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The theoretical model of the nanolaser on carbon nanotube with zigzag chirality, which has semiconductor
properties, is considered. Periodic surface inhomogeneities forming Bragg gratings are realized at the ends of the
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Introduction

In today’s world the trends for miniaturization of optical
and telecommunication systems dictate the need for design
and development of appropriate devices [1-4]. In recent
years, great advances in the production of optical micro-
and nanostructures have significantly reduced the size of
many optical components. Reducing the devices geometry
not only helps to lower the energy consumption, but also
contributes to a higher density of nanodevices on photonic
chips, which is crucial for the high-tech systems where small
sizes and efficiency are a must.

In this regard, plasmonic circuit technology is promising
for use in various fields, such as nanoelectronics, optoelec-
tronics, nanophotonics, and fiber-optic communications. The
elements of the circuitry engineering include the nanoscale
waveguides and nano-resonators [4], as well as plasmon
logic elements [5-7]. In addition, the implementation
of plasmonic circuitry requires the presence of nanoscale
radiation sources — plasmonic signal generators — nano-
lasers [3,8-10].

Special attention should be paid to the concept of a
nanolaser with minimal geometry, proposed to enhance
and generate a coherent near field [11,12]. A spaser is a
nanoscale device consisting of a metal nanoparticle support-
ing plasmonic excitations and an amplifying medium with
an inverse population. The amplifying medium is excited
by external pumping, which, in its turn, excites localized
plasmonic modes in the metal nanoparticle. Spasers have
been deployed and used in nanophotonics to create ultra-
compact coherent light sources [13,14], however, the degree
of coherence of the spaser radiation is low.

Currently, a large number of different nanolasers have
been developed and deployed, including nanolasers based
on graphene jcitel15-17, quantum wellsjcite18, semiconduc-
tor nanowires jcite19-22, and high-index dielectric nanos-
tructures used for non-plasmonic nanolasers [23]. Terahertz
generators based on the carbon nanotubes (CNT) are
outlined in paper [24].
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Since instead of a photon flow a plasmon flow is
generated in the nanolaser, it makes it possible to overcome
the diffraction limit as a result of exponential decay of
the surface plasmon field, ie., to provide a nanometer
coherent radiation source. Nanolasers are capable of
generating a coherent electromagnetic radiation, including
optical radiation at sub-wavelengths, which makes them
the first choice devices in the new generation computing
systems and sensors.

Like any other laser, a nanolaser consists of three key
elements: a resonator, an amplifying medium, and an
external energy source (pumping source). In nanolasers, the
developed resonators shall provide a sub-wavelength size of
the optical beam or plasmon flow and have sufficient Q-
factor, which is necessary to generate coherent radiation at
reasonable pumping levels [4]. High quality factor makes it
possible to reduce pumping thresholds, which is critical for
the efficient operation of nanolasers in miniature devices.
The higher the Q-factor of the resonator and the efficiency
of pumping-amplifying medium interaction, the lower the
required pumping threshold, which makes such systems
more economical and efficient.

CNT are single-layer or multilayer tubular structures
consisting of carbon atoms orderly arranged on a nanotube
surface in the form of hexagons, as well as pentagons
and heptagons in the region of the nanotube bend [25-
28]. CNT have both semiconductor and metallic properties,
depending on the type of lattice and the chirality of CNT.
When propagating ultrashort pulses of the optical range,
CNT exhibit nonlinear properties [29,30]. Moreover, the
shape of ultrashort laser pulses affects the probability of
atoms excitation of [31,32] in CNT. The modern element
base of plasmonic circuitry is designed to operate at
telecommunication frequencies [4].

In this study, a model of a CNT nanolaser operating at a
telecommunication frequency is proposed and investigated
in theory. In the nanolaser, it is proposed to use CNT
with chirality of a ,,zigzag“ type featuring semiconductor
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Figure 1. CNT nanolaser.

properties. Periodic surface irregularities forming Bragg
gratings should be realized at the nanotube ends, i.e., such
a nanotube is a resonator itself. It is possible to fabricate
a nano-resonator with Bragg gratings using CNT cultivation
technologies while varying their growth modes [33].

When the nanolaser resonator on a CNT is pumped with
optical radiation, a coherent stream of plasmon polaritons
at a telecommunication frequency occurs in it when the
generation threshold is exceeded, which is determined by
the length of the resonator. A flow of coherent plasmon
polaritons from the nanolaser resonator to the CNT can be
directed into a plasmon waveguide, including a CNT-based
waveguide connected to the resonator mirror. Coherent
plasmon flow can be used in plasmon logic gates. In
addition, the CNT nanolaser can be used as a signal
amplifier in plasmon circuitry.

Nanolaser model

Let’s consider the suggested model of a CNT nanolaser.
The amplifying medium (working fluid) and resonator
for the nanolaser is a ,zigzag® CNT with semiconductor
properties, at the ends of which there are periodic surface
inhomogeneities like Bragg gratings, and the nanolaser is
pumped by radiation in the optical range (Fig. 1).

