗ = 0.4τ −1
a , N = 100, λW = 20 µm, λs = 0.2 nm (period 0.7 as, the impulse contains 3 periods), resonance energy

of electron is 200MeV, λWy = 2rD (blue curve), λWy = 3rD (green curve). (b) Black circles — amplitude of the blue peak (λWy = 2rD)
from the figure (a) as the function of the number of ondulator periods; red circles — the transverse period of the ondulator λWy = 0.5rD ,

N ≤ Nmax ∼ 200.

Calculation (10) by the saddle method and integration by

y0 j yield the USI profile:

a(t) ≈ a s0

2rD exp(κE(τ −1
a , nb0, y0 j))

λWyκE(τ −1
a , nb0, y0 j = 0)

× sh

(

λWyκE(τ −1
a , nb0, y0 j = 0)

2rD

)

sin
πt

τa

exp

(

− t2

τ 2
N

)

.

(13)

The profile a(t) calculated from (10) together with the

initial profile a s(t) (11) is provided in Fig. 3,˙a. Fig. 3, b

shows the dependence of the maximum value of the

amplified impulse field on the number of ondulator periods

N. From Fig. 3 you can see that the amplitude of the

inlet signal increases significantly, and the duration of the

amplified part is comparable to the duration of the inlet

impulse. Besides, the amplification leads to
”
wings“ of the

amplified impulse, which may be filtered. Amplification

strongly depends on the parameter λWy/rD and decreases

as it grows, since the part of the electron bunch gets into

a very weak field and may not effectively amplify the USI.

Note also that to amplify the entire spectrum of USI with

ω∗ = 0.4τ −1
a , the spread of bunch electrons by energies

1γ/γ ≤ 0.3 is sufficient. Amplification by amplitude that

is higher by more than an order of magnitude requires

N > 100 periods of the ondulator. In paper [4] it is

shown that the minimum duration of attosecond impulses

generated upon reflection of the laser impulse from thin

plates of foil is ∼ 1 as. Therefore, the conducted assessments

show the possibility to amplify the short impulses with the

duration of around an attosecond.

Numerical modeling of USI amplification

To calibrate the developed analytical model, numerical

modeling was used, in which the dynamics of the radiation

impulses and the electron bunch in the ondulator was con-

ducted by the method of particles in the cell using EPOCH

code [19]. Let us assess the parameters of calculations that

are possible in our conditions: numerical modeling of the

considered arrangement must be two-dimensional, and in

solving the equations the calculation step in the ondulator

axis must be ≤ λx/5, then nx ≈ 5NλW /λ ≈ 10γ2N steps

will fit in its length, and in the transverse direction at least

three rows of filaments are required, and the number of

steps will be ny ≈ 5λWy/λx ≈ 10γ2 at λWy ≈ λW . Then the

total number of cells will be ∼ 102γ4N, and taking into

account the fact that the number of the possible cells for

the computer cluster ≤ 108 used in the calculations, we

will receive the limitation to the modeling parameters of the

electrostatic FEL: γ4N ≤ 106 . Considering the ondulator

with N ≈ 100, we receive the electron bunch with γ ≤ 100,

and at λW = 2µm the minimum FEL wavelength available

for the calculations will be λx ∼ 10 nm at calculation step

of ∼ 1 nm. I.e. the required precision of modeling enables

considering the amplification of impulses > 30 as in our

conditions. Note that at γ ≤ 10 the initial function of

electron bunch distribution in the ondulator is distorted,

therefore only a part of the ondulator will be involved in

the amplification. For the numerical modeling of the FEL

operation process to produce the ambipolar field in the

ondulator, a laser impulse was selected with the duration of

30 fs and intensity of 3 · 1020 W/cm2. The ondulator corre-

sponded to Fig. 2 with periods λW = λWy = 2µm and three
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Figure 4. (a) Energy distribution dN/dε of electrons in the inlet to the modeling box; (b) energy distribution of electrons via 10µm of

the electron path in the ondulator. Red highlights the group that is necessary to amplify (flies to the angle < 15◦ towards the ondulator

axis), blue — flies to the angle from 15◦ to 30◦ .

rows of filements with radius of 250 nm in the modeling

box with size of 80×8µm (the box length fit 40 ondulator

links). The ondulator parameter when heated by the laser

impulse in this calculation was KE = eEamrD/mc2 ≈ 0.7.

