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A photonic crystal (PC) is a solid body that is basically a

periodic spatial structure with a varying permittivity and

a characteristic structural element size on the order of

the optical wavelength. The simplest example of a PC is

a structure consisting of two alternating types of parallel

optical layers, each of which has its own permittivity and

thickness. The main feature of a PC, which manifests

itself in interaction with electromagnetic radiation, is the

emergence of band gaps (spectral regions where radiation

is reflected partially or completely by the crystal in one or

all directions due to constructive interference). The interest

in such structures stems primarily from their applicability as

manipulators and collectors of light energy [1,2].
One of the simplest yet most promising ways to synthe-

size PCs is the anodic treatment of metal foil. The main ma-

terials used in this type of crystal synthesis are titanium and

aluminum. Aluminum foil turned out to be the best suited

for this process: anodic aluminum oxide (AAO) Al2O3

PCs [3] are grown readily on its surface. One may adjust

the porosity of AAO and the shape of the pores, which have

a direct effect on the optical properties of a PC, by changing

the anodic treatment conditions. Notably, aluminum oxide is

a dielectric material with a low coefficient of light absorption

within the visible and near infrared ranges [4]. Periodic

structures with the indicated properties have wide applica-

tion opportunities as, e. g., optical filters, sensors, etc. [5–9].
The Bragg−Snell, which also called simply Bragg’s law,

allows one to find the angles and wavelengths corresponding

to reflection maxima or transmission minima. The following

simplified version of it is used in certain studies [8–11]
focused on AAO PCs:

mλ = 2d

√

n2
e f f − n2

A sin
2
ϕ, (1)

where λ is the center wavelength of the band gap, m is

the band gap order, d is the structure period, ϕ is the

light incidence angle, ne f f is the effective refraction index

of a crystal, and nA is the refraction index of the ambient

medium.

It has been established empirically that formula (1)
provides a highly accurate estimate of the band gap position

in AAO PCs. However, this is not true for other materials.

Although relation (1) is often used to characterize the

properties of AAO PCs, we are not aware of any studies

where the conditions of applicability of this formula to these

media are discussed. The present paper should fill this gap

and is aimed at determining numerically the applicability

domain of relation (1).

Let us consider the propagation of light within a structure

consisting of two alternating types of parallel optical layers.

We denote the band gap wavelength corresponding to or-

der m, where m is a positive integer, as λ; the thicknesses of

layers with refraction indices n1, n2 as d1, d2, respectively;

the refraction index of the ambient medium as nA; and

the angle of incidence of an electromagnetic wave on the

layered structure, which is measured from the normal to the

surface, as ϕ. Figure 1 shows the path of two rays within

such a structure. The optical path length of a ray reflected

from deeper layers of a crystal is

L = 2(d1n1 cos θ1 + d2n2 cos θ2). (2)

Using Snell’s law, we find the equations relating ϕ, θ1, θ2:

sin θ1 =
nA

n1

sinϕ,

sin θ2 =
n1

n2

sin θ1 =
nA

n2

sinϕ. (3)

The condition of interference maximum of two reflected

rays then takes the form

L = d1

√

n2
1 − n2

A sin
2
ϕ + d2

√

n2
2 − n2

A sin
2
ϕ =

λ

2
m. (4)
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Figure 1. Path of rays within a structure consisting of two

alternating types of parallel optical layers.

The resulting expression is the well-known Bragg−Snell

law [12].
If n1 and n2 are similar in value, relation (1) may be

derived by algebraic transformations from Eq. (4). This

approximation is typical for synthesized AAO PCs. The

effective refraction index of a crystal may be determined in

the following manner:

n2
e f f =

d1

d1 + d2

n2
1 +

d2

d1 + d2

n2
2. (5)

If one substitutes n1 with n2 or n2 with n1 (on the assump-

tion that n1 ≈ n2) in expression (5), equality n1 ≈ n2 ≈ ne f f

is obtained. Substituting n1 and n2 in (4) with ne f f , we find

expression (1).
The domain of applicability of relation (1) may be found

by direct comparison with formula (4). Let us examine

the dependence of error 1λ/λ1 on n2/n1 (Fig. 2), where

1λ = |λ1 − λ2|, λ1 is calculated using formula (4), λ2
is calculated using formula (1), and n1 and n2 are the

refraction indices of PC layers. The parameters of one of the

layers are fixed: n1 = 1.2, d1 = 150 nm (Fig. 2, a); n1 = 1.2,

d1 = 450 nm (Fig. 2, b); n1 = 1.5, d1 = 150 nm (Fig. 2, c);
and n1 = 1.5, d1 = 450 nm (Fig. 2, d). Parameters d2, n2 of

the other layer and the angle of incidence of radiation on

the PC, which is measured from the normal to the surface,

vary.

