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Hydrothermodynamics of water film, rivulets, and droplets on the surface
of a streamlined body applying to the problem of icing
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The results of a physicomathematical and numerical analysis of the dynamics and heat transfer of liquid fragments
entrained by an air flow along the surface of a solid are presented. The successive phenomena of film breakup
into rivulets and of these rivulets into droplets are considered as a single process. An integral criterion, taking into
account the total momentum of accelerating forces, is proposed to localize these breakups. The droplet freezing
point is estimated based on the authors’ previous work. The developed algorithm made it possible to predict the
onset of icing on aircraft structural elements and the nature of the ice topography formed during flight conditions

and ground experiments.
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Introduction

The motion of liquid films, rivulets, and droplets on the
surface of a solid has long been investigated experimentally
and theoretically in relation to various academic and applied
problems. Reviews of studies focused on the problem
of icing are indicative of a continuing interest in this
phenomenon [1,2]. Specifically, the breakup of a film
(formed, e.g., as a result of operation of an aircraft’s thermal
anti-icing system) flowing on the surface of a solid body
alters significantly the growth rate and structure of ice
forming downstream. In most studies, the dynamics of
different fragments of liquid (films, rivulets, droplets) is
considered separately or in pairs. In the present paper,
we propose a physical and mathematical model that allows
one to characterize the evolution of fragments of liquid of
various sizes (from the breakup of a film to solidifying
droplets) as a single process.

In general, the icing process is non-stationary and alters
the shape of the object surface, which leads to a change in
aerodynamic and thermal parameters on the surface. The
stationary model proposed here provides an opportunity to
calculate the flow of liquid along a surface and characterizes
the probability of the onset of icing.

1. Analysis of the results preceding

theoretical and experimental studies

The multidimensional space of flight parameter values
(speed, cloud temperature, LWC (liquid water content,
[g/m®]), MVD (median volume diameter, [um]) of droplets)
has certain regions where ice is formed not in the vicinity
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of the leading edge of an airfoil, but as a result of slip and
hardening of water fragments (film, rivulets, droplets) at
hard-to-predict sites (runback ice), which makes it especially
important to construct effective physical and mathematical
models.

The corresponding numerical algorithms are often de-
veloped based on the principle of minimum total energy
(MTE), which was originally proposed as a means of
optimization of steam power plants [3].

Dimensionless parameter X = b, /by, which is the ratio
of transverse size 2b, of the area wetted by a rivulet to
width 2b¢ of the film section that produced this rivulet, is
introduced in MTE. The value of this ratio corresponding
to the minimum of the sum of kinetic and potential energy
is determined. The description of the latter can be traced
back to the Young-Dupré equation for the surface energy
density, which contains factor (1 + cos), where 6 is the
wetting angle. Surface friction 7, of gas flowing around the
film and rivulet and tangential components of momentum
of incident particles ritinp, pressure gradient Vp, and gravity
force may be the active forces.

In the Vp =0 case, the velocity profile in the film is
linear (Taylor-Couette flow); in the contrary case, it is
parabolic (Poiseuille flow). Pioneering MTE studies [3-5]
were focused on film flow along a flat surface. Naturally,
this approach, which was developed for a flat surface, is
unsuitable for a profiled body on the spreading line of which
7, and Vp tend to zero.

The results of experimental studies of the flow around
an airfoil (chord L ~ 0.9m) were presented in [6]. Flow
velocity oo =~ 90m/s, T = —22°C, and MVD = 20um.
The thickness of a film was not measured; only the
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coordinates of its decay line s*/L = 0.056, X ~ 0.4 were
recorded. The wetting angle was not specified.

A small-scale airfoil model (L = 0.1 m) was used in [7,8]
to measure the thickness of a film at u.,, = 10—30m/s,
Tso = +20°C and image its breakup into rivulets, the
number of which varied from one to ten within the specified
limits of velocity variation. The s*/L value remained
within the range of 0.25—0.5; the MVD of droplets was
10—50 ym.

The 6 values were not specified in [6-8]. These
experimental results were later subjected to theoretical
analysis.

In [9], the data from [6] were processed under the
assumption that 6 = 68° and the MVD of droplets is 20 um.
The film thickness was found to be iy > 5 um. Despite the
presence of a spreading line in experiments with an airfoil,
the data from [7,8] were used in theoretical studies [10,11]
that relied on the MTE principle. In addition, the influence
of gradient Vp was neglected. The first of these studies
demonstrated the similarity of theoretical and experimental
data at 0 = 4°, while the second revealed an order-of-
magnitude discrepancy in film thickness values (which is
quite natural).