The modeling step due to limitations of computer resources

and precision of calculation was 10 nm, therefore
”
the

attoimpulse“ chosen was the impulse with the wavelength

λx = λL/5 (∼ 500 as). According to the estimates (9), to
amplify the second impulse with the wavelength λx = λL/5,

the parameters of the electron bunch nb0/ncr ≈ 10−3 and

γb ≈ 3 are necessary. Besides, the amplification coef-

ficient (9) at N = 10 periods of the ondulator will be

κE ≈ 2. Accordingly, the second impulse was added to the

modeling box with wavelength λL/5, intensity 1017 W/cm2,

duration of 10 fs (duration depends on the noise-signal

ratio in the Fourier analysis of electromagnetic fields in the

modeling box) and the electron bunch with the parameters

nb0 = 5 · 1018 cm−3, γb = 2.5, 1γ/γb = 0.3 with duration

of 15 fs. Compared to the optimal assessment, the initial

density is increased to compensate for the distortion of the

energy distribution of electrons when the bunch moves in

the conductor. The second impulse lagged behind the first

one by 40 fs and jointly with the bunch moved in the field of

the ondulator filaments formed by the laser impulse. In the

transverse direction all impulses and the bunch occupy the

entire modeling box, and the longitudinal profile of the

impulses and the bunch were super-gaussian. Note that the

first laser impulse also generates the fifth harmonic and the

resonance group of the fast electrons, which spread together

with it, but these factors are not sufficient for a noticeable

amplification. In the calculations the impulses and the bunch

passed through the entire ondulator, and the amplification

was diagnosed using the evoluation of the amplitude of

the fifth radiation harmonic. Additionally the function

of electron bunch distribution int he angles and energies

was monitored. The bunch disgnostices demonstrated the

change in the initial function of distribution by energies

already in 10 µm passes of the electron bunch through

the undulator, as shown in Fig. 4. The reason for this is

the electric field of filaments, causing blurred distribution

by energies and angles. The conditon γb ≥ N
√

KE in this

modeling is only met at the initial periods of the modulator,

whereas for the selected parameters of the calculation it is

Nmax ∼ 50. The spatial step of modeling prevents increasing

γb . Note that if the condition γb ≥ Nmax

√
KE is not met,

you can use the estimate (9) either with small N and

initial γb, nb, or for N ≤ Nmax and account for the change

in the function of distribution of fast electrons shown in

Fig. 4, b, and substitute parameters γb , nb from the results

of the numerical count. Modeling of the bunch motion

showed that at ∼ 100 it is slowed down significantly,

and the energy component of the electrons necessary for

amplitifcation that is present in Fig. 4 decreases, b, and it

is not possible to extend the path of the electrons in the

ondulator by increasing γb due to the limitations of the

calculation accuracy. Fig. 5 shows the evolution of the

amplitude of the fifth harmonic of USI as the function of

time of laser impulse passage through the ondulator. The

second impulse enters the box at 70 fs and fully located in

the ondulator at the moment of 90 fs. The Fourier harmonic

was calculated using the space (along axis x , at the fixed

coordinate y) distribution in the box at the fixed moment of

time. Red circles show the results of the calculation of the

above arrangement with the intensity of the laser impulse

3 · 1020 W/cm2 and density of bunch electrons 5 · 1018 cm−3.

In the interval of 0−70 fs (Fig. 5) there was no USI,

and the fifth harmonic emerged due to the laser impulse

passage in the ondulator (this is
”
the noise level“ of the

harmonic specified by the dashed horizontal line). In the

interval 80−150 fs the electron bunch and USI move in the
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Figure 5. Amplitude (in V/m) of the fifth harmonic as the

fucntion of time (in fs). Red circles correspond to the FEL

implementation with the specified parameters at intensity of

the laser impulse heating the ondulator, 3 · 1020 W/cm2 and the

electron bunch with electron density 5 · 1018 cm−3 and energy

γb = 2.5. The horizontal black dashed line corresponds to the

level of noise of the fifth harmonic from the first laser impulse.

The solid black inclined straight line — estimate of the amplitude

of the amplified harmonic using formula (9). The dashed inclined

straight line corresponds to the termination of amplification due to

the end length of the ondulator heating.

ondulator, which causes the growth of its amplitude (fifth
harmonic). The inclined black straight line corresponds to

formula (9) of the fifth harmonic amplification coefficient,

according to which

a5( f > 70 fs) = a5(t = 70 fs)(1 + c(t − 70 fs)κE/2λW ).