CNT plasmon modes

An electromagnetic wave with a frequency of @ interacts
with conductivity electrons and bound electrons in the
nanotube, generating surface plasmon polaritons in CNT.
For a thin nanotube with a radius of r, if its thickness is
much less than the mode wavelength, ro < 1 = 27/, the
solutions of Maxwell’s equations make physical sense for
the components of the electromagnetic field, which tend to
zero with the growing distance r — oo from the nanotube
axis.

Expressions for the components of plasmon-polariton
monochromatic (~ exp(—iwt)) surface wave propagating
along the CNT can be obtained from the Maxwell system
of equations for a non-magnetic medium (¢ = 1) with a
dielectric constant of e. Maxwell vector equations for
the field components V x H = —ikoeE and V x E = ikoH,
where ko = w/c, in cylindrical coordinate system (r, @, z)

have their solutions beyond the nanotube as Macdonald
functions [7]:

. —ipw _, qwr ko 1 wr
o= B () s ()]
w? L roKl(w) ro KI(U)) r ro

re B 1 wr ikow wr |
E,= 1014 —K(—) B K’(—) ,
T w T KW r + K (w) '\ ro /|
- Ao () a ks ()]
217 roKi(w) ro Ki(w) r ro
H(p_r_o' B iKl(—r)—A ikoew Kz’(—r)-,
w2 | K(w) r \rg K (w) ro /]
K K
E o= aKilwr/ro) g Kilwr/ro) g
Ki(w) Ki(w)

where the prime denotes the derivative of the function with
respect to its argument, w? = r3(B% — k3e). The modes
versus time, versus azimuthal and longitudinal coordinate
are expressed as

E;,H; ~exp(—iwt +ilp+ifz), | =0,£1,£2,...,

& — dielectric permittivity of the medium around the CNT.
The components of modes with zero azimuth index [ =0
are found from the expressions (1) taking into account the
property of MacDonald function K = —K;:

TM-mode
£ :iﬂoroAlﬁ(wr/Vo) _ . &koro , Ki(wr/ro)
' w Ko(w) ~ 7% w Ko(w)
K
E, = A Kowr/ro) 2)
Ko(w)
TE-mode
H, _ ;Boro Kl(w"/ro), E, = —i koro Kl(wr/ro),
w Ko(w) w Ko(w)
K
H, = p Xolwr/ro) G)
Ko(w)
where [y — propagation constant of the corresponding
mode.

Modal dispersion equation

To determine the propagation constants of 8(w) plasmon-
polariton modes in CNT, it is necessary to obtain a dis-
persion equation. We use Leontovich boundary conditions
E.=(H, and H, = E,/{ on the nanotube surface at
r =ro, where { =+/u./e. — surface impedance of a
conductive surface [34]. Given that for CNT p, =1,
ie. impedance is equal { =1/,/¢., from the system
of equations (1) we get the dispersion equation for the
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propagation constants fS;(w) of plasmon polariton CNT
modes (see Appendix A)

k2r2 e—¢
K (w) + ¢ 22 K% (w) +i <
Z( ) le 1 ( ) l \/EZ

< 2070 k)i () = z“%zq%w). (4)

Macdonald function argument w = ro(B8? — k3e)!/? shall
have a valid value, ie. S > kov/e, permittivity of the
environment ¢ — real value.
For the modes with azimuthal index [ =0 from the
equation (4) we get a dispersion equation as
k2r2 e —¢. kor
K§(w) +e 00 Ki(w) — i e % Ko(w)Ki(w) = 0.
(5)
On the surface of the nanotube (r =rp), modes with
zero azimuthal index -/ =0 transform into planar waves.
This follows from the substitution into -expressions for
modes (2) and (3) of the relation K;(w)/Ko(w) -obtained
from the dispersion equation (5) (Appendix A), where it
Kiw) — _j2VE for TM-mode and -

is -required to take

Ko(w) ekoro
2‘)53 =i \/é‘;wo -for TE-mode. The amplitudes of the mode

components with zero azimuth index -are expressed as:
TM-mode —

E, = PovEe 4 H, = /e A, E.=A, (6)

8k0
TE-mode —
Bo 1
H, =— B, E, = B, H, =B. 7
Veke T e 7

The modes propagation constants are determined from the
ratio K;/Kp, given that

Vee = (el? + e/ V4 exp(i8) = \/|ec|(cos S + i sind),

where § = arctan(e!’/¢l)/2, €. and ¢!/ —are the real and
imaginary parts of CNT dielectric permittivity. Then, we
obtain the dispersion equations for the TM-mode

wKo(w) — ETMK1 (w) = 0, (8)
for TE-mode
wKo(w) — erpKi(w) =0, 9)

Skoro

where ey = el €Tg = \/Wkoro.
and (9) it is taken into account that the imaginary part
of the equations is zero (iepm e cos(6) = 0), while the real
part, ie. erp = /|ec|korod = /2 and . sin(§) = 1. The
volume V of the mode field is estimated taking into account
the expression for MacDonald functions:

K, =~ \/7@ro/2wr exp(—wr/ro),

assuming that r = (82 — k2e)~/%; then V = 7(r? — r2)L,
where L — resonator length.

