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1. Introduction

The single-atom laser is one of the fundamental models in
quantum optics [1-24]. The simplest variation of this model
is represented by a two-level atom with incoherent pumping
which interacts with a damped single-mode cavity field.

For this model, a stationary solution for the intra-cavity
intensity [1] is known (we’ll call this solution ,semiclassi-
cal“), which demonstrates a distinctive feature of a single-
atom laser: the square-law dependence of the intracavity
intensity on the pump parameter, describing the transition
to self-quenching after saturation.

Some works devoted to the study of this single-atom
laser problem are based on the analysis of the density
operator equation written in the coherent state representa-
tion. Thus, the authors in [9,10,14,15,19,23], considering
various limiting cases in the steady-state laser operation
and find approximate expressions for the phase-averaged
Glauber—Sudarshan P-distributions and Q-Husimi distribu-
tions (hereinafter P- and Q-distributions). The obtained
expressions complement the semiclassical solution and, in
particular, describe the transition to thresholdless laser
operation and sub-Poisson photon statistics in the case of
atom-field strong coupling. In this case, the P-distribution
is mainly represented by non-analytical functions with a
limited domain of definition.

The differences in approaches from different authors are
insignificant and consist in the fact that in one case [9,10],
a system of first-order differential equations is analyzed
for various auxiliary distributions (conditional probabilities),
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and in the other [14,23] — a single differential equation is
analyzed either for P-distribution, or for Q-distribution.

Under the conditions of existence of semiclassical solu-
tion the differential equation for P-distribution [14] it is an
equation with a small parameter at the highest derivative.
The solution that was found in [14] can be interpreted from
the point of view of perturbation theory as a solution to
the ,,unperturbed” equation, which is also called the WKB
approximation [25]. With its help, the behavior of a single-
atom laser in a wide range of pump parameter values was
investigated, and the case of a high-Q cavity, previously
considered in [9], was described more precisely.

In this paper, it will be shown that the case of the
extremely strong atom-field coupling outlined from [10],
is also described by a solution in [14]. In this case, an
additional condition will be found, under which this solution
will coincide with the solution for a conventional laser with
a macroscopic number of emitters [26].

The behavior of a single-atom laser near a semi-classical
threshold will be analyzed separately. The transition to the
thresholdless regime during the transition from the case of
weak atom-field coupling to the case of extremely strong
atom-field coupling will be consistently considered.

In papers [19,23], similar to [14], differential equation
for Q-distribution is obtained. Under the conditions of
existence of semiclassical solution this equation will have
its approximated solution [23], allowing to reproduce the
results from [14]. And for the case of atom-field strong
coupling regime it is possible to delineate a weak sub-
Poissonian photon statistics earlier mentioned in [12]. At
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that, P-distribution from [14] due to its quasi-probabilistic
properties, did not allow to describe this feature.

Yet, the expression obtained for Q-distribution [23]
doesn’t cover the case of extremely strong atom-field cou-
pling [10]. Therefore, this study will be focused on finding
the connection between the solutions from [10] and [23].

The study is structured as follows. The second section
presents a theoretical model of a single-atom laser. The ini-
tial equations for the phase-averaged P- and Q-distributions
are given and the conditions under which they are analyzed
are specified. The following sections are focused on finding
a small parameter in these equations, the search and analysis
of the corresponding asymptotic solutions. The findings are
summarized in the last section. The appendix contains some
bulky formulas and coefficients from equations.

2. Theoretical model

The equation for the density operator p of a single-atom
laser has the following form [27]:

ap |~
a_f _ _%[v,f)] g(z apat —atap — pata)
+ g(zc},a(ﬁ —6lep—pe'e)
L 26156 — 6615 — po6t
+§(20'p0'—0'0'p—p0'0') (1)
Here, a and a' — photon annihilation and creation

operators in the cavity mode, 6 = [1)(2| and 6 = [2)(1] —
atom transitions operators where |1), |2) — the vectors of
the ground and excited states of the atom, respectively.

The first term in (1) describes the interaction of the
single cavity mode with a two-level atom according to
the Jaynes—Cummings Hamiltonian with the coupling con-
stant g:

=ihg (a'e —o'a). (2)

The second and third terms take into account the cavity
mode decay at a rate of k/2 and the spontaneous decay
of an atom at a rate of p/2, respectively. The last term
is related to the incoherent pumping of an atom from the
lower level |1) to the upper level |2) at a rate of I'/2.

To describe the operation of a single-atom laser, we
introduce the following three dimensionless parameters:
r =I'/y — pumping rate, I; = y/k — saturation coefficient
and ¢ = 4g?/ky — coupling constant (cooperative parame-
ter).

2.1. Equations for the phase-averaged P-
and Q-distributions

As shown in [14,19,23], from equation (1), in the steady-
state, it is possible to obtain linear homogeneous differential
equations with polynomial coefficients for phase-averaged
P- and Q-distributions.