It follows from the analysis of these data that, compared
to the values probed in experiments and the corresponding
calculations, the MTE principle requires a significantly
greater kinetic energy of translational motion of a film for it
to break up.

The hydrodynamics of rivulets on an airfoil were ex-
amined in [12] within the ranges of u., = 10—30m/s,
LWC = 4.8-8.5g/m3, T, =22°C, and 0 = (97 +2)°. The
relative width of rivulets was estimated at X ~ 0.25-0.4.
The velocity profile in a film was assumed to be linear in
mathematical modeling.

The surface density of the particle-film collision frequency
in the above experiments may be estimated as

N = poclice/mg = 105 'm™2.

Naturally, the splashing of mass occurring when a super-
cooled droplet comes into contact with a thin ,warm® film
and the propagation of disturbances potentially affecting the
breakup of the film downstream constitute a complex three-
dimensional non-stationary hydrodynamics problem. In
power engineering, a similar problem for ,,warm® droplets
and films was discussed, e.g., in [13]. The problem of
icing presents additional difficulties in description associated
with crystallization and freezing of liquid fragments to the
surface of a solid body. Experiments with airfoils with
their chords differing by an order of magnitude indicate
that the thicknesses of films produced by incident droplets
and breaking up into rivulets are much smaller than those
determined within MTE, which was developed for the case
of a plate.

Thus, we failed to find a single published experimental
study where the entire set of factors influencing the breakup
of a film into rivulets (the angle of wetting of the body
surface by water, variation of the velocity and thickness
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of the water film along the streamlined surface, the mass
spectrum of incident droplets, the degree of turbulence
of bearing air, and the surface microrelief) would be
specified.  Practical applications require a simple and
convenient mathematical model adequate to the uncertainty
of the physical scenario.

It bears reminding that the majority of theoretical and
experimental studies are focused on film breakup into
rivulets and the hydrodynamics of the latter on a vertical,
horizontal, or inclined plane. Specifically, extensive experi-
ence accumulated in theoretical and experimental research
into various icing regimes spurred the idea of using neural
networks [14]. Papers [6-12] focused on the flow around
straight airfoil models are directly related to aeronautics
theory. However, the authors of these studies also did not
consider the possibility of eventual formation of droplets
from rivulets and their crystallization.

The interaction of a droplet with a solid substrate was
examined at the molecular level in, e.g., [15].

2. Hydrothermodynamics of a film and
rivulets

The proposed mathematical model characterizes the
hydrothermodynamics of both the film and rivulets, which
makes it a generalization of [16]. The following simplifying
assumptions were made in its derivation:

— tangential stress 7, for the film and rivulets is deter-
mined by calculations for a ,,dry* airfoil;

— rivulets form and flow in those areas of the airfoil
surface where the flux of incident droplets has already
subsided (i.e, a new film does not form between the
rivulets); and

— the influence of evaporation and the shear nature of
liquid on the rate of its crystallization is neglected.

The diagram of flow of liquid fragments along the upper
airfoil surface is shown in Fig. 1.

The hydrothermodynamics of the film (f) and the rivulet
(r) are characterized by the following system of equations:

d ) ;
P (Sf‘(u,>) = litimp2bj, j=f.1,

d i
0=—S+ d—‘: F TitianpD5 26 + T2ba; — Tw2buj. (1)

d .
pPIC] d_s (Sf_ <MT>1) :mimp(clT + V2/2)2bf — QaZbaj

—qw2bwj.

Here, Sjl =2bshy and b, = by, = by for the film,
while the rivulet has 7itim, = 0, S;- = R2(6 — sin0 cos 0),
baj =R,0, b,; =0b, =R,sinf. Angular brackets ( )
denote averaging over the normal coordinate; SjL is the
cross section area; s is the longitudinal coordinate on the
airfoil surface measured from the spreading line; 7, is the
mass flux density of droplets that form the film; b; is the
half-width of the film region forming the rivulet or the line
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Figure 1. Geometry and hydrothermodynamics of a film (subscript f), a rivulet (r), and a droplet (d) on the surface of a streamlined

body.

of contact between the rivulet and the surface; V and v, are
the velocity of a droplet and its longitudinal component at
the point of impact; 7 is the droplet temperature; p;, w,
and o are the density, viscosity, and surface tension of
water; and subscripts a, [, and f denote air, liquid, and
film, respectively.

