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particles with spheroidal and spherical layer boundaries
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The electrostatic problem for a multilayered particle having spherical or non-confocal spheroidal layer boundaries
arranged in an arbitrary order are solved. Scalar potentials in the vicinity of the layer boundaries are expanded
using spherical or spheroidal bases, respectively, and the potential expansions in each layer are matched using
expansions of spheroidal functions in terms of spherical functions and vice versa. Using the extended boundary
condition method with a spheroidal basis (two schemes of this method are employed), infinite systems of linear
algebraic equations for the expansion coefficients of the unknown fields are obtained. The solution to the problem
is formulated in terms of a T-matrix, which is convenient for considering particle ensembles. It is shown that
the resulting 7-matrix must be symmetric, which is important for controlling the accuracy of computations. In
this work, the Rayleigh approximation, which is well-known for confocal spheroids, is extended to a significantly
wider class of particles, taking into account that the 7-matrix element 71; is directly proportional to the particle’s
polarizability. In the particular case of two-layer spheroidal particles with a spherical core, considered previously,
the performed calculations demonstrate the high efficiency of the proposed solution to the electrostatic problem.
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Introduction

Scattering of light with particles, whose size is much
smaller than the wavelength of the incident radiation
is an important part of many optical studies. Simple
Rayleigh—Hans approximation [1,2] of homogeneous ellip-
soidal particles has been a convenient tool for many decades
for similar applications of the light scattering theory. This
approximation was confirmed many times [3]. Based on the
electrostatic approximation, where the wave number is zero,
the Rayleigh—Hans approximation included ellipsoids with
a shell, where the layer boundaries are cofocused [4].

Electrostatic approximation also developed based on the
needs of current research [5]. In particular, using the ex-
tended boundary condition method (EBCM) with a spher-
ical basis and an apparatus of T-matrices [6], developed
in articles of the group of Professor E.C. Le [3], paper [7]
proposed the improved electrostatic approximation.

However, the application of such approach even to
lamellar spheroids is rather limited. In paper [8] it was
shown that when EBCM is used with the spherical basis, the
task may only be resolved if the condition a;/b; > v/2 + 1
is met for all surfaces, except for the nucleus, with any
ratio of half axles. The tools that enabled to obtain
this result are described in articles [9,10] for spherical
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and spheroidal bases accordingly. In paper [11] this
statement was confirmed numerically for two-layer cofocus
spheroids, the obvious solution for which is provided by
the application of the spheroidal basis. Therefore, to solve
electrostatic problems for multi-layer particles with non-
cofocus spheroidal boundaries of layers, use the approach
that accounts for the problem geometry to the maximum
degree.

This paper is dedicated to the solution of electro-
static problems for multi-layer particles with spherical and
spheroidal boundaries of the layers arranged randomly.
Previously the private cases of lamellar spheroids were
considered [12], as well as of two-layer spheroids with
the spherical nucleus [13]. Please find below the uniform
approach to building 7-matrix and polarizability for any
above multi-layer particles, which includes two patterns for
production of surface integral equations in implementation
of the EBCM method. The specific moment of the
suggested solution is presentation of the field near the layer
boundary in the form of expansion either by spheroidal
or by spherical harmonics, which enables to account for
the particle geometry to the maximum degree. After
algebraization of the system of integral equations, they
are solved in an explicit form in virtue of accounting for
the geometry of each interface. Then two expansions
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are linked for a single layer. As a result the transition
matrices linking the corresponding expansions are infinite-
dimensional matrices, except for the case of cofocus layer
boundaries. Therefore, the built 7-matrix has the simplest
form. An important role is played by the main element
T11, which with a precision of up to multiplier %” matches
the particle polarizability. Then the properties of T-matrix
are considered, namely its symmetricity and dependence
of elements on the size of the lamellar particle. The
link is analyzed between T-matrices built in spherical
and spheroidal bases. Symmetricity of the considered T-
matrices, and also the coincidence of polarizability (or main
element Tj;), calculated for different patterns, serves as
a good test for the validity of the conducted numerical
calculations. The analysis of the results of numerical
calculations produced previously for private cases, shows
high efficiency of this approach compared to the standard
EBCM regardless of the degree of extension or flatness of
the layers in the considered particles.

Problem setup

Electrostatic problems are usually solved using scalar
potentials @, the gradient of which provides the intensity
of the electric field [4,14]:

E=-Vo. (1)

Let us first formulate the problem for the case of a two-
layer particle. Let us introduce two indices for potentials
®/, where the upper j = 1, 2, 3 indicates the field potential
outside the particle, inside the shell and nucleus accordingly.
The lower index takes value i = 1 for the regular part that
has no features in the origin of coordinates, and value i = 2
for the irregular part, which reduces to zero in the infinity
and has a feature in the origin of coordinates.