The obtained dependences (Fig. 2) correspond to the

variation of two parameters of the second layer: thickness d2

and refraction index n2, which assume values characteristic

of the synthesized PCs. This provides an opportunity to

compare the influence of the layer thickness (refraction
index) with a certain refraction index (layer thickness) being
fixed on the final error value.

A significant influence of radiation incidence angle ϕ

on the rate of error growth is typical of all values of

thickness parameters and refraction indices of layers. The

error increases with increasing angle. This growth is most

pronounced when n2 tends to unity, which is typical of

crystals with a high porosity [5].

Figure 2, c corresponds to a small layer thickness and

a relatively high refraction index. Comparing it with

Fig. 2, d (larger layer thickness), one sees clearly that

the error derivative increases in absolute value as the

layer becomes thicker. It follows from a comparison of

Fig. 2, c with Fig. 2, a (lower refraction index) that the

error derivative increases in absolute value as the refraction

index decreases. Figure 2, b, which corresponds to a large

layer thickness and a low refraction index, demonstrates the

highest absolute value of the error derivative among all the

plots presented.

Let us determine the specific values of error at ϕ = 0.

The maximum error is observed at the plot points corre-

sponding to n2 values tending either to 1 or to ∞. In the

former case, the error assumes the following values:

Fig. 2, a — 1λ/λ1(1/1.2) ≈ 0.3%,

Fig. 2, b — 1λ/λ1(1/1.2) ≈ 0.4%,

Fig. 2, c — 1λ/λ1(1/1.5) ≈ 1.8%, and

Fig. 2, d — 1λ/λ1(1/1.5) ≈ 1.6%.

It is definitely pointless to examine the latter case, since it

is inconsistent with the problem at hand; however, the error

is quite significant already at n2 = 2n1:

Fig. 2, a — 1λ/λ1(2) ≈ 3%,

Fig. 2, b — 1λ/λ1(1) ≈ 5.4%,

Fig. 2, c — 1λ/λ1(2) ≈ 3%, and

Fig. 2, d — 1λ/λ1(2) ≈ 5.4%.

As was already noted, the error increases at large

angles ϕ.

The refraction index of a single crystal of aluminum oxide

at a wavelength of 555 nm is 1.63 [4]. It follows from Fig. 2

that the error for the limit PC value of n2 = 1.63 at θ = 0

is:

Fig. 2, a — 1λ/λ1(1/n1) ≈ 1.3%,

Fig. 2, b — 1λ/λ1(1/n1) ≈ 1.85%,

Fig. 2, c — 1λ/λ1(1/n1) ≈ 0.25%, and

Fig. 2, d — 1λ/λ1(1/n1) ≈ 0.33%.

Thus, the error associated with the use of formula (1) is

insignificant in the case of AAO PCs.

The position of the band gap of a one-dimensional PC

is characterized by the Bragg−Snell law. A simplified

approximate formula is commonly used to determine the

PC properties, but its applicability domain remained unde-

fined. The error introduced by the simplified formula was

determined numerically. Its application to real AAO PCs is

fully justified, since the error introduced is extremely small.

With normal incidence of radiation on a PC, the actual

error associated with formula (1) will not exceed 2%. In

the case of large incidence angles, the error may become

significant (6%) if the refraction indices of PC layers are

small (≤ 1.2) or differ widely from one layer to the other.
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Figure 2. Deviations of the band gap position at different PC parameters. a — d1 = 150 nm, n1 = 1.2; b — d1 = 450 nm, n1 = 1.2; c —
d1 = 150 nm, n1 = 1.5; d — d1 = 450 nm, n1 = 1.5. Vertical dashed lines correspond to n2 → 1 (left) and n2 = nAl2O3

= 1.63 (right).
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