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4. Auger recombination mechanisms
in semiconductor quantum wires

4.1. Introduction

The mechanisms of Auger recombination (AR) of
nonequilibrium charge carriers in cylindrical quantum wires
are studied in this section. It is shown that the latter
contain two different Auger recombination mechanisms:
quasi-threshold and thresholdless. Both mechanisms, as
in the case of quantum wells (QW), are associated with
the presence of heterobarriers, but they have a different
nature. The quasi-threshold mechanism is caused by the
spatial limitation of the wave functions of charge carriers to
the region of the quantum wire, while violating the quasi-
momentum conservation law. The thresholdless mechanism,
similar to QW, is associated with the scattering of an
electron (hole) at a heterogeneous boundary.

To describe the spectrum and wave functions of carriers
in a quantum wire, a model of a rectangular cylindrical
potential well of finite depth is used for electrons in
the conduction band and for holes in the valence band.
A fundamental difference from the situation in quantum
wells appears in the thresholdless Auger recombination
mechanism. There are two thresholdless Auger recombina-
tion channels in the quantum wire: 1) a channel associated
with the transmission of a large quasi-momentum to an
excited charge carrier (as in the case of flat quantum
wells); 2) a channel associated with the transmission of
a large angular momentum to it. The latter process is
also a thresholdless Auger recombination mechanism in
quantum dots (see sec. 5). For electrons and holes, the
two channels of thresholdless Auger recombination have
different dependences on the heights of the heterobarriers,
as well as on the radius of the quantum wire.
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4.2. Basic equations
4.2.1. Kane’s equations

To analyze recombination processes, it is necessary to
know the wave functions of charge carriers (see sec. 3).

In the case of cylindrical symmetry, it is natural to choose
the following basis [19]:

s 1. Is 1) [P 1)s [ps 1)

[p=1)s |p— 1) [P+ 1)s P2 1) (72)

where

p+) = 1/V2|(ps +ipy)),

p—) = 1/V2|(ps = ipy)),

and |s) and |p.), |py), |p.) — Bloch functions of s- and
p-type with angular momentum 0 and 1, respectively. The
former describes the state of the conduction band, and the
latter describe the state of the valence band at the I'-point.
The arrows indicate the direction of the spin. This choice
corresponds to the basic functions having a certain value of
the quasi-momentum and angular momentum projections
on the wire axis, which corresponds to the symmetry of the
cylindrical wire. In this basis, the dependence of the Bloch
amplitudes on the coordinate z (the axis z is parallel to the
axis of the wire) and on the axial angle takes a simple form.
The wave function of the carriers 1, as in the case of QW,
can be represented as

¥ =sls) +¥lp).

where 1, and ¢ are spinors. To find the wave functions and
the spectrum of charge carriers, we use the Kane system of
equations (23).

Using the law of conservation of probability flux density
(see (21)), boundary conditions can be obtained for the
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envelopes of wave functions at the interface [30]. To
approximate y1, 2 = const, given that the effective mass of
heavy holes is much greater than the mass of electrons, we
can obtain a continuity condition for the following functions:

dy.
dp’

Y, m; ! divep, (73)

where

-1 _ 2V2

" T E _E
8

+my (71 + 452).

4.2.2. Wave functions in a homogeneous
semiconductor in a cylindrical
coordinate system

In the cylindrical coordinate system, the wave functions
of heavy holes obtained from the Kane equations (23) in
the basis (72) can be represented as

- 0 ~
0
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_2iqjm+3/2 (kh p)ei(m+3/2)¢
0
L/ 2k 12 (ki p)e 1128 |
(75)

where J,, is the Bessel function of order m, H; and
H, are normalization constants, ¢ and kj, are parallel and
perpendicular projections of the axial axis of the quasi-
momentum, and m is the projection of the total moment
onto the axial axis, taking half-integer values. Inside
quantum wires, the wave functions have the form of a linear
combination of (74) and (75). If a heavy hole is localized,
then its wave function under the barrier has the form similar
to (74), (75), except that the Bessel function J,, should be
replaced by the MacDonald function K,, with simultaneous
replacement of k; on ikj,. For light and spin-split holes, we

can write

r ﬂrgﬁqz)y Tn_12(kp)eim=1/26 ]
b 0
—ki(1 + X)) 2 (kpp)e! m=3/2¢
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" (76)
and
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(77)
where i =1I,s corresponds to light and spin-
split holes, A;, A, are normalization constants,
Ai = 8/(E + 45 — h*(k? + ¢*)/2my). The wave functions
of electrons have a form completely similar to the wave
functions of light and spin-separated holes, it is only
necessary to replace £ — E, +¢.