Let us specify the field potential outside the particle
as ®' = ®! + @), where ®! — potential of the constant
external field, (Dé — potential of the ,,scattered” field, arising
due to the particle polarization. The field potential inside
the shell is also presented as the sum of two summands:
®* = @7 + 3, where the firat part (®?) corresponds to the
regular field, and the second one (®3) — to the irregular
one. Finally, fortphysical considerations, the field inside the
nucleus is described only by a regular component: ®3 = <I>f,
since it has no features (®3 = 0).

From the Maxwell’s equations it follows that scalar
potentials @/ are the solutions of the Laplace equation

A®! =0, (2)

since in the electrostatics the wave number is k =0. It
is feasible to use the Rayleigh approximation based on
the solution to the electrostatic problem in consideration
of the wave processes, if the particle size is much
smaller than the radiation wavelength. In the electrostatics
the boundary conditions consist in the continuity of the

tangential components of the electric field intensity E
and normal components of the electric induction D = ¢E
on the interface surfaces [4,14]. For the potentials the
corresponding conditions may be written as follows:

j j g+l j+1
D + P =P + Dy,
@+l a(@ ol (3)
8/ on; - 8j+1 an; ’ res;
where j = 1, 2. Here 9 derivatives along the external

on;
normal lines to the surfaces of particle S; and nucleus S,
and ¢;, €;41 — dielectric permittivities of jth and (j + 1)th
media, which are separated by surface S ;.

Equations (1)—(3) are problem setuip in a differential
form. It may be used, for example, to solve the problem by
the method of variable separation [15]. At the same time
another approach is used more often, which is formulated
as the system of surface integral equations and is called the
extended boundary condition method (EBCM) [8].

The foundation for the problem setup in the form of
surface integral equations are the ratios similar to the
Stratton—Chu identical relations [16]. For regular (&7, <I>{+1)
and irregular (CD‘é, @é“) potentials these relations related to
the surface S;, may be written as follows:

LG, 3G () el V()
@]v(}‘FI) / > _ 1 G / d !
[{or e

j

—<I>j’(j+1>(r), rebD;,
_ 1 J ] (4)
0, r € R®\Dj,

(1)
J>(+1) dG(r, r') _ 3@5 (r') ’ /
/{@2 (r') o o G(r,r') pds
5, J J

. 0, rec Dj, (5)
oV ), reRND,,

where D; — area occupied by particle (j = 1) or nucleus
(j =2), D; — closure D;. Besides, both above and further
one and the same Green’s function is used in the Laplace
scalar equation

1

G )= oy

(6)

where r, r' — radii-vectors of observation and integration
points.
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Summing up the equation (4) for potential (D{ and
equation (5) for potential @), we get

; ; oG(r,r’

RIS

J
i

_NﬂWHﬂwwanﬂ%y -

i
anj

~®|(r), reD;,
Di(r), reRN\D,

and taking into account the boundary conditions (3) on the
surface S, we get the following equations:

J

Sj
oM (r)+®I(r), reb;
1 1 4 J?
] -oit () - ®i(r), reRND;.

(8)
Now, to solve the electrostatic problem, there are two
equations related to surface of particle Sp, i.e. at j =1,
and two equations related to surface of nucleus S, i.e. at
J = 2, to determine four unknown potentials. Note that in
the latter case the corresponding equations are simplified,
since the potential is ®3 = 0.

There is another pattern to build the system of integral
equations based on the exclusion of the field potentials
inside the particle and inside the nucleus in the left part.
First in the equations for the potentials ®/*', &', similar
to equations (7), we will exclude these potentials with
account of boundary conditions (3). As a result we get
the equations for potentials @], ®3:
aG(r, 1)

an';

J{lo+ el

J

& (@) + ®5(r))

Gr, r’)}ds’

8j+1 8}1;
_<I){+1(r), reDj, )
S \eif'r),  reRrR™D;.