At times longer than 200 fs, the amplification stops, since

the laser impulse is absorbed greatly in the ondulator, and

the field of the ondulator elements decreases. To confirm

this, the passage of two impulses in the ondulator without

the electron bunch was also calculated. This calculation

showed attenuation of the fifth harmonic and absence of

amplification. Note that the spontaneous radiation yields the

level of amplitude of several orders of magnitude less than

in Fig. 5. Also note that lower harmonics are not amplified,

and their time evolution is the same with or without the

electron bunch.

Therefore, the analytical and numerical modeling showed

the principal possibility of FEL arrangement implementation

with plasma electrostatic ondulator and USI amplification,

however, the limited precision of calculations prevented

consideration of the dynamics of impulses with the duration

of around an attosecond and to obtain the higher coefficients

of radiation amplification predicted by the analytical esti-

mates. The reason for it is related to the limited computer

resources, which caused a correct calculation only at the

scale of hundreds of attoseconds with the help of the used

code, which we plan to modify in the future.

Conclusion

In this paper, using analytical and numerical modeling,

the possibility of amplifying the ultrashort electromagnetic

impulses was studied with the help of FEL built on a

plasma electrostatic ondulator produced when the laser

impulse intensity passes through the periodical structure

of nanofilaments. The period of this ondulator is several

microns, which makes it possible to use lower values

of Lorentzian factor of the elecron bunch in FEL com-

pared to the magnetic ondulator. It was found that

the electrostatic ondulator on the basis of the ionized

microstructure makes it possible to substantially decrease

the energy of the electron bunch and the ondulator

length. Theoretical estimates show the possibility of

significant amplification of the short-wavelength attosecond

impulses in the plasma ondulator. In the conducted

numerical modeling the limitations of choosing the spatial

step of integration and the precision of calculations made

it possible to implement small amplification coefficients

and to consider only the impulses of subfemtosecond

duration, the amplification of which corresponds to the

produced analytical estimates. Further it is suggested

to modify the numerical code to enable the calculations

in the attosecond range of durations of the amplified

impulses.
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Annexes

1. Parameters of laser plasma ondulator

A density peak arises in the front of ion density [11], and
the model profile of ion density of the filament takes the

form of Fig. 6, a, corresponding to the data of numerical

modeling of Fig. 6, b. In numerical modeling in Fig. 6

the laser impulse with intensity 1019 W/cm2 and duration of

30 fs interacted with the ionized golden filament with radius

of 100 nm. Distribution of the field for the potential (1) in

the radius r of the filament has the form shown in Fig. 7, a

compared to the numerical modeling in Fig. 7, b. The radial

profile of the field depends on parameter δniδr/(ni0rD).
Comparison of Fig. 6, 7, a and Fig. 6, 7, b shows the adequate

description with the analytical model of calculations.
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Figure 6. Density profile (ni ) of flying filament ions: (a) model, density in arbitrary units; (b) numerical count, density in units 1022 cm−3,

t = 80 fs.

Figure 7. (a) Analytical field of the filament (in relative units) at δniδr

ni0rD
> 1. (b) The estimated field of the golden filament (in relative

units) with radius of 100 nm, radiated with the laser impulse with intensity of 1019 W/cm2 and duration of 30 fs, the field is provided at

the moment of time 30 fs after the completion of the exposure of the laser impulse at the filament.

2. Equation for time profile of amplified USI

To calculate the USI amplification coefficient with the

specified time profile, let us solve the wave equation fo

the vector potential of USI with the bunch electron current

density

j⊥(x , y, t) = ene0c

Le
∫

0

dx0 j

∞
∫

1

dγ0 j f ε(γ0 j)

× (p j⊥(t, y0 j, x0 j, γ0 j)−a(x , t))δ(ct−ct(x , y0 jx0 j , γ0 j))

ε j(x , y0 j , x0 j , γ0 j) − KE8(x j , y j)
,

(A1)
where functions p j⊥(t, y0 j , x0 j , γ0 j), ε j(x , y0 j , x0 j, γ0 j),
t(x , y0 j , x0 j , γ0 j), are taken from the solution of the

system (6). The expansion (A1) into Taylor series using

small parameters KE/ε j , p j⊥/ε j results in the following

structure of the current density in the wave equation for

the vector potential of USI:

(

∂2

∂x2
− ∂2

c2∂t2

)

a(x , t) =

= −4πe2ne0

mec2Ley

Ley /2
∫

−Ley /2

dy0 j

Le
∫

0

dx0 j

∞
∫

1

dγ0 j f ε(γ0 j)

×
(

cKE

γ0 jLe

t
∫

0

dt
∂8(x0 j + ct(1− 0.5γ−2

0 j ), y0 j)

∂y0 j

− a(x , t)

Leγ0 j

+
KE

γ0 j

x
∫

0

dx
∂8(x + x0 j, y0 j)

∂y0 j

∂

∂x
a(x + x0 j, t)

)

.

(A2)
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The first summand in the brackets of the right part

describes the spontaneous radiation of the electron in

the ondulator [10], the second one — takes into ac-

count the effect of USI dispersion in the electron bunch

(ω2
x → ω2

x → ω2
pe), the third one is responsible for the

process of the forced radiation and amplification of the USI

field, it is considered in this paper. The wave equation (A2)
is integral (the current integrally depends on the field), and
to determine the space-time structure of the USI field, must

be solved with the initial condition (11) at the inlet to the

ondulator.

References

[1] D. Jacquet, M. Morjean. Progr. Part. Nucl. Phys., 63, 155

(2009).
[2] A.A. Andreev, K.Yu. Platonov, Yu.V. Rozhdestvensky,

F.F. Karpeshin, M.B. Trzhaskovskaya. Kvant. elektron., 40,

349 (2010) (in Russian).
[3] B. Dromey, S. Rykovanov, M. Yeung, R. Horlein, D. Jung,

D.C. Gautier, T. Dzelzainis, D. Kiefer, S. Palaniyppan, R. Shah,

J. Schreiber, H. Ruhl, J.C. Fernandez, C.L. Lewis S., M. Zepf,

B.M. Hegelich. Nature Phys., 8, 804 (2012).
[4] A.A. Andreev, K.Yu Platonov, Opt. i spektr., 130, 943 (2022)

(in Russian).
[5] Generatory kogerentnogo izlucheniya na svobodnykh

neytronakh (Mir, M., 1983). 260 s (in Russian).
[6] A.J. Gonsalves, K. Nakamura, J. Daniels, C. Benedetti,

C. Pieronek, T.C.H. de Raadt, S. Steinke, J.H. Bin, S.S. Bulanov

et al. PRL, 122, 084801 (2019).
[7] A.A. Andreev, L.A. Litvinov, K.Yu. Platonov. Opt. i spektr.,

131 (in Russian), 183 (2023).
[8] Z. Lecz, A. Andreev, C. Kamperidis, N. Hafzet. New J. Phys.,

23, 043016 (2021).
[9] V.E. Fortov, A.G. Khrapak, S.A. Khrapak, V.I. Molotkov,

O.F. Petrov. UFN, 174, 495 (2004) (in Russian).
[10] I.A. Andriyash, R. Lehe, A. Lifschitz, C. Thaury, J.-M. Rax,

K. Krushelnick, V. Malka. Nature Commun., 5, 4736 (2014).
[11] P. Gibbon. Short pulse laser interactions with matter: an

introduction (Imperial College Press, 2005).
[12] N.A. Vinokurov, O.A. Shevchenko. UFN, 188, 493 (2018) (in

Russian).
[13] Z. Huang, K-Je Kim. Phys. Rev. Spec. Topics–AB, 10, 034801

(2007).
[14] D.A. Gozhev, S.G. Bochkarev, V.Yu. Bychenkov. Pisma v

ZhETF, 114, 233 (in Russian) (2021).
[15] Chi H. Shim, Ki M. Nam, Yong W. Parc, Dong Eon Kim.

APL Photon., 7, 056105 (2022).
[16] G. Shamuilov, A. Mak, P. Salen, V. Gjryashko. Opt. Lett., 43,

0146−9592 (2018).
[17] A.A. Andreev, K.Yu. Platonov. Kvant. elektron., 53, 416

(2023) (in Russian).
[18] N.N. Rozanov, M.V. Arkhipov, R.M. Arkhipov. UFN, 194 (in

Russian), 1196 (2024).
[19] https://github.com/epochpic/epoch

Translated by M.Verenikina

Optics and Spectroscopy, 2026, Vol. 134, No. 4