Optics and Spectroscopy, 2026, Vol. 134, No. 1

Thus, for the P-distribution this is a second-order equation

2
Z szu(I)P< )
v=0

(1) =0, (3)

where the designation P") (I) = d"P (I) /dI" and the dis-
tribution depends only on the intensity variable I = |z|?,
which is the square of the modulus of the complex number
7z = 1e'®.

The polynomials in (3) are expressed as

poI) =1 (I —1Io),
pil)=an(I—1-1)(I—1:1),
pal) =an (I —12) (I —12), (4)

where the roots of polynomials Iop, /1142 and coeffi-
cients aiy, ay depend on the laser parameters r, I, ¢
The entries of the polynomials in their canonical form
(aio + ail + a;»1?) and the explicit form of the coefficients
a;x are given in Appendix 1.

Note that one of the main problems encountered when
finding a solution to equation(3) is that the ratio p;/po for
I = 0 goes to infinity as 7~2 [28].

The differential equation for Q-distribution will be of the
fifth order:

5
Z qs—v(1)Q™ (I) = 0, (5)
v=0
where polynomials
qo(I) = 1I* (I — Io) ,
qi(I) =31(I —1In) (I —112),
q2(1) =3 (1 —1In1) (I —I22) (I — In3),
g3(I) = (I —1I31) (I = I2) (I —I33),
qa(l) = bar (I — 1) (I — 11),
qs(I) =bsy (I = Is1) (I = I5) . (6)

The canonical form of these polynomials is also given
in Appendix 1.

2.2. Semiclassical solution. Mandel Q; parameter

As reference solutions, we will use a semiclassical
solution for stationary intracavity intensity [1,12]

I,

B (r+1)?
Iint—j (r—1)——+

c

(7)

and the expression for Mandel Q; parameter obtained after
linearization of Heisenberg—Langevin equations [12,14]
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near iy (7)

3(r+1)
-— -1, 8
% (8)
where 7 = afa — photon number operator.
Expressions (7), (8) are true when ¢ > 8 and r lie
between the pumping threshold value ry, and the value r,
corresponding to the self-quenching effect:

T <1 < ry,

c
rth:rmax_z\/l_g/C,

c
rq:rmax‘i‘z\/l_g/c’ (9)

where rmax = ¢/2 — 1 is the pumping rate at which Iiy (7)
reaches its maximum

Imax = % (1-8/c). (10)

As mentioned earlier, the best match of analytical
solutions (7), (8) with numerical analysis occurs in case
of a ,,good” cavity I, > 1.

2.3. Conditions applied

Now we will determine the characteristic values of the
laser parameters, at which we will investigate the equations
for P- and Q-distributions.

If it is not specifically specified, then we will assume that
the following conditions are met:

cly>8, ¢>8. (11)

The fulfillment of these conditions, which we will call the
conditions for the existence of a semiclassical solution (7),
allows us to accumulate a large number of coherent photons
in the cavity mode.

Let’s consider two possible cases: 1) ¢ > I; — strong
atom-field, coupling when the coupling of the atom to the
cavity mode is stronger than the coupling of the atom to the
reservoir responsible for its spontaneous decay; 2) ¢ < I, —
reverse case — weak atom-field coupling.

The limiting cases of strong and weak atom-field cou-
plings will have the following limiting transitions: ¢ — oo
and I; — oo.

The solution (8) predicts the weak sub-Poissonian
behavior of laser!, which exists for ¢ > 200 near the

In [12] all numerical calculations confirming the expressions (7), (8),
were carried out using equation (3), which was later published in [14]. At
the same time, due to the quasi-probabilistic properties of P-distribution,
the calculation area was limited to the root /_;. That is why the sub-
Poissonian property, which is predicted by the expression (8), is discussed
later in [14,23].

value r =c¢/5 (rm € ¢/5 < rmax). In the limit ¢ — oo,
Qr =~ —0.05. It is near these parameters that P-distribution
strongly exhibits its quasi-probabilistic properties [14,15].

3. P- and Q-distributions under
conditions of existence of a
semiclassical solution

Let the condition for the existence of a semiclassical solu-
tion (11) be fulfilled, then, in equations (3) and (5) there’s
a large parameter 4 = cI; (see coefficients in Appendix 1,
an) (A2), b52 (A4))

Let’s introduce the characteristic scale of the problem 7,
and rewrite the equations (3) and (5) via the new variable
x =1/I;.. Then the equation for P-distribution will be
expressed as:

x2(x —x0) PP (x) —2a(x —x_1) (x —x41) PV (x)

+ Ao (x —x_3) (x —x42) P(x) =0,

(12)
where xo =1o/lsc, X112 =1112/15c and it was taken
into account that ap=—ad, a=I[14+3(0r+1)/2]
and ann = A.