Further we multiply the equations by efe—j‘ and apply

identical relations (7) as we did above. As a result we

get
) J{ (ol + @) 255 o

(ff_H_
€j
J

] .
{%@Fm+qw
j j+1 j

219)1 (1) — D)(r),

(10)
re Dj,

rec R3\Dj.
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Now there are two equations related to the surface of
particle S, relative to the potentials ®), ®2, @} (the
potential of the external field ®! is known), and one
equation related to the surface of the nucleus S, beyond the
surface, relative to the potentials @2, ®3 (potential ®3 = 0).
Therefore, to determine three unknown potentials, three
integral equations are used. In this case it is sufficient to
consider the fields beyond the nucleus. The fourth equation
may be used to determine the potential inside the nucleus
®J. Generalization of the problem set over the three-layer
particles results in the increase of the range of values j by
1, namely j = 1, 2, 3 in formulae (3)—(10)), starting from
the external surface of the particle. For the n-layer particle
in the specified formulae j =1, 2, ..., n.

Spheroidal and spherical bases

The considered multi-layer particles may have both
spherical and spheroidal surfaces of the shell and nucleus,
but these surfaces must have the single center and axis
of symmetry. The further used spherical (r, 0, @) and
spheroidal (£, 7, @) systems of coordinates are related to
the Cartesian system (x, y, z) in a standard manner [17]:
(& = £)(1 =) cos g,

x =rsinfcosp =

AR ST

(€2 — )1 —m)] sing,

y =rsinfsing =

z:rcos@:%én, (11)

where d — focus distance. Parameter f =1 for the ex-
tended spheroidal coordinates, and & € [1, ), n € [—1, 1]
and @ €[0,27); f =—1 for the flattened spheroidal
coordinates, and £ € [0, ), n € [—1, 1] and ¢ € [0, 271).

The below bases consist of harmonics [14], which are
solutions to the Laplace equation (2):

a) in the spherical system
) (r) r!

ml

T Y

ml

Ve (6. _ 2 — 89 cos me,
0.9) =0 ) Prieoson L E e

Umi (67 @)7

(12)
b) in the extended spheroidal system
\@ Mﬂ:‘%M@mw
v @) w9, & 9)
d\! pm
(5) PI'(8)
= (e =D o Wmi (1, @)
(97 @)
wmle (77, (P)
Y (n@)(n, @) Yumio (1, @)
_ 2 — 90 cosmo,
=P'(n L 13
POV e, (1)
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¢) in the flattened spheroidal system

(e
[—m)! id\—(+1) m(s:
((l+m))! (=9) Q7'(ié)
)

mie ’ pm 2 — 69}’! cosm@,
() = 00— P 2 (14

where [ > m > 0 — non-negative integer numbers, Kro-
necker symbol 82 =1 or 0, when m=0 and m # 0
accordingly, P}'(n) — associated Legendre functions of type
1, and the corresponding normalized functions are

QI+1)(—m)
2 Tami

Pi'(n) =

=N,/ P'(n). (15)

ml

For the functions that depend on the angular coordinate
n, the second linearly independent solutions Q}*(n) are not
considered, since they have features at n = 1 and are not
suitable for physical considerations.

The transition from the extended spheroidal harmonics to
the spherical ones is carried out with the help of the limit
transition d — 0, £ — oo, and & — r. For the angular
functions d — 0 is sufficient, and n — cos 6. In general for
the spheroidal harmonics this limit transition provides the
following asymptotics:

= Cmn,1T£nll) r)(1+0 (), (16)
W2 (d, 1) = Cpn2 Y12 (1) <1 4o (é))

= Chun2 Y2 (1) (14 0 (d)), (17)

which with a precision of up to a constant corresponds to
the spherical basis.

Spheroidal angular functions ,,; form a complete or-
thonormal system in the space L,(2) with a square metric:

2 1

//wmn(n, @) (n, @)dnde = 8,6, , (18)

0 —1

i.e. on the surface of any coordinate spheroid 2. Spherical
angular functions (12) also form a complete orthonormal
system in the space L,(€2) with a quadratic metric (18) in
any coordinate sphere when substituting 7 — cos 6.

For the functions that depend on the radial coordinates,
the following definition is used, which differs by a constant
multiplier from the one specified in [14]:

2 d"P(&)

PI(E) = (&2 - 1) e

o(e) = (& - 1) e,

To analyze the relations between the spherical and
spheroidal harmonics, use the corresponding vectors
1) = {0 )} and w(d,r) = {wl@.r)
tios (12), (13). Now for the spherical and spheroidal

harmonics of the 1st and 2nd types you can record the
matrix equations [12]:

(19)

} from ra-

W (g, r) = V(@)Y (r), (20)

m m m

where the transition matrix elements are defined from the
ratios

(n+1-1" (2n+ 1)Ny,
(n— D0 —m) 2+ DNy~ " =5 (2]
@) _(d (I=n) (I — m)
Vi) = <E> (I=nMn+14+1)"
@+ )N ;”N mop <, (22)

Since the matrix V! (d) links the polynomials of the degree
not exceeding n-th, it is lower triangular, i.e. v (d)=0

nl,m
at n <. It should be noted that the summation in the
formula (20) is conducted using indices, the parity of which
matches the corresponding parity of the index in the left
part of the equation.