4.2.3. Carrier states in a quantum wire

Since the projections of the momentum and angular
momentum of the carriers on the z axis have certain
values in the selected basis, the variables z, p and ¢ are
separated in equation (23). Therefore, the eigenstates of
carriers in a quantum wire are determined by a dispersion
equation having a radial dependence of the wave functions
for certain values ¢ and m. Unlike quantum wells [30],
states in a quantum wire cannot be separated by parity even
for heavy holes, so the dispersion relations are excessively
cumbersome. For heavy holes, the latter has the form

(Km3/z(KhR) B Km+1/2(l€hR))
In—32(krR)  Jms1/2(kinR)

% (Km+3/2(KhR) N Km—1/2(KhR))
Ims32(knR)  Jm—1/2(knR)

_ A7 ( }Km—3/2(KhR) 4 Km—1/2(KhR)>
&2k " =32 (knR) " Jm—12(knR)

" (thm+3/2(KhR) N Kth+1/2(KhR)) . (78)
Jmi3/2(knR) Jm+172(knR)

Semiconductors, 2025, Vol. 59, No. 10



Auger recombination mechanisms in semiconductor nanoheterostructures. Part 2. 537

Here R is the radius of the wire, and kj,, k are the modules
of the quasi-momentum components normal to the interface
in the well and in the barrier region, respectively. Quasi-
momenta are uniquely related to each other by the law
of dispersion. In the limit of an infinitely wide or deep
well, a simplified dispersion equation for heavy holes can

be obtained:
m—1(knR 447
_1> (Jli(”)_1> = (79

( Jm (th)
T2 (knR) Tos1 (knR) k2

For light holes, the following dispersion equation is obtained:
< 2
2| m (K (21
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The dispersion relation for electrons in the conduction
band looks somewhat simpler, since it is divided into two
equations (in quantum wells, such a separation does not
occur [30]):

\/ \/ m— 1/2 Kc Wmi3s2(keR)

m+1/2 k R)

\/ K- 1/2 Kc m+3/2(KCR) (81)
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K,i 12 KLR)

where ¢ is the electron energy measured from the edge of
the conduction band inside the wire,

6

E, +25+¢°
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and A, Z are the same values, but in the sub-barrier area.
The wave functions corresponding to equation (81) have
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an even value of the projection onto the axis z of the
orbital moment of the Bloch envelopes, and they have an
odd value in the case of (82). Further calculations of the
matrix elements will be carried out under the assumption
that the electron localized in the quantum wire is at the
basic level of dimensional quantization, the energy of which
is determined from the equation

o V= TJi(keR) VA2 = 1K, (k.R) (83)
c 7 Z

J()(kCR K()(KCR) ’

:KL‘

o
~—

4.3. Matrix element of Auger recombination
4.3.1. Probability of Auger recombination

In the framework of the 1st order theory of perturbation
by electron-electron interaction, the probability of Auger
recombination per unit time is given by expression (28),
and the matrix element by expression (29). Taking into
account antisymmetrization of wave functions, the matrix
element of the Auger transition can be represented in the
form according to (30). Further, for simplicity, we will
mainly limit ourselves to considering the CHCC process
of Auger recombination. If the condition E; — A > T
is met, which is the case for most semiconductors of the
A"BV type, all qualitative conclusions will be valid for the
CHHS process.