Equation for Q-distribution:

1,352 (x — x00) Q) (x) + 31, 2% (x — x11)(x — x12)
x QW (x) + 31 (x —x21)(x —x22)(x — x23)0%) (x)
(0 4 12 b30)0P (x) + AL (1332x2 + 1;011531x)

x QP (x) + 2B (x — xa1)(x — x42)0"(x)

+ e (x —x51) (x —x52)Q(x) =0,

(13)
where it was taken into account that bs, = A8, bs; =1
and B =[2—3(r +1)/2¢c| and designations b3 = b3/,
1;32 = b3p/A were introduced.

3.1. ,Square-law“ characteristic scale
3.1.1. ,,Unperturbed“ solution for P-distribution

Lets set the following  characteristic  scale
I;c = cl;/8 &2 Iax (10), which we will call a ,,square-law*,
assuming a square-law dependence of Iy (7) on the
pumping parameter.

Analyzing the polynomials in (12), we can show that
under the conditions of (11), in particular, when the pump-
ing parameter is comparable to the cooperative parameter
r ~ ¢, the roots of the polynomials are x¢, x+12 ~ 1.

As can be seen from (12), the highlighted large parameter
A allows us to consider the equation for the P-distribution
as an equation with a small parameter at the highest
derivative [25,29]. Removing the term with 1/ in (12),
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we obtain a ,unperturbed“ equation, the solution of which
has the form

No(I_1 — 1)1 (I — D)2et/e, T<T 4,
Po(I) = { (14)

0, I>1_4,

where N is a normalization constant and a transition was
made back to variable intensity / and the roots 71, I4.
Powers in (14):

(-1 =12)I-1—112)

fi= all =1 ,
_ T — 1) —142)
f2= a1 —10) . (15)

The solution (14) was obtained earlier in [14]. A detailed
analysis showed that (14) agrees well with numerical
calculations in almost the entire range of changes in
the pumping rate from r < ry to r > r, (see section
»Calculation results. . .“).

A similar result was obtained in [9]. However, the
solution (14), as shown in [14], more accurately describes
the behavior of a single-atom laser and can be used for a
wider range of laser parameter values.

Some specifics of the coefficients in equation (3)
(or (12)) should be noted:

(1) In case of a ,good“ cavity regime I; > 1, if con-
ditions (9), (11) are met, the following approximated
equalities are fulfilled:

Iy~1;1~1,,

I_1 = Lr/2a, I_3= [y,

(1_1 —1_2)2 N a(1_1 —1_2)
I_>f1 I,

Here, the expression for /_ partially explains the limited
scope of (14) — the impossibility of observing a field with
an intensity greater than I,r/2.

(2) In case of extremely strong atom-field coupling, i.e. at
¢ — oo, for the roots of the polynomials, we have the
following expressions:

~ Q. (16)

p CL(r+1)—-1
0 — 2 >
L(2r+1)—1£]|L, — 1]
Ij:l: 4 s
Iir £/, —1)(I; -3
e @003 -

3.1.2. Approximated solution for Q-distribution

In the conditions in question (11) the roots of the
polynomials and the coefficients in equation (13) are of
the order of unity: X00, Xixk ~ 1 173b30, I;Clb31, by ~ 1.

> sc
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The location of the large parameter 1 in equation(13)
allows to search for its approximate solution by considering
the following second-order differential equation:

I (1332x2—|—1‘;11~;31x) Qg)z) (x)+B (x—x41)(x—x42)QE)1) (x)

+ I (x —x51)(x —x52)Qo(x) = 0.

(18)
This equation corresponds to the ,,unperturbed* equation
for the distribution Py (14). It is difficult to find a solution
to equation (18) in the case of arbitrary laser parameters.
In [23], the term with the second derivative was dropped
in (18), which is partially justified because of the link
between the characteristic scale and the large parameter
I;c = A/8. Solving the remaining first-order equation gives

the expected result:

Qo(I) = No (I —141)%' (Iay — 1)** e 'P,

¢ = s = 1Is1) (s = Is)
B(Is1 —11) ’

gy = (I —1Is1) (I 152). (19)
B s — 1)

Here, the expression in the first parenthesis is always
positive, since I4; < 0. In contrast to (14) the exponent
decreases (8 > 0). In the second parenthesis for the laser
parameters under consideration we have 14, ~ I;r/2, which
is quite far from the area of significant change of the
function Q.

The solution (19), in contrast to the solution (14),
allowed us to describe the weak sub-Poissonian behavior of
the single-atom laser (Q; ~ —0.05, for ¢ > 200, r = ¢/5)
predicted by the linear theory (8) [12,14], and also repro-
duce the main results (see section ,,Calculation results. . .)
obtained earlier from (14).