Icing starts when temperature 7; of the lower boundary
of the film or rivulet reaches freezing temperature 7y. Icing
rate 0h;/dt may be determined from the heat balance
condition: heat released during the phase transition must
be transferred both into the film and into ice. Thus:

ahl o 07 ’1117 > Tf
ot (g | +la; N/pilis T, =Ty,

where ¢; is the heat flux density from the lower boundary

of the film into ice and L; is the heat of the water—ice phase

transition.
Icing rate

1
St

G — L8y s included in the definition of
g

3. Estimation of the coordinates of film
and rivulet breakup

A large number of studies focused on various types of
film and rivulet instability and direct numerical calculation
of the hydrodynamics of film breakup have already been
published. In the present paper, we propose the W criterion:
the ratio of the work of the sum of external factors
(tangential surface tension and momentum of droplets
penetrating into the film) to the total energy of surface
tension:

*
Sy Simp

bf </Tzds +/mimpﬁsds) :(le' + bjO'lS)(l + COSG)W
0 0

L
Sy

:br/TadS,

*
Xf

Ty = T4 — /’lpr. (2)

Here, I; = by for the film; [; = R,0 for rivulets; s;
and s; are the coordinates of film and rivulet breakup,
respectively; and sin, the limit coordinate of the airfoil
region affected by incident droplets. A generalization of
the Young—Dupré equation, which relates the parameters of
three media, is adopted. The surface density of the energy of
liquid-solid interaction is estimated as o;; = 2,/G,, where
ys = 8.56 - 107'12E, [17] and E; is the Young’s modulus of
the material of the streamlined solid body. It is clear that
with absolute hydrophobicity (0 = #), the film will break
up (even if it starts to form) already in the vicinity of the
spreading line on the airfoil.

The rivulet moves in the region of decreasing stress 7,
and increasing pressure gradient Vp. The flow in it ceases
as a result.

In the film/rivulet case under consideration, the critical W
value may be determined by comparison with experimental
data (e.g., [6,7]). Naturally, the active force is 7= (2).

As was already noted, the kinetic energy of longitudinal
motion of a thin film on the surface of a profiled airfoil in
experiments [6-8] turns out to be an order of magnitude
lower than that determined within the MTE, and the
measured values of b} and R, are significantly greater than
those predicted by these principles. This may be attributed,
e.g., to disturbances introduced by uncontrolled turbulence
of the external flow, bombardment by incident droplets,
roughness of the surface of the streamlined body, etc. As
a result, the forces entraining the film produce transverse
instability of counter flows within the —b% <Az < b}
region, which enter the rivulet. The width of the film section
producing the rivulet may then be estimated from dimension
considerations:

2
Pi ([ Ta 3
o (m) by = (1+cosO)cy.

It follows from a comparison with experimental data [6,7]
that the correction factor may be set equal to cy ~ 4s.
Since the film breakup occurs far from the flow stagnation
line on the profile, the above Egs. (1), (2) are supplemented
by the following geometric relations [3-5].

The ratio of the width of the line of contact of the rivulet
with the body surface to the width of the film producing
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the rivulet is

_ sin6 H*g(0) 2/3
~ @(0) |20/ sin6 — cos O
2
« _ Pl Tz %13
H* === (b*)> ~1—cos®, 3
(=) ) ®)

the radius of the cross section of the rivulet (circle segment)
at the moment of formation is

.| sin@ 1/2
k=5 o) @

the width of the film section producing the rivulet is
2by =2R,sin0/X,
and auxiliary functions are

1 1 15 6
g(0) = -7 cos* 0 — §3 cos @ + @5 i %Gsine,

1
(0) =sin0 — 3 sin® 0 — 60 cos 6.

4. Hydrodynamics of a droplet on the
surface of a solid body

The hydrothermodynamics of droplets sliding along the
surface of a plate were discussed in detail in [18,19]. The
results reported there may be carried over to regions of a
profiled airfoil with small curvature. We do not recapitulate
here the formulations of physical and mathematical models
presented in these studies and limit ourselves to numerical
estimates.