4.3.2. Auger recombination mechanisms
in quantum wires

The wave functions of the carriers are eigenfunctions of
the projections of the quasi-momentum operators on the
axis z. Thus, the matrix element of Auger recombination
automatically satisfies the laws of conservation of momen-
tum and angular momentum and in cylindrical coordinates
P, ¢ and z has the form

%) %) 2n 2n 0

62 T
= IC_ /pldpl /pzdpz /d¢1 /d¢2 /le /dZ2
>~ 0 0 0 0

— 00 — 00

eim(¢1—d2)+iq(z1—22) . .
X T (R3(01)R3(p1)) (Rf (02)Ra(02))
(84)
where Rj, Ry, R3, Ry are the radial parts of the wave
functions of particles, and

{m—mz—ms—m—ml,
4=q2—q3=q4s— q1

— transmitted axial projections of the angular momentum
and quasi-momentum. The matrix element My is obtained
from M; by permuting the indices 1 and 2 for the wave
functions R; and R,. The function R; corresponds to a
localized carrier in the initial state, and R4 corresponds
to a carrier in the excited state. The recombining pair
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heavy hole-electron corresponds to the wave functions R;
and R;. For the CHCC process, the functions R; and
R4 correspond to electrons in the conduction band; when
describing the CHHS process, R; corresponds to a heavy,
and Ry corresponds to a spin-split hole. By performing the
Fourier transform of the Coulomb potential at coordinates
p and ¢, we obtain

/dd) /dz eimbriaz {4ﬂ1m(qm)l<m(qu), p1 < P2,
|r1 - r2| 4-771111(qp2)Km(qp1)a P1 = P2,
(85)
where I, is a modified Bessel function of order m. Since
the mass of the heavy hole is large (my, > m,), its wave
function quickly decays under the barrier compared to the
wave function of the electron, and in the sub-barrier region,
the overlap of the wave functions of the heavy hole and
the electron can be neglected. It should be noted that
this does not mean that the problem is solved in the
approximation of an infinite potential barrier for a heavy
hole, since its energy levels are determined from the exact
boundary conditions (73). As noted above, we will also
assume that the recombining electron is at the basic level of
dimensional quantization. Due to the relatively small mass
of electrons, this assumption is justified even for sufficiently
wide quantum wires. Under these conditions, the matrix
element takes the form

M, — 4g7e2

R
[ praoRs oot
0

Ko

P1

X Z |:a lna4n/p dem(qpl )Im(qp)-]mzm (k4p)']m1n (klp)
n=s.,p 0

R
T anau / P dpL(aP1)Kon ()T, (k)T (K1)

+ bipbay | p dpln(qp1)Kn(qp)Im(q01)Kn(qp)

ey 2

I (50 K (1) (36)

where 7 corresponds to the number of the basis function
and, taking into account the spin, takes eight values,
and a;, are multipliers for Bessel functions for radial
components of wave functions

Rl (p) _ aanmlq(klp)’ 14 S R7
! binKum, (k19), p > R.
Ray(0) = asndm, (kap), p <R,
! b41’]-]m4n(l€4p)7 p > R

Two different contributions can be distinguished in the
matrix element (86). The first of them is related to

the presence of discontinuities of the wave functions and
their derivatives on the heterogeneous boundary (at the
point p = R). The process determined by this contribution
corresponds to scattering on a heterobarrier. Such scattering
in the case of a single barrier leads to the appearance of a
thresholdless Auger recombination channel [13]. A similar
situation exists in quantum wells [30,15,16]. The rate of the
thresholdless Auger recombination process tends to zero in
the limit of the wire of infinite radius.

The second contribution to (86) is related to scattering on
the short-range Coulomb potential [30]. In the case of the
Auger recombination CHCC process, an electron is excited
either into a continuous or discrete part of the spectrum
corresponding to € ~ E,. In the first case, the electron
acquires either a large quasi-momentum perpendicular to
the interface, or a larger projection of angular momentum
onto the axis z. In the second case, the electron acquires a
large quasi-momentum directed along the axis of the wire.
The latter process is obviously a threshold process, since it
requires the hole to have the same quasi-momentum.