For the spheroidal harmonics of the 2nd type the
transition matrices are upper triangular, since for them the
estimates (17) are true in the infinity.

In case of a limit transition d — 0, £ — oo from the
spheroidal harmonics to the spherical ones (16), (17) the
transition matrices (20—22) become diagonal:

2n— 1!
Vi},)m(o) = ﬁ&i = Cyn,15,,
@) (n—m)! I
Vi (0) = m(sn = Cyun,20,. (23)

Thus, the diagonal elements of the matrices correspond to
constants Cpy.1, Cyno from formulae (16), (17). Note
that the product of these constants is equal to one:
Cmn,l Cmn,2 =1

In paper [12] it is shown that for the transition matrices
of the 1st and 2nd types the following ratio is true:

v @)V T(d) =1, (24)

m

which makes it possible to find the inverse matrices
1 ! 2
(V@) =),
-1
(V2@) =9, (25)
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Construction and study of the electrostatic T-matrix and...

353

where T means transposition of the matrix.

If it becomes necessary to find the transition matrices
from one spheroidal basis to the other linked to the non-
cofocus spheroidal system of coordinates, then you first
need to approach the spherical basis, and then another
spheroidal one.

W (dr.1) = V@)1 () = VO ) (V)

m m

U (do, 1) = AV (dy, da) W) (da, ¥).

(26)
Taking into account ratios (25), we get
A (dr, dy) = Vi) (dy) VDT (d).
A (d, o) = V7 (dl) V(). (27)
Taking into account ratios (25) and (27), you can find

inverse matrices:

(A, )

=V (da) VP (dy) = AP T

= AD(da, dy)

(d1, da) (28)

and similarly
-1
(Af?(dl,dz)) = AP (da, dy)

=V 2(dy)) VIV (dy) = ADT(dy, dy). (29)

Therefore, for inversion of the spheroidal transition matrices,
it is sufficient to either switch arguments or to transpose the
similar matrix of another type.

Further it will be required to expand the Green’s function
in the spherical system of coordinates [14]:

—(+1)
Zzz 60)1121 1r<)(>) *

m=0 l=m

x PJ'(cos )P

:ZZT J(r2), (30)

m=0 l=m

7(cos @) cosm(p—¢")

where r- = min(r, r’), r~ = max(r, r').

Similarly, the expansion of the Green’s function fo r
the Laplace equation in the extended spheroidal system of
coordinates with accoutn of ratios (13) has the following
appearance [14]

N N
G = Gl =] 2nd,;)§2 i
=) ,
0 —|—m)'PZ (E)OT(ENPT(M)PT (n') cosm(p — @)
=3 > W) v ),
m=0 l=m

(31)
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where £&. = min(&, &), & = max(€, &').

In case of flattened spheroidal coordinates and harmonics,
you need to do the standard substitution of & — ié,
d — —id. As a result the formulae (21), (22) will have
the following appearance

(n—1) 1
V<1 (—id) = d (m+1-1" (2n+ l)Nmn,
o 2 (=N —m)! @2+ DNy
n>1, (32)
. [—n)
@ (i [~ (L —m)!
Vi (=id) = ( p ) DTSy
X w n<l. (33)

Other ratios remain true for the above substitution. For
example, the link between the extended and flattened
harmonics is recorded as follows:

W (di, 1) =V (dr) T ()

—1
= V() (V) (—id2)) W (~ida )

=AWV (dy, —id)) WD (—idy, r), (34)

m

besides

AD(dy, —idy) = VD (d)) VAT (—id,),

AP (dy, —idy) = V2 (d)) VI (—id,). (35)

When other formulae are made, act in the same manner.

Expansion of potentials by harmonics

With account of the maximum accounting for the geome-
try of the particle, we will present the field potentials within
the vicinity ot the spheroidal boundary as expansions by
spheroidal harmonics, and in the vicinity of the spherical
surface, the potentials will be recorded as expansions by
spherical harmonics. The linkage of the same potentials
inside the particle shell is carried out using links between
the spheroidal and spherical harmonics specified in the
previous section.