As an observation, we also note the behavior of the
polynomials’ roots in the equation for Q-distribution. So,
under the conditions described, the roots of the polynomials
in (18) satisfy the following approximate equalities:

(1) In case of a ,good“ cavity regime I, > 1, if con-
ditions (9), (11) are met, the following approximated
equalities are fulfilled:

Iy~ 15 = —b—31 ~ i =~ Isy,
32
Iy~ —I;r/4, Is; = i,
Iy —Is1)? Isi — 1
Tn —1Is1)° ,  Bsi 41)—2%Qf. (20)
15181 Is; ‘

(2) In case of extremely strong atom-field coupling
(¢ — o0) it is interesting to compare the roots correspond-
ing to the roots 71, in (17):

(I + DU +3)
5 ,

Iir +/(I; + 1) (I + 3)
Is; = 3 ) (21)

Iir —

Is; =
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3.2. ,Linear” characteristic scale

For the limiting case ¢ — oo it is needed to select
another scale of the problem. It can be evaluated based
on solutions (7), (8). Let’s in (7), (8) ¢ — oo, we get

I;(r—1)

Iint (r7IS): 2 s (22)

1
=1y

From here we may select I, = I;r/2 as a problem’s
characteristic scale.

Qr(r) =

(23)

3.2.1. ,Unperturbed” solution for P-distribution
atc — o©

From the estimation of the characteristic scale of the
problem, it is clear that the solution to equation (12) will be
the function (14) found above, in which in all coefficients
it is just needed to go to the limit ¢ — co. Using (17), we
obtain

Iy —3

M ) ()T e
1

st

N
o o}

i

Po(I) =
0, > .

(24)
The solution (24) seemingly has a fairly simple structure,
which, in particular, shows when the P-distribution can
become negative. In fact, for I, < 1 and r > (1 —I,)/I,,
the first parenthesis in (24) changes its sign in the interval
(0, I;r/2). Therefore, the sub-Poissonian statistics can be

expected.

3.2.2. ,Unperturbed” solution for Q-distribution
atc — ©

Let us now consider the equation (18). When ¢ — oo
this equation, rewriting through the intensity variable, takes
the form

(sl + 1) (1) + (bag + barl + 217)04" (1)
+ (bso + bsiI +1*)Qo(I) =0, (25)
~ 1
b31 = —5 (I‘Y(r —|— 1) + 1) s
bao = _% I 43) L+ 1)+ 1),
by = _% (I,2r +1)+1),

~ 1 ~
b50:Z (I%(rz—l)—4ls—3), b51:—ISr.

Solution of equation (25)(in contrast to (3)) can
be searched in the standard way as a series

Qo = 1% (co+ c1l + c2I* 4 ...) with corresponding defin-
ing equation for « [28,29]. Or use the integral relation
between P- and Q-distributions [26,30]:

o = / P(I")e~ "Dy (2VTT)ar, (26)
0

where I,,(x) — modified Bessel function of the first kind.
Without getting into specifics of simple calculations, let’s
write the solution:

v | (Igr+2 -
Qo(I)=Nol > {(VT/—;;) I, (V2Ir D)+, (V2IrD) e,
(27)

where v = (I, + 1)/2.

Note that when solving the second-order equation (25),
two independent solutions are obtained. While physical
solution (27) is obtained from a superposition of these
solutions with the condition of boundedness at zero.

The solutions (24) and (27) were first obtained and
investigated in [10] based on a system of equations for
auxiliary probabilities. Note that these solutions do not take
into account such a feature of a single-atom laser as the
self-quenching effect, which is already evident from (22)
and (23).

Thus, in this subsection it is shown that the case of the ex-
tremely strong atom-field coupling (¢ — oo) is included in
the solution (14). And comparing equations (25) and (18)
with each other explains why the solution of (19) cannot go
into the solution of (27) at ¢ — oo: removing the second
derivative in (18) does not allow this. It is the first main
result of this study.

For a more detailed analysis of solutions (24) and (27)
see the original study. Here, for the sake of completeness,
we will figure out three special cases. The first case is when
I, — 1, also considered in [10], where the P-distribution
behaves like a generalized function. The second case —
I; — 0, whereas the product I/, remains constant. Third
case — I,r < 1.

3.23. LimitI, — 1

Let in expression (24) I, — 1. Seemingly, we get
Py = Nye', but this is an erroneous result. Let’s consider
the solution (24), having rewritten it as below (only part
for I < I,;r/2):

I—3
L—1 I I, =
PO(I):NO( 5 +7r—1)(7r—1> e!

:No[(%r —1)6 +e(%r —I)s_l}el, (28)

where ¢ = (I, — 1)/2.
It can be seen from (28) that for ¢ — 0, the second term
in parentheses can be considered as a weak limit defining

Optics and Spectroscopy, 2026, Vol. 134, No. 1



Asymptotic solutions of equations for P- and Q-distributions in the model of a single-atom laser... 63

Dirac §-function. Thus,

Po(l) = e L +8(5 —1)]e, 1<
> I

)

ST ST

where the normalization factor is explicitly written.