In equations (8)
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Figure 2. CNT of ,zigzag“ type with the chirality indices (17.0);
distance between adjacent carbon atoms dyp = 0.142 nm.

Figure 3. Bragg grating — periodic surface inhomogeneities at
the CNT ends with chirality indices (13.0)—(17.0).

Resonator of CNT nanolaser

The nanolaser resonator (Fig. 1) is a CNT with a ,,zigzag"
type chirality (Fig. 2) with periodic boundary inhomo-
geneities at the ends of the nanotube — Bragg gratings
as mirrors. Bragg gratings are implemented by periodically
changing the diameter of CNT without compromising its
chirality (Fig. 3).

Consider the propagation of modes with an azimuthal
index / = 0 over the CNT surface (expressions (6) and (7)).
Plasmon polariton mode with the propagation constant Sy,
which is defined by the environment dielectric constants
e and CNT ¢, as well as by radius of the nanotube ro,
falls onto the boundary inhomogeneity — the Bragg grating.
For maximum reflection from the Bragg grating, there shall
be constructive interference of waves 2n.d = 1/2 when
reflected from a layer with a refractive index of ner and a
thickness of d, ie., the layer thickness shall be d = 1/4n.
In CNT, for modes in the boundary inhomogeneity, we
have 28,d = m, ie., the length of the inhomogeneity should
be d = 1;/4. When plasmon-polariton waves are reflected
from the nano-resonator mirrors, conditions exist for the
occurrence of a standing wave, ie., multiple stimulated
emission of surface plasmons into the CNT, which leads
to the generation of a coherent plasmon-polariton flux,
which is discharged from the nanolaser into a plasmon
waveguide. The inhomogeneities of the CNT boundary
represent periodic changes in the radius of the nanotube,
i.e.,, the Bragg grating (Fig. 3), which is characterized by the
matrix (Appendix B)

M= <””“ ’”12> : (10)

map My

The amplitude reflection coefficients p are expressed as:
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for TM mode
E., M+ mlzeﬁko‘) - sﬁk[’omu —my
p= E. ko ,5'0 ’ (11)
i omyp 4 mppgt By T ekgM21 T m22
for TE-mode
E,r M2 — Z—Omm —my + ﬁ—omlz
pi  my — gimi — B /M21 + ma2

Coherent generation of nano-laser

To operate the nanolaser in the coherent generation
mode, it is necessary that the radiation gain in one cycle
(the passage of the flow back and forth between the mirrors)
exceeds the losses in the resonator and laser radiation.
The nanolaser cycle includes two consecutive reflections
from mirrors with effective reflection coefficients R; and
R>, which take into account all losses, including radiation
losses. The decay of the flow is proportional to the product
of the reflection coefficients R1R, on a path 2L long per
cycle, where L is the length of the resonator. Higher
electromagnetic flow in the nanolaser in one cycle is equal
to [35-37]

[ = [)R1Rye*™*

=Ipexp[2aL — In(R R>)].

The generation occurs at 2aL > |In(R1R;)|, ie. the
nanolaser generation theshold is equal

|In(R1R,)|

Let’s define Q-factor of the nanolaser resonator as
Q =E/SE, where E =w,S,L — energy stored in the
resonator, w, — energy density of the forward and
backward flows, S, — resonator’s cross-section area, AE —
energy losses per cycle. Energy losses per cycle may be
found as

aQy =

AE =} w,S,L[1

3 — exp(—In(R{Ry))].

The time of one cycle is t = 2L/v,where v — wave
velocity, and period T, = 2m/w, then, the energy losses per
one ocillation make

- AE w,S,LvT, 1
OE = T = 1-
2L/v 4L exp(In(RR7))

1
~ Z erSrTr| 111(R1R2)|.

From here we find the Q-factor of the CNT nanoresonator

Ny

€= kiR

where N;,, =2L/(1/2) — number of half-waves of the
standing wave in the nano-resonator, 4 =v7, — wave-
length. Expressing the generation threshold in terms of

the nanoresonator Q-factor, we obtain a
ar/2 =07\
The length of the nanoresonator is determined
by the number of half-waves of excited modes:
= (4/2)n = (n/B)n, where n=1,2, ..., and minimum
length of the nanoresonator is found taking into account the
gain factor a > ap at al/2 > 0~ 1 as Ly, = 1/aQ.