The spheroisal surface in the accordingly selected
spheroidal system is coordinate, therefore its equation is

& =&, (36)

whereas the equation of the spherical surface in the
spherical system is recorded as follows:

r=ro. (28)

In the electrostatic (as in the wave) problem for the
axisymmetric particles you can implement the separation
relative to the azimuth angle [18], i.e. the problem is solved
independently for each summand of the generalized Fourier
series using the azimuth angle ¢.
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At the vertical orientation of the external field the
corresponding potentials do not depend on the azimuth
angle, therefore here the index is m = 0, and the horizontal
orientation uses only members with the index m = 1, which
will be considered below when summing by index m.

Regular and irregular potentials in the vicinity of the ex-
ternal surface of the particle will be presented as expansions
into spheroidal or spherical harmonics.

Ol _ SN alh@l(r)

ml

1 — 1 2
®; 2 ) ().

(38)

where basis functions are either spheroidal har-

monics <I>,(nll)(r) mll (d,&,n,9), or spherical ones
<I)£nll> (r) = T )(r 0, ) depending on the type of the surface,

ml

and the dash means that with account of the parity
properties the summation must only be conducted using
odd indices /. Note that here we mean the potentials of
the external and ,,scattered“ emissions. Further the similar
designations will be used for the expansions of the potentials
in the shell and nucleus, and they do not depend on
the refractive index and differ only by the type of radial
functions.

If the single external field is directed along or perpen-
dicularly to the axis of symmetry of the spheroid, in the
corresponding rows (38) only the cofficients differ from zero

1 4m 1 47
aél) = V3 a<11) =\V3 (39)

accordingly.
For the field inside the shell in the vicinity of the external
surface, the corresponding potentials are presented as

oo 1 (2 1)
(Di = a(lz’))ml <I>(<12)m /(1) (40)
(D2 1=1 bl,ml (Dl,ml(r)-

Field potentials in the external vicinity of the particle
nucleus surface may be presented in the form of

8 e, ol
=Y By (41)
FEED DIC G s

Different designations for basis functions in the vicinity of
the external and internal surfaces of the shell indicate that
they can be either spherical or spheroidal harmonics (12)—
(14).

Finally, the potential of the field inside the nucleus is

! 3) 4 (1
® =" ®)r). (42)

Let us link the expansions (40) and (41) used inside
the shell for the same potentials. Assume that the external
surface of the shell is extended spheroidal, and the internal
one — spherical. In this case, taking into account equations
(20)—(25), we get:

"1 ml Z /me( )Y <1,2(r)

=1 bl ml Z vln m( ) <2r2(r)

00 1
Z ¢ )(r) @)
n=1 b2 mn Tm” (r)

In the matrix form with account of the ratios between the
extended spheroidal and spherical harmonics (25) we have

(2) nr 2
a; _ VWI(d) 0 aézi . (44)
b(22) 0 v T(a) b

When this matrix equation is reversed with account of the
transition matrix properties, we get

a<12) B v (d) 0 a<22) @3)
b) "\ o vera) b))

where the vectors of the expansion coefficients and trans-
posed matrices are used.

In case of the external spherical surface and internal
spheroidal one after the similar inversions we get

a,” vA@) 0 a)”

#’_@W@ o>a9 )
b<12) 0 VAT (d) b<22)

i.e. compared to the previous case the transition matrices
switched places.

If the external surface of the considered layer is flattened
spheroidal, then jn ratios (43)—(45) it is sufficient to
substitute d — —id. Generalizing the obtained result over
all possible cases, we get

a<22) _ @ﬁnlﬂ(sl,s‘z) ~ 0 a(lz) (48)
b(22) 0 V<2)T(s1s2) b(12) ’

where uniform designations are used for the ex-
tended spheroids s; =d;, for the flattened spheroids

and

s; = —id;, for the layer of spheroidal — spherical surface
AV (51, 0) = V(U7 (s,) and, finally, spherical — spheroidal
surface A!) 100, 52) = V@ (s3).

Building and research of T-matrices

Let us consider the electrostatic problem in more detail
for the two-layer particles of different types, using two
patterns of the EBCM method. To conclude this section,
we will study the properties of the built 7-matrices.

Optics and Spectroscopy, 2026, Vol. 134, No. 4
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EBCM method: 1st pattern

For algebraization of integral equations on the particle
surface, let us substitute to the system (8) the expansions
of the potentials and the Green’s function in the system
of coordinates corresponding to the external surface. As a
result, in virtue of orthogonality of the basis functions we
get

=AY Al
(50)
§

bV =Afa +ap?.