If we let in (27) I, to unity and using the integral
relation (26), it is easy to verify the correctness of the
solution (29) with its limited domain of definition.

3.2.4. Limit I, — 0 at I,r = const

Let’s go to the limit I, — 0, in (24) and (27), while the
product I;r will be fixed. Then

Po(l) = N0<Isr2_ Lo 1> <17r —I)%el, (30)

\/;Ir_ﬂ sh(v/21,71) + ch(\/ZIer)]e_I.
‘ (31)

These solutions for the case I,r = 1 were analyzed by us
earlier in [18,19].

Qo(l) = No[

3.25. Case I,r < 1

Let’s decompose the Bessel functions in solution (27) into
a series with respect to a small parameter I/, and restrict
ourselves to terms of the first order of smallness, then

1

Qoll) = a(l+1, +2I,r)

[1 +I(r+1) +I‘le]e_1.

(32)

The remarkable feature of expression (32) is that it clearly

reveals the Fermi statistics imposed by the atom on the

cavity field. In fact, using (32) to calculate the average
values of the operators 72 and 72, we obtain

- r Isr
0
o\ T 2 . o\ o Isr
(n?) = n/l Qo(Ddl =3(n) =2 = =75~ T (34)

0
Thus,
((A)%) = (%) — ()* = (a) (1 — (A)). (35)

The resulting dispersion of the number of photons
corresponds to fluctuations in the number of particles
for an ideal Fermi gas [31,32]. The single-atom laser is
featuring such behavior because of both, the studied case
of extremely strong coupling ¢ — oo and the condition of a
small number of photons in the cavity (n) ~ I,r < 1. The
identification of Fermi features in the photon distribution is
the second main result of this study.
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3.3. Solutions for P- and Q-distributions
atr <rmn,r >r,

In case when the pumping parameter is much less than
unity, which is equivalent to the inequality r < ry,, or much
more than the cooperative parameter, which, in turn, is
equivalent to r > r,, the solution (14) is transformed to

1 1
a(aio/az) xp <_ (a10/a2) > (36)

This result can be obtained directly from equation (3) by
removing all terms in the polynomials containing 7, 1%, I3,
ie., assuming that the main changes in the P-distribution
occur near [ ~ 0.

The expression (36) describes the thermal distribution of
photons in a mode with an average number of photons.

Po(I) =

.\ aip
ny =—. 37
(i) = 4 (37)
For pumping parameter values below the threshold
r < rup, and provided that ¢ > 8 and I; > 1, solution (37)
gives the result obtained earlier in [9):

~ r
(i)~ (38)
Thus, this limiting case is also contained in solution (14).
For the values of the pumping parameter lying above the
self-quenching point r >> r, and under the same conditions
¢ > 8 and I, > 1, the solution (37) gives the following
result [14]:

() ~ —< (39)

r—«c¢

The expressions for the average number of pho-
tons (38), (39), due to the fact that they correspond to
the thermal distribution, represent an expression for the
Mandel Qy parameter in the corresponding regions. The
latter has maxima (see ,,Calculation results...“), where
solutions (38), (39) give a divergent result.

The corresponding Q-distribution for r < ry and r > 1,
we’ll get from the equation (5), also neglecting all the terms
with 1, I%, I? [23], then

2003 (1) + b30Q P (I) + baoQV(I) + bsoQ(I) = 0. (40)
Solving this equation we get
Q(I) = Ngexp (al), (41)

where a is the real root of
baox® + b3ox? + baox + bsg = 0.

The average number of photons is given by the expression
(n) = —(a=' + 1), which for the cases discussed above
coincides with (38), (39).

At r — 0, 00 the root a =~ —1 , i.e. in these limiting
cases Q-function (similar as P-distribution (36)) describes
the vacuum state of the mode — Q (I) = e~ //az.

It is interesting to note that the solution (36) is a solution
to the equation (3) for the case when I, — oo (the same

equation:
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situation holds for Q-distribution). Let us I; — oo in
relation to ajg/az in (36), we’ll get the following value
for the average number of photons:

G “

&
From (42) the mentioned above dependence of (1) on r is
clearly observed, in case when r < rgp = 1orr>r, =c.
Note that (42) is valid not only in the conditions of the
existence of a semiclassical solution ¢ > 8, but also in the
case when ¢ < 8 for arbitrary values of r.

3.4. Solutions (14) and (19) related to the
semiclassical intensity 7,y and Mandel O,
parameter

Solutions (14) and (19) describe the laser in a much
wider range of problem parameter values than solu-
tions (7), (8). They can be used for values of the pumping
rate lying near the threshold, in the pre-threshold region, in
the self-quenching region. These solutions describe more
correctly the saturation yield and the transition to self-
quenching.

It can be clearly shown that expressions for the semi-
classical intensity (7) and the Mandel Q; parameter (8) are
included and derived from solutions (14) and (19) [14,23].