= N;[/Q/QZL or

CNT electronic spectrum

To generate a plasmon-polariton flow, CNT shall exhibit
semiconductor properties. The band structure of CNT is
found from the dispersion equation [28]

1/2
\/§an T kya}} / ’

AE_iyAB{1+4cos kyTa{cos 3 OST

(14)
where p4p — overlapping integral for the nearest graphen
lattice atoms. The quantization condition of the electron

wave vector in the CNT is represented as
Rk = (mr) + nry)(1:ky + 1,ky) = 27s, (15)

where R = mr| +nry, k= 1,k, +1,k, — electron wave
vector, r; and r, — basis vectors of graphene unit cell,
r1 =ri; = a — graphene lattice parameter, (m, n) — CNT
chirality indices, s =1,2,3,... — an integer numbering
the allowed states of the electron.

In the individual case the CNT may have a ,zigzag“
structure(m, 0), for which k, = \/_d =1,2,3,...,m
hence, we obtain the expressions for the CNT band gap
FWHM.

1/2
3k;d0 +dcos? )

AE = yup (1 + 4 cos T cos
m

(16)

The width of the band gap E, = 2AF in ,zigzag® CNT

with semiconductor properties with indexes (m,0) and

diameter D = ‘/_dom where dy = 0.142 nm —the distance

between nelghbormg carbon atoms in the graphite plane,
is found using expression (16). At that, the index m of
»zigzag® CNT shall not be a multiple of three, then FWHM
of the band gap is not zero, AE # 0 [26,28].

Suppose that k, vector changes in the first Brillouin

zone: ky = (—%, %), where T = a,/r} + 3 — translation

T
module vector T = 1;r; + £, (perpendicular to vector R),
=2 = —2mn g the largest common divider
for 2n + m and 2m + n, a = \/3dy [28]. Electronic spectra
of ,zigzag® CNT with chirality indices (17.0) is given in
Fig. 4. Analyzing the graphs in Fig. 4 we see that the band
gap in ,,zigzag® CNT with indices (17.0) is defined by the
difference of energy in valence band and conductivity band

E, of the eleventh sub-band s11.

Inter-band electronic transitions

If an electron in the CNT with semiconductor properties
interacts with the electromagnetic pumping field, then the

Optics and Spectroscopy, 2026, Vol. 134, No. 1
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Figure 4. Electronic spectra of ,zigzag® CNT with chirality
indices (17,0); number of subbands s =1, ..., 17.

probability of the electron transition to the state of n’ from
the state of n per unit time is

20 -~
Wy = %|H;m/|25(En —Ey — hw)

(,,golden rule” of Fermi) [37]. The disturbance Hamiltonian
in the interaction of an electron with electromagnetic field
is given as

H = g rE, (e’ " %"y L cc.,
where E, = const — amplitude of electric field. In this case,
the matrix element of the disturbance operator is written as
~ e « .
H1/_)C - E/dSrka( )( )wck’( ) ke kOP)
The magnitude of this integral tends to zero due to the
oscillating multiplier, except in the case of k' — k = kgp.
At absolute zero temperature 7 =0, all states of the
valence band (v) of the semiconductor CNT are filled,
and the conductivity band (¢) is empty. In parabolic
approximation for the sub-bands of the valence band and the
conductivity band (Fig. 4), under the condition of a forward
inter-band transition (k' = k = k,), the electron energy is
equal to the bands energy difference plus the band gap
energy [37]:
R2k? /1 1
5 (ot ) B

me ny

E.—E, =
The probability of an electron moving from the valence

band to the conductivity band per unit time in this case is

h2k?
2mye

Woe |H' |25( +E, — hw),
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where my. = mym./(m, + m,) —is the reduced effective
mass of the electron.
Number of electron transitions

N = /dkwm.p(k)
0

with densities of electron states

4J'rk2 kv
plk) =245 8;7[3 T 7
for a V volume body is equal [37]

v k2
N = dkk2 a 25(
hm [Fly| 2y,
0

At g;kz + E, = ho the number of interband transitions in
CNT is

(vac

N= i, *\/lo — E,. (17)

CNT dielectric permittivity

The dielectric permittivity of CNT is represented as
(Appendix C)

2mw?
h

wno —il,/2
Wno — iFn/2)2 —

(@) = P = (19

n

where w? = 4me®N, /mer — square of the electron plasma
frequency, m.r — effective mass of an electron, N, — num-
ber of electrons per unit volume. We assume that plasmon-
polariton modes (expressions (1)—(3)) are excited at the
frequency of the forward electronic transition @ = wy, in
CNT. Then the dielectric permittivity of the CNT during
photon emission (absorption) at the electronic transition
frequency w is equal to

8 2 nn’ 2Ne 4
e(w) = 1+ e | F | [ )

h 16w? +I'?

2
)| (19)

i 1
+ 1:( +
Let us estimate the coefficient in front of brackets in
expression (19) when there’s a forward transition of electron
during recombination from the conductivity band to the
valence band. Assuming for electron e? [ty = how, we get

8me|ruw|*N.  8meN,
h T RBe?