Similarly, for the particle nucleus, using the expansions of
the potential and the Green’s function, we get:

(2 2)
a; )= Agl a®¥,

b? = APal).

Above

. oo
introduced  vectors al(-") = {a/ } ,

b; U) = {b’ }OO and diagonal matrices

they

Ay = {8 + (2= DL

Ay = {(e2 = L2

AY = {~(e2 — DLy,

nm

AY = {57 — (e2— DLL2 (52)

nn,m

Here a designation is used for the 1ntegra1s

) (7
0P
LM = / QEf)(F)igl(r)ds. (53)

nl,m n n

St

These matrices are diagonal in virtue of orthogonality of
angular functions (18). Note that for the system (50) you
can use the determinant

det = AVAY —AVAY) = ¢, (54)
since the properties of the system with diagonal matrices are
similar to the properties of the ordinary systems with linear
algebraic equations. For the second system, substituting
the corresponding harmonics and integrating on the nucleus
surface, we get similar matrices.

Finally with account of ratios (12)—(14) the matrix
elements for various types of surfaces may easily be found
in an explicit form. For example, for different external
surfaces of the two-layer particle we get:

a) extended spheroidal

(n—m)
(n+m)

((&0)* = VP ()02 (&),

(AS))n =1 + (2 — 1)

23*  Optics and Spectroscopy, 2026, Vol. 134, No. 4

A = (&2 — 1) <E212§:>2 <%>(2n+1)

x ((£0)? — 1)Q (£0) Q0 (40)
(1) — _ _ g 2 2 m’ m
A =—(e2=1D (3] (&)~ P ()P} (&).

(W = 1= 2 = D (&) = DO ()P &)
(55)

b) flattened spheroidal

(n —m)!
W =1~ (= 1) ()

VP (i&) Q2 (i),

n
A = —(e2 = 1) ((” - m)!)2 (_Tld) —(n+1)

(n+ m)!

X ((&0)% + 1)Q (ido) Q' (i),
. 2n+1
W= (-1 ()

X ((£0)* + 1P (i&0) P}y (i),
(n—m)!
(n+m)!

QU (igo)P

(A ) =1+ (22— 1)

x ((&0)* +1) n (i), (56)
c) spherical

n

2n+1

A ) =1+ (82— 1)

bl

1 n+1 —(n
(AS)n = —(e2 — 1) (ro) @),

2n+1
1) n n
(A3 = —(e2 = Vg (ro)™*,
(1) . n+1
A ) = 1 -1 .
(A1) + (&2 )Zn—i—l (57)

Above for the testing in all three cases you can use
equation (54). Matrix elements for the nucleus may easily
be found from the above ratios, selecting only two out of
four matrices.

The general system may be recorded as

a(l) — Ala(3),
b = Aa®),
where matrices A; and A, meet the ratio

1 1 A2
(Al)_ Ay AR (A (s152) 0 <A§?>
- i 4
A2 Aﬁ) Al 0 Afnl)(sl, 52) Au)

12
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and are equal to
= (ADACAE 4 AAYAR),

Ay = (AJA®AY) + AADAR) . (60)

Now it is not difficult to find the ,scattered® emission
potential expansion coefficients, namely

bV = A,(A)) " talV) = TalV), (61)

Previously a link was found between 7T-matrix and
polarizability of particle [18]. For example, if the external
field is oriented perpendicularly and in parallel to the axis
of rotation of the particle, we have

41 b<111> 47
A =ay = ———7 = ——T11,
(1

3 all) 3

(1)
4 by, 4
a, :—TW:—?TH (62)

01

Therefore, only one element of this matrix is required for
the Rayleigh approximation — 77;. To completely solve the
electrostatic problem, the entire T-matrix is required.

EBCM method: 2nd pattern

Here the infinite linear algebraic equation system
(ILAES) for the unknown coefficients is obtained in a
similar manner from the system (10)

£a? = Ba®) 1 B{Up(M), ©3)
e2b” = B{'a® + B{)b(1).

Note that this system may be obtained for solution (50)
with account of determinant (54). Similarly for the particle
nucleus the expansions of the potential and the Green’s
function are used, we get:
Lt
2),(2 2)1.(2
0=B{al" + B by,

where the first equation of the system (64) is only useful
to determine the field coefficients inside the nucleus a(13).