In quantum wells, only the transition to the discrete
spectrum corresponds to the threshold process [30], how-
ever, such a statement is unfair for quantum wires. When
switching to a continuous spectrum with increasing angular
momentum, there is no threshold removal. For this reason, it
makes no sense to consider the threshold process separately.
It is more convenient to consider it as an integral part of a
quasi-threshold process. Thus, separating the thresholdless
and quasi-threshold Auger recombination mechanisms in
quantum wires, we write the matrix element of Auger
recombination as

My =MV 4+ M. (87)

Here MV is a thresholdless matrix element and M is a
quasi-threshold matrix element. In the limit of a large-radius
wire, the quasi-threshold Auger recombination mechanism
becomes a threshold one.

4.3.3. Matrix element of the thresholdless
process

The thresholdless Auger process is associated with the
scattering of carriers on a heterogeneous boundary. The
corresponding matrix element is determined by discontinu-
ities of the wave functions and their derivatives at p = R.
A detailed calculation of the thresholdless matrix element is
given in Appendix 1V, where the following result is obtained:

2
ko(q? +k3)

3V, 4V, 3V,
RK,,_1(qR) | =¥ K,,(qR
X{q 1(q )[ iE, ]er (q )4Eg}

M = Ris(R)R4(R)

R
< [ ®s()Rs(0) 1uap)odp. (88)
0
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The first term in curly brackets is proportional to ¢ and cor-
responds to a thresholdless process in a quantum well [30],
the second term is proportional to m and corresponds to
the thresholdless Auger recombination channel in quantum
dots [44]. It can be seen from (88) that the two contributions
to M) have different dependences on the height of the
barriers for electrons in the conduction band and for holes
in the valence band.

4.3.4. Matrix element of the quasi-threshold
Auger process

The quasi-threshold process is associated with limiting the
overlap region of the wave functions to the volume of the
quantum wire. This, in accordance with the Heisenberg
uncertainty principle, leads to the replacement of the
d-function in the law of conservation of quasi-momentum by
a function tending to it in the limit R — co. In Appendix V,
the calculation of a quasi-threshold matrix element is given,
and the final expression for M%) has the form

R

e [ (R (iRt
0

2
M2 =

(89)
In the limit R — oo and wunder the condition that
ki, ky < k3, k4, this matrix element becomes proportional
to 8(ks — k3), i.e., the quasi-threshold process passes into
the threshold Auger recombination process. Indeed, the
quasi-threshold matrix element is proportional to the integral
of the four Bessel functions:
R

MO / To(k1p)To(kap) T m(ksp)Im(kap)pdp.  (90)
0

Assuming that k3, k4 > k1, ka, we can decompose this
integral into a series according to the antiderivative

Jn(k3p)Jm(kap). Leaving the first term of the series, we
obtain
M(z) X ﬁlo(klR)J()(sz)(k}]m_l(k3R)
kg — k3
Jim(kaR) — kaJy(k3R)J —1(kaR)). (91)

For large R, it is possible to replace the Bessel functions
with their asymptotic approximations for a large argument

In(z) = \/g cos(z - ﬂjm + %) (92)

Substituting this expression in (91), we finally obtain
sin((k4 — k3)R)
M®?) o T2 2P
S —

In the limit R — oo, this expression, squared, gives a

S-function multiplied by the radius of the quantum wire:
sin®((k4 — k3)R)

(kg — k3)?

(93)

R
— 6(kg — k3).
3 (k4 — k3)
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4.4. Auger recombination coefficient

The AR rate is calculated similarly to the case of
a quantum well according to expression (44). Con-
tributions to the Auger recombination rate from quasi-
threshold and thresholdless processes cannot be separated,
as they interfere. At small values of the wire radius, this
interference is especially significant, since both processes
are thresholdless [30]. For large-radius quantum wires, the
interference between M) and M can be neglected, since
the main quasi-threshold transitions, unlike thresholdless
ones, occur with the participation of heavy holes with a
large longitudinal angular momentum or quasi-momentum.
Taking into account the above, neglecting interference gives
an almost accurate result for large-radius quantum wires,
while for thin wires it leads to an order-of-magnitude correct
result. The recombination rate obtained in this way has
the correct dependences on the parameters of the quantum
wire (on its radius, the height of barriers for holes and
electrons) and on temperature. We introduce the Auger
recombination coefficient C, which is related to the rate G
by the ratio