The relaxation frequency for such an electronic transition

is'= 32;3“’3 (Appendix C). By substituting the expression
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. . 6 3
for T into coefficient 8’;;—0)1;’” = % I, we get the expres-

sion for CNT dielectric permittivity at transition frequency

 as
4r

(@) = 1+ 1226N, | o
&c(@) =1+ 127¢ [w2(16w2+r2)

i I?
e —2)). 2
(1 16w2+r2)] (20)

Absorption coefficient

The CNT absorption coefficient is defined as the ratio
of the absorbed power per unit volume, P, = Nhw/V, to
the average power density of the incident electromagnetic
radiation flux passing through a unit area:

Nhw

a(w) = IS (21)

where S| = & |E x H| — the time-average Poynting vector
(Appendix D). For CNT modes with zero azimuthal index
[ =0, we find the absorption coefficients for TM and TE
modes from expression (21) by substituting the number of
interband transitions (17) into it,

(2me)*?  |Hy [

= < Viw —E;, (22

(@) = T (ejam)soa? @V 0 T B (22)
(2me)*?  |H

= < Vo —E,, (23

() = = Cefam)sB? VO B (23)

where
Stm = \/BE/ki+ €. St = |€|_1\/ﬁ§/k(2) +e,
Bo — TM- or TE-mode propagation constant, respec-

tively. Substituting squares of matrix elements into expres-
sions (22) and (23) (Appendix D), we obtain the absorption
coefficients for the TM and TE modes:

2 (2my, )2
( ve) |yvc'|2w V hw — Eg, (24)

ch3\/B3/k3 + ¢
€2(2my. )32

arp(w) = ———
" ch3,\/B3/k + ¢

Gain factor

aT™ ((1)) =

8l @vefwy/hw — E,.  (25)

At T # 0 the CNT conduction band is partially filled with
electrons to Fermi level of Er., and valence band — is
empty up to Fermi level of Ep,. Electrons from the conduc-
tion band pass into the valence band with photon emis-
sion in the energy range E, < hiw < Ep. — Epy, (Where
Er, < 0), while the absorption coefficients (24) and (25)
I = IoR|R,e%" change sign from minus to plus [37]. In this
case, an amplification of plasmon-polariton wave occurs,
ie., generation of a nanolaser. If the photon energy of the

external electromagnetic field (pumping) is Aw, < E,, then
the absorption coefficient is arm1e(w) = 0, and absorption
is armrE(®) < 0 occurs at the pumping photon energy of
hw, > Er. — Ery. Thus, during pumping, an inversion of
the energy state occurs in the system if the energy of
the pumping photons stays within hw, > Er. — Ep,, and
photons with energy E, < hw < Ep. — EFr, are emitted by
the inverted CNT medium.

The nanolaser should be pumped with optical radiation at
a frequency at which the absorbed energy of the pumping
photons will allow electrons to move from the valence band
to the conduction band of ,,zigzag® CNT into unoccupied
energy levels. In this case, electrons from the conduction
band pass into the valence band with photon emission at
the laser transition frequency, which depends on the length
of nanoresonator formed in CNT by Bragg gratings. Surface
plasmons are excited in a plasmon laser nanoresonator
as a result of hybridization of emitted photons at the
laser transition frequency and electron oscillations in CNT
conduction band, which leads to the generation of coherent
plasmon waves.

The expressions for the gain factors (24) and (25) include
the squares of the matrix elements of the dipole disturbance
Hamiltonian for TM and TE modes that can be found
through the relaxation frequency I' = A, (Appendix C).
Then, we get the nanolaser gain factor as

o) = 362 @m T /o — Eg (26)
N R

where By — CNT’s TM- or TE-mode propagation constant,
respectively.

The change in the population of levels in CNT for the
generation of coherent plasmon waves in the nanolaser
during its pumping and radiation is also due to nonlinear
effects of jcite35-37, which leads to saturation of the mode
gain factors:

arm, arg ~ (14 1,/1)7",

where [, and I; — the intensity of the plasmon flow at the
generation frequency and the saturation intensity from the
nanolaser amplification.

Nanolaser parameters

Let’s assume that nanolaser is generated at a telecom-
munication frequency of @ = 2mc/4y = 1.216 - 105571
(o = 1.55um in the air, 0.8eV). We assume that the
overlapping integral y4p = 2.7¢V (in the dispersion equa-
tion (14)), and the number of electrons per ,,zigzag® CNT
unit volume N, = 1.8-102cm~3 (in expression (20)).
In this case, the dielectric permittivity of CNT at this
frequency is & = 1.0+4i1.0. At this concentration of
electrons in the conduction band, relaxation frequency

=242 —313.108 s~!, CNT permittivity e., and that

33
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for the CNT surrounding medium ¢ = 2.09 for the ,,zigzag*
CNT with indices (17.0) and radius ro = 0.665nm for
modes with zero azimuthal indices from the equations (8)
and (9) the following propagation constants can be found:
TM-mode Borm = 5.62 - 103 cm ™! (Apy = 112nm) and TE-
mode Borg = 4.51 - 10°cm™! (Arg = 140 nm).