Above they introduced matrices

BY = {or — (2 - DRI} " =),
BY = {(e2 - DKL2} " = —afy),
Bl = {~(e2 - DK}~ = -aly,
Bl = {o — - DK} =al. (63)

Here a designation is used for the integrals

[ 0D
ki = [ 222 was. (66)

S1

Note that the elements of K and L matrices are linked
to each other as follows: Kill’m :Lllnl”", Kflzm :lenz”"
and KV = ;" K™ = L7, For the second system,
substituting the corresponding harmonics and integrating on
the nucleus surface, we get similar matrices.

Now the general system with account of equations
(63)—(65) and (44) may be recorded as

(1) (1)

A —A (1)

1?1) (12)2 (a> 0 (67)
—Ay Ay

From equation (67) you can find 7T-matrix, which is
received within the second pattern:

b<1) = (Bz)ilBla“) = Tna<1>, (68)
where

B = (ARVOTAY + ABVOTAY)

B2 = (ADVOTAY 4+ ARVOTAL) . (69)

Comparing ratios (60) and (69), it is easy to notice that
By =Al and B, =Al. Therefore, Ty =T, where T
corresponds to 7-matrix within the first pattern. Since in
both cases it is the same 7-matrix, it is symmetrical:

T =a(A) " = (B2) "By = (A2(A)7Y) . (70)

It is important to note that the property of symmetricity
of T-matrix may be effectively used to verify the results
of numerical calculations. For example, direct calculations
show that in the first pattern with the substantial influence of
errors, i.e. when the pattern becomes numerically unstable,
the errors result in a strong increase of the elements in the
first column by absolute value, whereas the behavior of the
elements of the first line has a different trend — they differ
much less from the correct results. For the second pattern
the picture is different — the elements of the first line grow
significantly. The behavior of the elements of the 7-matrix
for the wave problme of scattering is approximately the
same, besides, the elements of the first column are directly
related to the expansion coefficients of the scattered field.
When the problem is solved for the multi-layer particle

of matrix A;z, Bjx, and the transition matrices Afnl )(sl, 52),

AS,% ) (s1,s2) are found for each layer in the same manner
as for the external layer of the two-layer particle. After
that it is easy to find matrices A;, A, as the result of the
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matrix product similarly to (59), but for all available layers.
T-matrix and polarizability of the multi-layer particle are
determined using formulae (61) and (62) accordingly. The
2nd pattern of the EBCM method for the multi-layer particle
works in the same manner as for the two-layer particle,
therefore symmetricity of the 7-matrix in this case does not
cause doubts.

Let us consider the dependence of the elements of the 7-
matrix on the particle size. For this purpose, apart from the
source particle, we will solve the electrostatic problem for
such particle with the similarity coefficient v, in which the
focus distance is d = vd, the ratio of half axles is a /b = a /b
and the value of the radial coordinate is e;fo =&p. The
nucleus of the second particle will have the radius 7o = vry.
As a result the shape of the second particle and the shape
of its nucleus will be the same as in the source particle,
but their dimensions will change in accordance with the
similarity coefficient.

Taking into account the geometry of two particles, the
corresponding geometric factors (see (53) and (55)) are
linked as follows:

1,21 1, 21 71,22 _ o —(2n+1)51,22
Lnn m Lnn,m s Lnn,m =V )Lnn m*
1,11 __ (2n+1) 1, 11 1,12 1, 12
Lnn m Lnn m> Lnn m Lnn m > (71)

where i =1,2, at the same time outside the integral
elements at different indices n, / are equal to zero. For
the balls with the spheroidal nucleus the equations (71) are
also true, which can be easily seen from ratios (57).

For the diagonal matrices that appear in the systems (50)
and (51), with account of ratios (71) we get

AS) = A5, (AD)w = v (AD),,

(A7)0 = @D (A1),

where i = 1, 2 and again these equations are preserved for
the balls with the spheroidal ball.

For the elements of the triangular matrices V() and V%,
linked to the linkage of expansions inside the shell, we have

tildeAV) =AY, (72)

@2) — =0 VS)’

v =gl (73)

nl
This result follows from equations (21), (22). For the
element of inverse matrices, the corresponding rations may
easily be found from (27)—(29).
Now let us turn to the system (58) and matrices A; and
Az, which are used to build T-matrix (61):

al) = 4,20, (74)
b = 4,30,
where 3 ( . ( e (
A= ( VAR + ADVDA ) . (75)
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Taking into account the ratios (71)—(73), you can find the
dependence of A; and A, matrice elements on the similarity
coefficient:

(Al)nl = v(lin) (Al)nl,

(A2) =" (Ag). (76)

The found ratios (76) make it possible to record the
system (74) as follows:

vraM) = (A (v'a?),

v — (45),, (0! @),

From these equations it follows that vectors v"a,’ and
v ("“)b( ) are linked with T-matrix:

~ R0 = (1), (v a). (78)

On the other hand,
b =7 all, (79)

Comparing the obtained ratios (78) and (79), we find
the link between the elements of T-matrices for two similar
particles:

(T)nl = V(nHH)(T)nl' (80)

In particular, polarizability depends on the particle volume.
a=va. (81)

Note that this ratio is true for all components of the tensor,
which is polarizability (62). The proportionality coefficient
depends on the shape and internal structure of the particle,
and on the dielectric permettivities of the nucleus and shells,
but does not depend on its size.