G = anp,

where n and p are one-dimensional concentrations of
electrons and holes. Neglecting the interference between
contributions from different processes, we write

c=cW4c?, (94)

where the coefficients C(1) and C® correspond to thresh-
oldless and quasi-threshold Auger processes with matrix
elements M) and M?), respectively. The expression for
the thresholdless Auger recombination coefficient can be
obtained by substituting (88) into (44). As a result, we

have
_ 24e* 1Py* F(As/Ey)
COrETE TR
k2J3(kcR)

* T2(keR) + P(kR) + K2(kR) + K2(k.R))?2

y V. +V, 2+ m 3.1\ K
4E, ¢*R? | 4E, (g2 + K23k (q)

(95)

where

(14+x/3)(1 +x) 1+7x/9 +x%/6
(1+2x/3)(1+x/2) 1+x/4+x%2/6"

2E2 1+ Ay/2E,
kf<q>—\/ T

F(x)=

72y2 1+ Ay/3E,

The angle brackets mean averaging over the distribution
function of heavy holes. In the case of the Boltzmann
distribution, which usually occurs in the case of holes, this
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averaging has the form

q%

Iy~ ] k2, + 4}
lan ko) = 5 3 [ danf an o) exp (22522 ),
n,m 0

where
Z =

2

qT\/J_T Z ( kmn)
exp | ——5 |,

2 ar

n is hole level number, m is the angular momentum pro-

jection, k., k. is the ground state electron quasi-momenta

perpendicular to the interface above and below the barrier,

gr is the thermal momentum of heavy holes,

thT
ar =\ =7

kmn 1s a quasi-momentum corresponding to the level of
dimensional quantization of holes, which is important for
an infinitely deep quantum well for heavy holes

kmn = R/an,

where 9, is the n-th root of the Bessel function J,,. For
the quasi-threshold Auger process coefficient, we have

C) 6e* WPp* F(Aso/Ey)
2T KL EE B
k2J3(kcR)
(J2(k.R) + J3(k.R) + K3(k.R) + K?(k.R))?

k7 sin® (k; —k;)R
. <<qz+kﬁ>kf (7 (a) )2 > 6)

In the limit of the wire of infinite radius, the coefficient
of the quasi-threshold Auger recombination process turns
into an expression for the Auger recombination coefficient
in a homogeneous semiconductor. Assuming that the levels
of dimensional quantization of the carriers merge into a
continuous spectrum, and performing integration over them,
we obtain

- 16\/§ﬂ5/2 en F(Aso/Eg) exp ( Eth)
3 K2 EgS/ZTl/zmg/zmg/z ’

X

C2ﬂ2R4

©7)
where Ey, is the threshold energy of the CHCC process in
a homogeneous semiconductor, which in the Kane model
is approximately equal to Ew ~ (2m,/my)E,. It should be
noted that for wide wells, it is necessary to take into account
not only the process with ks = kj, + k.1 + k.2, but also
three more processes corresponding to kr = kj, + ko1 — ke,
kf =k — ke1 + kep and kf =kp —ke1 — ken. The expres-
sion (97) can be compared with the known result [10],
obtained for the Auger recombination coefficient in a
homogeneous semiconductor (see (57)). A slight difference
in the numerical coefficient is due to the assumption made
in Ref. [10] that As, > E,.

10728
&
g
o
) 10729 -
1073() ! | ! | ! | !
0 100 200 300 400
T, K

Figure 10. Temperature dependence of the Auger recombination
coefficient for the CHCC process for two Auger recombination
mechanisms: thresholdless (C;7°R*, dashed line) and quasi-
threshold (Com°R*, dotted line) for a thin wire with radius
R = 50 A. The solid line corresponds to the total Auger recombi-
nation coefficient (C; + C 2):12R4.