»Zigzag® CNT with indices (17.0) has a radius
ro = 0.665nm, inhomogeneities of CNT boundary
representing the Bragg resonator gratings (Fig3) have
a radius r, =0.509nm (CNT indices (13.0)). For the
input mirror (left Bragg grating, Fig. 1) when repeating
the CNT regions (13.0) n; = 4times and for the output
mirror (right grating, Fig. 1) when repeating ny = 4times
the reflection coefficients of the nanoresonator in terms of
intensity will be calculated as Ry = PP (1) (input) and
R :p("z)p(*nZ) (output) mirrors. The mode propagation
constants for CNT inhomogeneities (13.0) have a value
Borm = 6.27-10°cm™"  and  Borg = 5.04-10° cm ™!,
reflection coefficients Ritm = Rorm = 0.173 and
RITE = R2TE = 0175, Q-factor QTM =10 and QTE = 8,
threshold generation coefficients (expression (13))
aorm = 1.76 - 10*cm~! and aorg = 1.74 - 10*ecm— L.

From the expression (16) for k, = 0, we find the value
of the band gap in ,,zigzag® CNT equal to E, = 0.586 V.
For the electron wave vector k =0.51-10"cm™! in
the forward interband transition at w = 1.216- 105 s~!
(0.8¢V) we find the reduced effective electron mass
mye = myme/(my, +m.). At the generation frequency,
taking into account the symmetry of the spectral
branches (Fig. 4), from expression (16) we find
m, = m. = (d>’AE/dp?)~!, where p, = hk,, and obtain the
value of the reduced mass n,, = m./2 =0.91-10"2 ¢,

Substituting the calculated parameters into (26),
we find the values of the mnanolaser gain factros
for TM-mode amy = 5.10-10*cm™! and for TE-mode
arg = 6.34 - 10* cm~!, which exceed the generation thresh-
olds for the ,,zigzag“ CNT nanoresonator for the TM-mode
by 2.9 times and for the TE-mode by 3.6 times.

For a nanoresonator of minimal length, given that
Bragg gratings Ltv = 592nm  (the volume of the
mode field Vpy = 5.94 - 10° nm3), the Purcell coefficient

Frv = 3524 % =1.79 if generated at TM-mode. When
the generation threshold for the intensity of the plasmon-
polariton flux is exceeded, the CNT nanolaser gen-
erates coherent radiation in the TM mode with a
frequency of @ = 2mc/Ag = 1.216-10s"! and a line
width of Aw, = Frmyl' = 5.59 - 103s~!.  When generated
at TE-mode, the nanolaser has the following parame-
ters: Lpg = 737 nm (VTE =11.6-10° nm3), Frg = 1.42,
Aw, = 4.45-10%s71.

To pump a nanolaser generating at a telecommunication
frequency (0.8eV), a semiconductor quantum dot can
be used, e.g, based on GaAs with a photon energy
of 1.25-1.48¢V, ie, the pumping photon energy should
be higher than the level difference of the required laser
transition 0.8 eV.
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For a semiconductor quantum dot, as well as from CNT,
a heat sink shall be deployed in a nanolaser to meet the
condition for the number of activated interband transitions:

N./N, = exp[(EC — Ev)/kBT} > 1,

what follows from the Boltzmann formula, where kg is
the Boltzmann constant, 7 is the temperature of CNT
during generation of plasmon waves in a nanolaser. For
stable generation of coherent plasmon waves in a nanolaser,
thermal stabilization of the system is required.

In the considered linear idealized model, the stationary
generation mode is investigated in order to demonstrate the
feasibility of a CNT nanolaser.

Conclusion

Optical radiation pumping of a CNT nanoresonator with
a ,,zigzag® chirality and semiconductor properties increases
the concentration of electrons in the conduction band. In
these conditions the nanolaser may generate a flow of
surface plasmon polaritons in a nanoresonator with Bragg
gratings as periodic inhomogeneities at the ends of CNT.
When the gain factor exceeds the threshold value, the CNT
nanolaser generates a flow of coherent surface plasmon
polaritons, which can be removed from the nanolaser to
the CNT plasmon waveguide. The wavelength of coherent
plasmon polaritons depends on the nanoresonator length,
in particular, generation is possible at a telecommunication
frequency corresponding to the wavelength in air 1.55 ym.
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Appendix A
By substituting into Leontovich boundary conditions
E, =(H, and H, = E,/{ [34] the expressions (1) for the

modes components,

AK(w) = ¢ % [BIBK (w) — AikoewK] (w)],

BK)(w) = gr—u(jz[AlﬂKl(w) + BikowK] (w)),
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we obtain a system of homogeneous linear equations for the
amplitudes A and B:

{KZ( )+ il ekoro Kzl(w)}A— [§ lfj)—rzoKz(w)}B =0,
{?AKI( )}A+ [zl?jl{l( ) —K(w)]B=0 (Al)

and find its determinant

Skoro
D = -Kj(w) —i¢

Ki(w)Kj(w)

k()r() 2p2

1500 K w)i(w >—e"—1< (w) + 12 °1<,< w).

(A2)
Equating the determinants (A2) to zero, we obtain the
equation

2,2
K} (w) + ¢ %Kl’z(w) +i(§s - é)

k 2,2
x =L Ki(w)K] (w) = 12%1@2@)). (A3)

Considering that for CNT with y, = 1 the impedance
is { =1/\/e, we find that the coefficient before the
third term of equation (A3) is e — % = 8\;& Then,
from equation (A3), we obtain the dispersion equation for
the propagation constants ;(w) of plasmon-polariton CNT

modes as

£ — &

k2r2
l(w)+£w (w) +i N

2.2
<A ki) = PRI 2 w). (ad)

For the modes with azimuthal index [ =0 from
the equation (A4) allowing for Macdonald function

K| (w) = —K (w) we get a dispersion equation
k2r2 & —¢& kor
2 070 p2 . ¢ Koro -
Ko(U)) +e& F Kl (U)) —1 \/a T K()(U))Kl (U)) =0.
(A5)
Representing equation (A5) in the form
K (w) .e—& w Ki(w) N w?
- _
Kg(w) 8\/8_0 koro Ko(w) Sk%r%

and denoting Ki(w)K,'(w) =y, we look for the

roots of the quadratic equation y —iayy +ay; =0,
__ E—& W _ w
where a1 = 5 7e Fore® a, = et we get

Y12 = 1(7‘ 14/ % + ag). From here we find that

LW (e (e—ec)2+1
=1 —_
n.2 koro \ 2e+/€. 4¢e2e, e)’

i.e. roots of the equation are as follows

. w . WA/E
1=1 — = —1 .
4 \/&-k()r()’ 4 8k0r0

Appendix B

The continuity conditions for the tangential components
of the nanoresonator mode incident on the inhomogeneity in
the resonator (i — incident, r — reflected, t — transmitted)
are expressed as [39] for TM-mode

E+E. =E;, H(pi - H(pr = H(pt
and for TE-mode

H,+H, = Hp, E(pi_E(pr: @t-
From expressions (6) and (7) we find the con-
nection of the components of TM-mode: H, = %EV

and TE-mode: H, = —%‘; »-  The continuity condi-

tions for the forward (4) and backward (—) modes
inside the inhomogeneity have the form E =E* +E~,

H=H"+H~-. Then we obtain the relations for the
TM-mode E, = E,; + E,., H, = ;ko (E;i — E,;) and for the
TE-mode H; = (— ko)(E(,,, +E,.), Ey = Epi — Eyr. These
expressions have the following form:
for TM mode
E, = AePony 1 Be*iﬁow’ H, = S_ICO(AeiﬁO/Iy _ Be*iﬁow‘)
0h
(B1)

and for TE-mode

E, = Aeiﬁ()hy _ Be—iﬁ()h)” H, = (_%) (Aeiﬁ()hy 4 Be—iﬁ()h)’)_
0

(B2)

Given the continuity of the tangential components of

the modes on the left y = 0 and right y = d boundaries

of one inhomogeneity in the CNT, we obtain systems of

equations from expressions (B1) and (B2). Excluding the

amplitudes A and B from the obtained equations, we find
unimodular matrices for the TM-mode

(Eo) . COS(ﬁOhd) ﬁ0/1 sm(ﬂ()hd) (Ed)
Hy) —i% sin(Bond) cos(ﬂ()hd) Hy
(B3)

= Mtvi ( Hd)
and for TE-mode
<E0> [ cos(Bond) %k sin(Bod) <Ed>
Hy i% sin(Boud)  cos(Bond) Hq
— Ed

For N inhomogeneities with a width d; along the
coordinate y = d; +dy + ...+ dy we get in the last plane
N + 1 the expression

Ey Eyni1
=MM,.. M . B5
<H0) 12 N <HN+1) (B3)
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The product of N unimodular matrices characterizes the
Bragg grating

M— <m11 m12> _ H]/y:IMj- (B6)

map M2

The elements m; ; of the matrix M are found using expres-
sions for the unimodular matrix for the TM mode (B3) and
the matrix for the TE mode (B4); we obtain the equations
for the TM-mode

Sko
Ei+E.= (mll +myp — )Ert,
Bo

E;—E.;= (ﬂTO ma1 + mzz)E (B7)
0
and for TE-mode

0
Eyi — Ey = (mll - f—omlz)E(pt,

ko
Epi+Ep = (mzz - =
Bo
From equations (B7) and (B8) we find the amplitude
coefficients of transmission 7 and reflection p
for TM mode

mzl)E(pt. (B8)

__Eni_ 2
E, my + mlzeﬁkoo + sk[)m21 + mzz
E, mu+mnge - Loy —myy (B9)
p = — =
Ei  mpy+ mlzﬁ + ﬁ” cma1 + my
and for TE-mode
Ept 2
Epi  my — ﬁ”mn - ﬁ0m21 +my
ko
E moyy — ﬁ_mZI —my + mlz
p="— - . (B10)