A large number of papers focused on various types
of rivulet instability on the surface of a solid in a gas
flow have already been published [20,21]. The simplest
solution was provided recently in [22]: it was demonstrated
experimentally that the breakup of a rivulet on a substrate
is governed (within the measurement error) by the classical
Plateau—Rayleigh instability:

2R, /1,q =~ 0.7,

where R, is the radius of the cross section of the rivulet,
which is assumed to be a segment of a circle, and /,; is
the wavelength of instability, which may be defined as the
section of the rivulet that produces the initial droplet.

The latter is a three-dimensional object with a small
area of contact with air and a small cross-sectional area.
Neither surface friction nor drag force is sufficient to
initiate its motion. Therefore, it remains stationary and
continues to draw water from the rivulet until its size and
the corresponding aerodynamic force become sufficient to
overcome the force of interaction with the solid surface.
The condition of equality of these forces yields an estimate
of time 7, of ,filling”“ of a droplet with water:

3
2 a;

" 3 brhy(up) ®)

Td
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The radius of a sphere segment representing a sliding
droplet equivalent in volume to a spherical droplet with
radius a, is

13
Ry =ay [1 (1 +c0s0)?(2—cosO)/4]

the cross-sectional area of a rivulet or droplet (j = r, d) is
1 _ p2 :
S =R;(0 —sinf cos 0),

the height of a rivulet or droplet is
/’lf = Rf(l — COSQ),

the height of the center of the cross-sectional area of a
droplet above the surface of a solid body is

b — Ry(sin@ — 0 cos O — sin’ 0/3)

bl

60 — sinf cos O

and

bj = Rj sin 6.

A droplet born at point s travels over a certain distance,
and its base reaches freezing temperature 7° at point s;.
The stopped droplet then goes through three stages: cooling
of the entire mass to temperature 7° within characteristic
time 77, drawing the heat of phase transition L;; off it at
constant temperature 7; = T° within time 7;;, and cooling
of the formed ice particle within time 7;. Since the ratio of
the thermal conductivity coefficients of a solid, water, and
air is written as 1,, > A4; > 1,, we obtain

7 ~ay/(3Rax). (6)
Next,

le az
CZ(TO — Ta) 3RXms ’

Ty ~ T ~ T/ Xis (7)

where x; =1;/(pjc;) is the thermal diffusivity of the
material (j =1,1i).

Since the mass of crystallizing water varies with time, x;,
may be taken as the average between y; and ;. Numerical
estimates of these times are given below.

In real practice, both the oncoming flow and the
boundary layer are characterized by a certain degree of
turbulence. This should lead to dispersal of both the rivulets
emerging at the end and the droplets that solidify and freeze
to the surface.

Following [23,24], we assume that the droplet slides along
the surface without rotating within the examined range of 0
values.

Thus, the proposed model allows one to predict the sites
of runback ice formation on the surface of the airfoil.
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Figure 2. Longitudinal distributions: ¢ — friction stress on the outer surface of the film and flux densities of the pressure pulse and
incident droplets; b — air velocity at the outer edge of the boundary layer; ¢ — water fragment velocity.

5. Example of a numerical study

Numerical studies were performed for the NACA0012
airfoil with defining parameters [6] and chord L = 0.9 m;
Uso = I0m/s, Too =-22°C, LWC=0.55 g/m3, and
MVD = 20 um. Tabular data on the physical and
mechanical characteristics of water, ice, and steel, which
covered the nose of the profile, were used to obtain
numerical estimates. Contact angle 6 was taken equal to
90°, and L;; = 3.5 - 10° J/kg.

Local density of incident particles p and normal v, and
tangential v, components of their velocity at the point of
impact are determined by known algorithms [25]. The
temperature of incident particles may be considered equal,
within a small percentage, to the flow temperature, T ~ Th..
The air flow is considered to be laminar.

The goal of modeling is to characterize icing of a
streamlined surface. There are several obvious scenarios

here; for example, if the film has enough time to solidify
before breakup into rivulets, there is no need to examine
the history of rivulets and droplets. This precedence has
an undoubted influence on further development of the ice
relief. Film solidification was discussed in [16].

The solidification of a rivulet on an inclined plane has
been studied experimentally and theoretically for at least
one and a half centuries. One relatively recent example is
study [26).

In the present calculations, we consider flow conditions
under which neither the film nor the rivulets start to solidify.
In this case, the examination of their dynamics and heat
exchange serves only to determine the initial conditions for
the droplets forming during the breakup of rivulets.