Let significant changes in P-distribution occur near the
value of the variable intensity I = I;,. Then, providing for
the approximate equalities (16), the pre-exponential factor
in (14) is written approximately as

AL\ Al
I — Iy AVEIPN _
(1 Alim> (I;1-=1) exp {fl 1n<1 A )}

B 1 (AD)?
~ exp[ AV 21;me}’
(43)
where AI =1 — Iy, Al =1_1 — Iiny and it was taken
into account that f, =0, f| =~ Alinx = IinnQf. By substi-
tuting (43) in (14) we get

Pol) = moexp [l e

where D, = I Qs plays the role of dispersion of the
Gaussian function about its mean value [;,, and the
restriction on Py in (14) can be removed.

Thus, the average number of photons and the photon-
number dispersion are expressed in terms of semi-classical
solutions as follows:

oo

<fl> :ﬂ/IP() (I)dI:Iint, (45)

0

(A7) = () + 7 / (I — (#)*Po (1) dI = (i) + D,
0

= Iinc [1 + Q]
(46)
However, it should be noted that when Q; < 0,,dispersion®
becomes negative D, < 0 and solution (44) with its unlim-
ited domain of definition loses its meaning and cannot be
used.
Similarly, we obtain the same Gaussian approximation for
Q-distribution (19):

7. )2
0 (1) =Noexp |- 05 )

where D, =1+ Iin(2+ Qf) — the dispersion of the
random variable /. We see that D, is always positive. Then,
for any possible Q , the expressions for averages are valid

o0

i) = [ 100 (1) a1~ 1 = F (48)

0
((An)%) = —((A) + 1) +ﬂ/(1 — () +1))* Qo (1 dI
0

=—((n)+1)+ Dy =Iin [1 + Qf].
(49)
Thus, the solution (47), in contrast to (44), can describe
the sub-Poissonian statistics, which was well demonstrated
in [23].

4. Comparison with a conventional laser

Let’s add the inequality I, > 1 to the previous limit
transition ¢ — oc. Then, the roots (17) will be simplified:

I, (r +1
Iy=11=1,= %,
Ivr I‘Y(r— 1)"’2
1 =—, [_,=—"— "7
1 ) P 2 2 > (50)
and solution (14) takes the form
No(lr —1) 7'l [t
Po (I) _ 0\ P X 7 (51)
0, I> IST’

The resulting expression (51) coincides with the solution
for a conventional laser [26], P-distribution of which is also
represented by a non-analytical function:

A_q
G A il
pay={M(F=1)" i ()
0, 1> gj.
Here, A4 — linear amplification coefficient, B — self-

saturation coefficient and ¢ — resonator mode decay rate
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(Appendix 2). And for a laser operating significantly above
the threshold, (52) gives the following expressions for the
intracavity intensity /.; and Mandel Q.; parameter:

A (A
I = B (5 - 1) , (53)

1
(& -1

Note that in the limiting case considered here (¢ — o),
the expressions (53), (54) coincide with the corresponding
expressions for a single-atom laser (22), (23).

The intracavity intensity (22) and the Mandel parame-
ter (23) describe the behavior of a conventional laser [26,33]
with a threshold dimensionless pumping value ry, = 1. The
Mandel Q-parameter is always positive, i.e., the intracavity
field is a super-Poissonian. At r > 1 Q; = 0, i.e. the field
statistics becomes a Poissonian.

The coincidence of P-distribution (51) with the corre-
sponding distribution for a conventional laser (52) can be
explained as follows. The limiting transition ¢ — oo may
be interpreted as an increase in the number of atoms in
the system [34-36]. The condition /; > 1 ensures the
accumulation of a large number of coherent photons in the
mode that randomly leave this mode. Both of these factors
erase the atom’s individuality, which is already evident in
the solutions (7), (8).

As mentioned in [26], the non-analytical behavior of
P (I) (52) is explained by the presence of derivatives of
all orders of P, (I, ¢, t) with respect to variables I and
@ (z =+/Ie'?) in the appropriate non-stationary equation.
It can be shown that in our case, the derivation of the
equation (3) also faces the problem of derivatives of all
orders. Therefore, it is possible that the limited domain of
finding solution (24) can be understood in the same way as
in the case of a conventional laser.

Thus, in this section, the relationship between a single-
atom laser and a conventional laser with a macroscopic
amount of emitters is found and explained. It is the third
main result of this study.

ch - (54)

5. Calculation results. Transition to the
thresholdless regime

In Fig. 1 the results obtained with the help of solution
(14) are presented. A characteristic square-law dependence
of the average number of photons in the cavity mode
on the pump parameter is visible. There are also two
pronounced peaks for the Mandel Q, parameter related
to its behavior near the threshold pump rate and value of
the pump rate corresponding to the self-quenching effect.
For the pump rate values above ry, and below r,, there
is good agreement with the semiclassical solution (7)
and solution (8).