Epi  myy — f—mlz = B,/M21 +m2

Appendix C

The average dipole moment (d;) of an electron, taking
into account the relaxation frequencies (spontancous emis-
sion) for electronic transitions, is [38]

iwt —iwt
(dy) = e’E, ¢l 5 rol? a)no—?l",,/2+a) + a)no—eil",,/2—a)+
1 2h T'n0 it + e—iwt ’
Wno—ily/2—w wpo—il /24w
(C1)
from where we find
2
e“E, cos(wt
(d)) = ————= ( )anrno|2
h

1 1
. 2
x(a)no—iFn/Z—i—a)+a)no—i1“n/2—a)) (C2)
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Converting the expression (C2), we obtain the dipole
moment of the electron, providing for resonant absorption
and spontaneous emission in CNT, in the form

2¢%E, cos(wt)

wyo — il,/2
) = : 0 /

(wpo — iT4/2)? — w2’

Za|raol? (C3)

The dielectric permittivity of C is found using the
expression for the induction vector D = E + 47P = ¢E
substituting the average dipole electron moment (C2) into
the polarization vector of the medium P = (d;)N,, where
N, is the number of electrons per unit volume,

mee w0 — il,/2
X, |r,10|2 0 /

e(w)=1+ =T, 27 =

(C4)

Here w? = 4me?N,/m — the electron plasma frequency,
m — the effective mass of the electron.

We assume that plasmon-polariton modes are excited at
the frequency of the direct electron transition w = w,, in
CNT. Then the electron dipole moment (C2) is

_ 2E, cos(wt)e?|r | 1 i
(di) = h (4w—ir+f)‘ (C5)

Substituting the dipole electronic moment (C5) into the
polarization vector of the medium, we obtain the expression
for the CNT dielectric permittivity during photon emission
(absorption) at the electronic transition frequency w,

87e?|r >N, 4
e(w) = 1+ e | | [ )

h 16w? +I'?

i 2
ry(e m)]- (C6)

Let’s find the relaxation frequency I, as the inverse of
the lifetime of the electron 7, = 1/A,¢ in the conduction
band before the forward transition to the valence band.
The energy density emitted by an electron during a dipole
transition per unit time is determined by integrating the
Poynting vector with modulus

¢ (@7
- i
at wr/c < 1 over a surface with radius r = a, surrounding
the dipole, d” = —ernoexp(—iwr) 4+ c.c. [40]. Given the
values of the time average square of the dipole moment

(d)? = (2dj coswt)? = 2(d6)2

and integral over the surface

21 4
2 r\2 ,.4
rz/d(p/SsinGdez dar” ¢ () o
4

3

we find the energy density of the dipole radiation per unit
time
2¢%wd

E —
! 3c3

(r,,o)z.
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The Einstein coefficient [37.40] for spontaneous oscillator
radiation A,o is equal to the oscillator radiation energy
per unit time divided by the photon energy hw,y, ie., the
relaxation frequency is

2203, 2

Fn =Ay = 3hc3 )

Assuming that the ratio ez/r,,o = hw,o holds for an
electron during a direct transition from the conduction
band to the valence band, we find the relaxation frequency

2¢%0
1—‘n = 3536”30 .

Appendix D

Poynting vector of TM-mode (E,, Hy, E.) is equal

c

= o= [V (-EHy) + 1.(EH,)].

For the real values of the mode components, the time-
averaged Poynting vector is

— C * * * *
S = o [P (EHy + HES) + 1. (EHy + HyE7)].

On the CNT surface at r = ro, we find the modulus of the
Poynting vector for the TM-mode

N c * * * * 1/2
Stv = o [(E.Hj + HyEX)* + (E,H}, + HyE} )]
Cc
= — StmA%,
457 ™
where Stv = 1/[33//(% + &

Poynting vector of TE-mode (H,, E,, H,) is equal

C
S = E [IF(E(PHZ) + lz (_E(PHf)]’

and by averaging in time we get

N c * * * *
S = o (1.(E,H} + H.E;) — 1.(E,H} + H,E})|,
ie.

G c * *\2 * *\2 1/2
Ste = 3 [(EoH? + H.E})* + (E,H) + H,E})*]

C

= — SteB?,
47 °TF

where Stg = 71 /B2/k2 + e.
Matrix element of the disturbance Hamiltonian on the
CNT surface at r = r¢ for TM-mode

N eA N ek,
HI/)C = 5 /le/)v()’)Zl/)c(y) = _Zyvc’
2 2
for TE-mode
- eroB N erokE
H, = ; /dcowv(qo)qowc(qo) = g 2 Pue,

squares of matrix elements for TM-mode

202 242

- e‘E e“A

|H1/)c|2 = = |yvc|2 = |yl}C|27
4 4

for TE-mode
2,212
L = 0 o = OB
vel — 4 cl - 4 ¢
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