4.5. Discussion of the results

An analysis of Auger recombination processes in semi-
conductor structures with quantum wires has shown that
there are two different Auger recombination mechanisms,
thresholdless and quasi-threshold. The thresholdless process
has two channels associated with the scattering of the
longitudinal component of the quasi-momentum and the
angular momentum. The first channel is similar to the
thresholdless Auger process in quantum wells, and the
second is similar to the thresholdless Auger recombination
channel in quantum dots. The coefficients corresponding to
these channels have a different dependence on the height of
the barriers for electrons and holes.

This circumstance, in particular, prevents the suppression
of Auger recombination in semiconductor heterostructures
of the second type with quantum wires, in contrast to
structures with quantum wells [45]. In quantum wells,
the threshold CHCC Auger recombination process corre-
sponded to the transition of an excited electron into a
discrete spectrum. For wires, as shown above, there is
also a threshold process with the transition of an electron
into a continuous spectrum. For this reason, it makes no
sense in wires to separate the quasi-threshold and threshold
processes into two separate processes.

To analyze the Auger recombination coefficients, a typical
heterostructure based on an InGaAsP compound with a
band gap energy of E, = 1€V, was taken. As can be seen
from Figures 10 and 11, the coefficient C;, corresponding
to the thresholdless Auger recombination process, is a
weak function of temperature for thin quantum wires
and decreases with temperature for wide wires. The
quasi-threshold Auger recombination coefficient C,, on the
contrary, increases with increasing temperature. For thin
wires, C; is also a weak function of temperature (Figure 10).
As the radius of the wire R increases, the temperature

Semiconductors, 2025, Vol. 59, No. 10



Auger recombination mechanisms in semiconductor nanoheterostructures. Part 2. 541
1028
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T, K T,K
Figure 11. Dependence of the Auger recombination coefficient for the CHCC process for two Auger recombination mechanisms:

thresholdless (C77°R*, dashed curves) and quasi-threshold (C,72R*, dotted curves) for wide wires at R = 150 A (a) and R = 250 A (b).
The solid line corresponds to the total Auger recombination coefficient ((C; + C2)m*R*).

dependence C; increases and approaches the threshold (ex-
ponential) dependence in bulk semiconductors (Figure 11).
At the same time, the quantitative ratio between C; and
C, is also changing: C; decreases with growth of R faster
than C,, so that the effective three-dimensional coefficient
C\) = C1(7R?)? vanishes at R — oo, and C\y = Ca(R?)?
approaches the bulk coefficient of Auger recombination Csp
(Figure 12). For thin quantum wires, the Auger coefficients
of quasi-threshold and thresholdless processes significantly
exceed the three-dimensional coefficient C;p, related to the
square of the cylindrical cross-sectional area of wire (7R?)2.
The Auger recombination coefficient is a nonmonotonic
function of the wire radius over a wide temperature range
(Figure 13).

10—28

C, cm%/s

10729 . .
200 300
T,K

0 100 400

Figure 13. Temperature dependence of the total Auger recombi-
nation coefficient at different radii of the quantum wire.

For thin quantum wires, the smallness of the Auger
coefficient is primarily due to the weak overlap of the wave
functions of electrons and holes in the bound state. As the
wire radius increases, the effect of heterobarriers on Auger
recombination processes decreases, while the threshold
nature of these processes is revealed. Thus, for wires with a
large radius, the Auger recombination coefficient decreases
to a value corresponding to the three-dimensional Auger
coefficient of a homogeneous semiconductor.

As follows from the analysis, the mechanisms of Auger
recombination in quantum wires are generally similar to

31 L 1 . 1 . 1
10 100 200 300 400 the same mechanisms in quantum wells [30], there is
R, A only a quantitative difference. The 1st order of pertur-
. o bation theory for interelectronic interaction is insufficient
Figure 12. Dependence of the Auger recombination coefi-

cient for thresholdless (C17°R*, dashed line) and quasi-threshold
(C2m*R*, dotted line) processes on the radius of the quantum
wire at temperature 7 = 300K. The solid line corresponds to
the total Auger recombination coefficient (C; + C,)7?R*, and
the horizontal dotted line corresponds to the three-dimensional
coefficient of the CHCC process.