The main dependences in Fig. 1 are related to the fact that
higher value of coupling constant ¢ entails both a natural
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rise of the photons number in the cavity mode and a shift
of rmax and r,. The latter is due to the fact that in order to
destroy the stronger coupling ,,atom—field “ and ,,capture®
atom in the excited state, a stronger incoherent excitation of
the atom shall be applied.

The same results can be obtained using an approximate
solution for Q-distribution (19). However, for r < rg
and r > r, solution (19) gives an erroneous result.

The Mandel Qf parameter plotted using three solutions
(14), (19), and (41), for the values of pump rate close
to the classical threshold ry ~ 1 is presented in Fig. 2,a.
It can be seen that Qf, plotted using (19), increases to
unity at r — 0O instead of tending to zero, describing the
vacuum state. Such non-physical behavior is due to the
fact that when (19) was obtained, the term containing
the second derivative with respect to Q-distribution was
neglected in the corresponding equation (18). It is the
Hoss of‘ of this term that distinguishes the solution (19)
from the solution (14) providing correct result for P-
distribution (see text after formula (18)). As can be seen
from equation (40) for the function Q (its solution (41),
as well as the solution (14), adequately delineates the
approaching to the vacuum state of the mode), for small
values of intensity variable, the term with the second
derivative cannot be neglected (b3 ~ 12). On the other
hand, the found approximation (19) is able to describe the
sub-Poissonian photon statistics Fig. 2,5 predicted by the
solution (8).

The behavior of the laser near the threshold is analyzed
in Fig. 3. One can see that transition to a strong atom-field
coupling leads to a decline in the threshold peak specific for
the conventional laser. Fig. 3, a, b illustrates this transition in
the case of a ,,good“ cavity regime I, > 1. It can be seen
that the threshold doesn’t disappear completely even in the
limiting case of strong coupling ¢ — oo (Fig. 3,¢).

The threshold peak starts to vanish completely after
transition to the ,bad “ cavity regime /; ~ 1. This behavior
can be explained by revealing inequalities corresponding
to the considered cases. Thus, for the strong coupling
¢ > I, in conditions of a ,good“ cavity regime /; > 1 the
following inequalities are fulfilled ¢ > y > k. Near the
threshold I' ~ y and the average number of photons in
the mode is small (n) ~ 1. Then, on the photon lifetime
7. ~ k1, there will be many acts of both coherent atom-
field interaction and spontaneous decay of the atom caused
by the corresponding reservoir. By increasing the coupling
¢ > I, the threshold peak will decrease, but due to the
continued condition /; > 1 will not disappear.

When transiting to the case of ,,bad“ cavity regime /; ~ 1
we have the following inequalities: g > y ~ k. In this case,
the lifetime of the photon will practically coincide with the
lifetime of the atom at both the upper and lower levels.
This will ensure some order in the process of photon-atom
interaction, which will lead to sub-Poissonian statistics, and
consequently, to the disappearance of the threshold.

Thus, it is clear that the condition for the transition to
a thresholdless regime of operation of a single-atom laser
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Figure 1. Average number of photons (n) (a,c) and Mandel Q; parameter (b,d) as a function of r. Dashed line — (14), (19). Grey
solid line — (7), (8).
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Figure 2. Mandel O parameter as a function of r. (a) Comparison of calculations performed using solutions (14) — dashed line,
(19) — solid line (41) — dotted line. (b) sub-Poissonian statistics, (19) — solid line, (8) — dashed line.

(generating under the conditions (11)) there cannot be Figure 4 compares the behavior of a single-atom laser on
only one inequality ¢ > I, [12]. It shall be clarified by two different characteristic scales of the problem — ,,square-
writing ¢ > I, =~ 1. It is the fourth main result of this law* and ,linear. The plotted curves demonstrate a natural
study. coincidence of the average number of photons for the pump
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reference to the formula, the solution (14) is used for (a,b) and solution for (27) for (c,d).
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Figure 4. Average value of the photons number (n) as a function r. Dashed line — (14), (19). Solid line — (24), (27).

values near the threshold and a significant discrepancy when of the Mandel parameter is Q; = —0.15 [7,10,18]. Yet, for
reaching saturation. the conditions reviewed in this article (11), as seen from

At the end of this section we’d like to emphasize that for the obtained results (Fig. 2,b and Fig. 3,d), the minimal
the considered single-atom laser model the minimum value Mandel parameter is Oy ~ —0.05.
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6. Conclusion

The purpose of this work was to consider all known
stationary solutions for a single-atom laser from a single
position.  Thus, it was shown that in the regime of
existence of a semiclassical solution, a large parameter
appears in the equations for phase-averaged P- and Q-
distributions. The corresponding ,,unperturbed” solutions of
these equations contain all the known stationary solutions
identified earlier.