T-matrix links the vectors of expansion coefficients of the
external and ,,scattered” fields in (38). If the basis functions
are spheroidal harmonics @f;l) (r) =W'(d, & n, @), we deal
with the spheroidal T-matrix:

b)) = TalV), (82)

In case of a spherical basis @f;l) (r) = Tfnll)(r, 6, @) we obtain
a spherical T-matrix:

b =7 all, (83)

The spheroidal and spherical bases are linked to each
other by a transition matrix:

al) = vV (g)a (84)

and
b = VAT (q)bD, (85)

Now you can record the link between 7T-matrices:

T = VT (a)TVI(d) (86)
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and [9] V.G. Farafonov. Opt. i spektr, 117, 949 (2014) (in Russian).
T = V<1>(d)TV(1)T(d). (87) DOI: 10.7868/S0030403414120083
[10] V.G. Farafonov, A.A. Vinokurov, S.V. Barkanov. Opt. i spektr.
Here it should be noted that the symmetricity of matrix (in Russian), 111, 1026 (2011).
data may serve as a good criterion of correct numerical DOLI: 101134/50030200X11120071
calculations.  Besides, let us specify another property [11] V.G. Farafonov, V.B. II'in. Opt. i spektr,, 115 (in Russian), 836
T, = Ti1, since these elements with a precision of up to one 12 gng) DfOL 10'\11(I)OI7J/St(‘)O3O4\(Z)?34lII3’ '1001561\/[ th. Sci. 252 (5)
. ST ‘G. Farafonov, V. Ustinov, V.B. II'in. J. Math. Sci., ,
and the same constant are equal to the particle polarizability. 702 (2021). DOI: 10.1007/510958-021-05192-x
[13] V.G. Farafonov, VI. Ustinov, AE. Farafonova, V.B. IIin.
Conclusions g)é\é[;l';h3 Sci. 277 (4), 698 (2023). DOI: 10.1007/310958-023-
1. The solution to the electrostatic problem is built for the L if@?éf}fkﬂ :ﬁf‘)kh Metody teoreticheskoy fiziki (IL.,
multi-layer particle with spheroidal and spherical boundaries [15] V.G. Farafonov, V.. Ustimov. Opt. i spektr, 124 (2) (in
of layers, besides, they may alternate randomly. The used Russian), 255 (2018). DOL 10.21883/08.2018.02.45533.212-
method of expanded boundary conditions will make it pos- 17
sible in an explicit form to solve the corresponding infinite [16] D. Kolton, R. Kress. Metody integralnykh uravneniy v teorii
algebraic systems for the unknown expansion coefficients of rasseyaniya (Mir, M., 1987) (in Russian).
field potentials for the most suitable bases accordingly for [17] V.. Komarov, L.1. Ponomarev, V.Yu. Slavyanov. Sferoidalnye
the spherical or spheroidal surfaces. Then for each layer i k“{O”OVSkie sferoidalnye funktsii (Nauka, M., 1976) (in
with different types of boundaries the corresponding field Russian). ) ‘ )
[18] V.G. Farafonov, VI Ustimov. Opt. i spektr, 119 (6) (in

expansions are linked. The main member 77; of the built
T-matrix with a precision of up to constant 4s7/3 coincides
with the particle polarizability, which enables to estimate its
optical properties.

2. Bonds were found between spheroidal and spherical 7-
matrices, which are produced when spheroidal or spherical
bases are used accordingly. The symmetricity of T-matrix is
proven, and dependence is also found between its elements
and the size of the multi-layer particle. In particular, the
polarizability of the particle linearly depends on its volume.

3. Previous numerical calculations showed high efficiency
of the proposed solution in the private cases of the spheroid
with a spherical or spheroidal nucleus. In particular, it was
shown that for a spheroidal particle with the ratio of half
axles a/b > V2 +1 and any nucleus it was feasible to use
this approach, since the direct use of the widely known
spherical basis yields wrong results.
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