Semiconductors, 2025, Vol. 59, No. 10

to calculate the Auger recombination coefficient in case of
homogeneous semiconductors. This is due to the fact that
during Auger recombination, electron-phonon and electron-
electron relaxation processes have a significant effect on
the threshold process, partially removing the threshold
of Auger recombination.  However, the 1st order of
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perturbation theory gives a qualitatively correct result for
semiconductor heterostructures with quantum wires and
quantum wells, since the effect of heterobarriers on Auger
recombination processes plays a more important role than
relaxation processes if the characteristic dimensions of the
heterostructure are less than the mean free path of charge
carriers [46].

5. Auger recombination mechanisms
in semiconductor quantum dots

5.1. Introduction

Semiconductor quantum dots are increasingly attracting
the attention of researchers due to the fact that, firstly, their
physical properties are fundamentally different from those of
homogeneous (massive) semiconductors and, secondly, the
possibility of their use in various optoelectronic devices —
from lasers to quantum computers [47-50]. Recently,
semiconductor quantum dots have been widely used in
biology and medicine as markers [51-53] and for diagnostics
of biological objects [54,55]. Due to the increasing interest
in quantum dots, it is important to understand what physical
processes affect their optical and electrical properties.

Detailed experimental studies of the lifetime of charge
carriers and threshold currents in quantum dot lasers are
presented in Refs. [56-58]. It is shown that at high excitation
levels, nonradiative Auger recombination processes make a
significant contribution to the threshold laser current.

The analysis of Auger recombination mechanisms in
CdS-based quantum dots was first performed in Ref. [50].
A review of experimental and theoretical papers devoted
to the study of Auger recombination in nanometer-sized
semiconductor crystals is presented in Ref. [60]. Thus, the
characteristic Auger recombination time in quantum dots
was experimentally studied in Ref. [61]. It is shown that for
small-radius quantum dots, the Auger recombination rate is
significantly higher than the radiative recombination rate.
The experimentally measured nonradiative recombination
time is ~ 10—100 ps, whereas the radiative recombination
time is ~ 1 ns. However, in the theoretical papers presented
in the review in Ref. [60], there is no detailed analysis of
the dependence of the Auger recombination rate on the
temperature and parameters of quantum dots: on the radius
of the quantum dot and on the depth of quantum wells for
electrons and holes.

The Auger recombination mechanisms For semiconductor
quantum dots based on compounds A™BY were analyzed
in Refs. [44,62,63). 1In these papers, the thresholdless
Auger recombination process associated with scattering of
charge carriers at a heterogeneous boundary is considered,
which was first predicted in Ref [13]. A qualitative
analysis of the dependence of the thresholdless Auger
recombination rate on the radius of quantum dots was
performed in Refs. [58,60,62-64]. As will be shown
below, the thresholdless Auger recombination channel is

essential for small-radius quantum dots. As the radius of
the quantum dots increases, the rate of the thresholdless
Auger recombination process decreases very sharply and
in the limit when the radius of the quantum dot tends to
infinity, it tends to zero. Therefore, the thresholdless Auger
recombination channel is not the only nonradiative Auger
recombination process in quantum dots.

An attempt was made in Ref [62] for classifying the
mechanisms of Auger recombination in quantum dots for
the first time. It is shown that two Auger recombination
mechanisms are possible for localized charge carriers in
quantum dots: thresholdless and quasi-threshold processes.
The quasi-threshold process is caused by the spatial lim-
itation of the wave functions of charge carriers to the
region of the quantum dot. This Auger recombination
mechanism is similar to the quasi-threshold process in
quantum wells [30,65] and in quantum wires [66]. The
thresholdless mechanism is associated with the scattering of
an electron (hole) on a heterogencous boundary, while a
large angular momentum and a large quasi-momentum are
transmitted to the excited carrier, similar to the AR process
in quantum wires.