The dependences of 7, and Vp (Fig. 2,a) on tangential
coordinate are calculated for the case of a ,dry* profile,
since the gas velocity is much greater than the velocity

Technical Physics, 2026, Vol. 71, No. 3
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s, cm

10 15 20 25

Figure 3. Longitudinal distributions: @ — density of the heat flux into the film; » — surface temperature of the streamlined body.

of the film, liquid, and droplets, which allows them to be
considered stationary, and their small thickness alters the
profile shape only slightly. It is clear that the main force
entraining the film is air friction 7,,. Thus, the velocity profile
in the film may be considered linear.

Figure 2,b shows the air velocity above the boundary
layer surface on the airfoil.

Dashed and dotted lines in Fig. 2, ¢ indicate coordinates
s%, s; of film breakup into rivulets and rivulet breakup into
droplets, which were obtained according to (2) under the
assumption that W = 0.6. In this case, the value of s% is
almost the same as the result of processing the experimental
data from [6] in [9] (Table 2).

The distribution of heat flux g, (s) (Fig. 3,a) associated
with the operation of the heater was set along the profile
contour, and the surface temperature (Fig. 3,b) was deter-
mined by solving the corresponding systems of equations.
It can be seen from Fig. 3, b that the produced rivulet cools
down rapidly after the breakup of the film. Following the
rivulet breakup, the surface temperature is extrapolated to
the freezing temperature.

Figure 4 presents the distributions of film thickness
and maximum rivulet and droplet height along the profile
contour. The circle denotes the maximum droplet height at
the very moment of breakup of the rivulet (when the droplet
cannot yet start to move under the influence of aerodynamic
forces). The droplet starts to move when its height reaches
a value on the order of 100 um.

The dashed line is the half-width of the film section
that produces the rivulet. With the adopted value of
0 =90°, we have (4) R, =h, > by; thus, the droplets
produced by neighboring rivulets could merge even before
freezing. Presumably, this is prevented in practice by the
non-simultaneity of separation of droplets from rivulets and
the turbulence of air flow that entrains the rivulets and
droplets.
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Figure 4. Longitudinal distributions of water film thickness,

rivulet height, and droplet height (j = f, r, d, respectively).

Thus, determined were the critical points of film and
rivulet breakup and droplet freezing; ratio (3) of the width
of the rivulet and the section of the film that produced
it X =0.5; radius ag =90um of the volume-equivalent
droplet; and period of droplet detachment from the rivulet
74 ~ 0.1s (5).

Estimates of the characteristic scales yield droplet cooling
time (6) 7r ~ 6 ms; the droplet crystallization and solidifi-
cation (7) times are 7;; ~ 100 ms and 7; ~ 10 ms.

Even the classical experiments discussed in [27] make it
clear that the degree of longitudinal velocity pulsations may
reach ~ 10%, while transverse pulsations are two times
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less intense. The advances in turbulent boundary layer
theory have already been incorporated into standard codes
used in icing studies. Thus, the localization of a frozen
droplet is actually not strictly determined: instabilities of
rivulets [20] may already lead to scattering of detached
droplets, and turbulence of the carrier flow may induce
their two-dimensional random walk. This is the subject of a
separate study.

Conclusion

An algorithm for approximate characterization of the
process of film breakup up to the point of solidification
of droplets formed from rivulets on the surface of a solid
in a supercooled air flow was presented. The proposed
approach circumvents the complications inherent in the
commonly used principle of minimum total energy, which is
inapplicable in the vicinity of the spreading line on an airfoil
or the stagnation point on a blunt body. Despite the heuristic
nature of certain assumptions, the numerical results obtained
for a flow around a straight airfoil were proven reliable by
comparing them with data from published theoretical and
experimental studies. Specifically, It was demonstrated that
the surface roughness induced by solidified droplets under
typical flow conditions in terrestrial experiments may reach
a height on the order of tenths of a millimeter, exerting a
significant influence on the regime of flow around the airfoil.

This approach may be used in non-stationary icing models
that take variations of the surface shape during ice growth
into account. In addition, it provides an opportunity to
develop a flight algorithm for estimating the power of
preemptive heating of the leading airfoil edge (using the data
on cloud parameters along the flight path; see, e.g., [28]) for
prevention of the formation of runback ice.
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