In addition, several new results were obtained. The
presence of fermionic features in the photon distribution for
a single-atom laser operating in the regime of extremely
strong coupling and a small number of photons in the
cavity is clearly shown. The conditions are found when
a single-atom laser begins to generate like a conventional
laser, and the corresponding P-distribution coincide. The
conditions for the transition to a thresholdless regime of
operation of a single-atom laser in the regime of existence
of a semiclassical solution have been clarified. For the same
case, it was found that the minimum value of the Mandel
parameter was Qy ~ —0.05.

The approximate solutions described in the paper can be
obtained only due to the large parameter in the equations:
cl; > 1. For the case cI; ~ 1, when the Mandel parameter
takes its lowest possible value for this model Qf ~ —0.15,
approximate solutions, as we know, have not yet been
found.

In conclusion, we note that there’s still high interest in the
problem of a single-atom laser and related problems [37-
45], where the effects associated with the interaction of
a quantum field with single emitters are significant. And
since the early 2000s, previously purely theoretical problems
have become experimental, aimed at practical applications
of [46-58], in particular, in problems related to quantum
networks [59] and their safety [60].
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Appendix 1
Writing of polynomials (4) through coefficients a:

po([) = ((lozlz +a0313) s
pi(I) = (arw+anl +apl?),

p2(I) = (az +anl + 112212) . (A1)

Coefficients a;:

1
ap = < [1_I‘v (r+1)], ap = 1;

2
aro = BT 14 1),
au:% [9—21,(6(r+1)+c) + I2(3(r+1)*+c(4r+2))] ,

an =5 (1= 130 +1)+20)];

1
ax =7 [6 — I, (11(r + 1) +3¢) + 212(3(r + 1)* + 2¢)

Fenr 1) [(r—l)—wﬂ,

c

1
an =5 [3—4l(r+ 1) —1?(2cr — (r + 1)2)} , an=cl;.
(A2)
Writing of polynomials (6) using coefficients b;;:

qo(I) = (boal® + bo3l?)

qi(I) = (bul + bial* + bisI)

q2(I) = (bao + bl + bl* + bxsl’)

q3(I) = (bzo + b3l + bxl* + bxl’)

qa(I) = (bao + barl + bal?),

qs(I) = (bso + bsiI + bsI?) . (A3)

Coefficients b;y:

1
b = =5 [1+1L(r+1)], b =1;

1
bi1=-3 [l—i—Is(r—i—l)] s blz:i [7—315(}’4—1)] , bi3=3;

b20 = —3 [1 —|—Is(r+ 1)],

1
b= [—21 = 261,(r + 1) + 3:(r + 1)*],

by =-3[-4+1,(r+1)], bu=3

by = = [—15 = 81,(r + 1) + 31%(r + 1)?],

N =

bor = —3 1, [0 + 1)~ + 1)(13430,(+ 1))

1
by = 5 [23+ 12 =7(r + )], b =1;
(A4)
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1
bu =7 [—24—|—1S(r +1-3¢) = B(r+1)(c+ (r+ 1))

+P(8(r 1) c(3r +4))],

1
ba = g [15 — 20, (c + 10(r + 1)) + I2(5(r + 1)2

—2e(2r + 1)),
by = = [T+ I(4c —3(r +1))];

bsp =

A= N

[—6 FL,(5(r + 1) = 3¢) + B(r + 1)

X (e(r = 1) = (r+ 1) + Qe + 1) - 4c) |,

bSIZ% [3—4ls(r+1)+lf((r + 1)2—20r)} , bsy=cl,.

Appendix 2

P-distribution for a conventional laser P.; satisfies with
the following system of differential equations [26]:

ad a 0 ad
ﬂ(51—515>M(1)—Gﬁ(IPcz(I)),

[1 -2 (1% _zﬂ M) =Pa(l),  (AS)

where M (I) — additional probablity function. Laser
parameters: A — linear amplification coefficient, B —
self-saturation coefficient and ¢ — cavity mode decay rate.
A and B may be rewritten via the constant of atom-field
coupling g, atomic relaxation constants p,, ) and effective
pump rate ro: A =2g%rq/(y1y)), B =48> A/ (y1y))-
From the system of equations (AS5) it is quite easy to get
one equation for P.. Omitting elementary transformations,
we obtain the following second-order differential equation:

2
> h(DPY (1) =0, (A6)
v=0

where the polynomial coefficients are expressed as

po(I) = (doul + dool” + aosl’) ,
p1l) = (@G +anl +anl* +apsl),

p2(I) = (a2 +anl + zizzlz) ) (A7)

Optics and Spectroscopy, 2026, Vol. 134, No. 1

Coefficients a;:
ag = A°,
dapp=AB(A -C),
dg3 = —B*C;
ap=A°,
iy =A(AC-38C - A%,
a1 =B (2AC - 28C - A%),
a3 = BC;
dx=A(AC-BC - A%,
dy = 2ABC,

dn = B*C. (A8)

The equation (A6) is solved by using the non-analytical
function (52) [26)].
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