It was shown in Ref. [67] that in quantum dots at high
excitation levels, another Auger recombination channel is
possible, which is associated with the Coulomb interaction
of charge carriers localized in the quantum dot with charge
carriers in the barrier region.

5.2. Kane’s equations and basic relations

The basic functions in the case of spherical symmetry are
chosen by analogy with quantum wires (see (72)), but here
we will not take into account the spin of particles [19]:

Is), 1p+)s [p=)s |p2)s (98)
p+) = 1/V2|px +ipy),

p=) = 1/V2|p, —ipy).

In (98) |s) and |p) — are Bloch functions of the s-
and p-type corresponding to the eigenvalues of angular
momentum 0 and 1 of the operator L?. The first functions
of the s-type describe the state of the conduction band, and
the first functions of the p-type describe the state of the
valence band at I'-point. In the future, however, we will use
the expansion according to this basis using spherical vectors,
which are eigenfunctions of the operators J2, J., L? and L3.
The total angular momentum of the particles is J = L + Ly,
where L is the operator of the orbital momentum acting
on the envelope wave functions (responsible for the angular
momentum of the electron in a spherical quantum dot), and
L, is the angular momentum acting on the Bloch functions.
However, for convenience, we do not include the electron
spin here, since the spin-orbit interaction is not taken into
account in this section. Then, without taking into account
the spin, the total angular momentum of the electron will be
an integer. The conserved quantities describing the behavior

(99)
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of particles within the symmetry of the problem will be the
square of the total momentum and its projection onto the
axis z. In the following, we will use the notation j and m to
denote the eigenvalues of the total angular momentum and
its projection onto the axis z.

Next, we will consider the Kane equations without
taking into account the spin-orbit interaction. As shown in
Refs. [65,66], taking into account the spin-orbit interaction
when calculating the Auger recombination rate leads to a
multiplication of the rate by the function F(As/E,). For
any ratio between Ay, and E,, the function F(x) changes
little, the maximum value is F(x) = 1, and the minimum
value is F(x) = 0.9, i.e. in general F(x) < 1. At the same
time, neglecting the spin-orbit interaction makes it possible
to significantly simplify the equations and obtain analytical
expressions for the probability of Auger recombination (we
are not talking about Auger recombination of holes with
transition to the SO-band).

The wave function of charge carriers can be represented
as W=, |s) +W|p). Let’s rewrite the Kane equations
for the envelopes W, and W in the spherical approximation
according to (5) without taking into account the spin-orbit
interaction:

(E, — E)W, — ihy V¥ = 0,

2

15
— EW —ihy VW, + o (71 +472) V(VW) = (100)
h2
_%(Vl = 29) (V x (V x ¥)) = 0.

Fourier transform of the equations of the system (100)
allows to obtain spectra for electrons and heavy holes:

kK= M, electrons,
R2p2
101
b2 (101)
Ey, = ———, heavy holes.
2mh

For holes, the energy E is calculated from the top of the
valence band, and the electron energy § — from the bottom
of the conduction band. Here k is the value of the quasi-
momentum of the carriers and

my; = m~ (y1 = 292). (102)

In this case, my; coincides with the mass of the heavy

hole, and the mass of the light hole is m; ' = 22

~ E,—E
+m~(y1 + 4p2).

The expression for m; coincides with the mass of the
light hole, since the spin-orbit interaction constant is zero.
In the following, we will need boundary conditions for wave
functions on a heterogeneous boundary. From the system of
equations (100), one can obtain the Kane equations, which
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can be integrated through the interface (see (23)):
(E, — E)W, — ihy V¥ = 0,

. h?
— EW — ihy V¥, + —V[6, VY] (103)
h2

0
— —21) —W = 0.
2m 0xy (n v2)

E)xk

5.3. Wave functions of charge carriers in
a quantum dot

The wave functions and the spectrum of charge carriers
can be obtained from solving a system of equations (100).
It is convenient to consider the states of electrons and holes
separately.

5.3.1. States of electrons in a quantum dot

For electrons, as already noted above, the Kane equa-
tions (103) are simplified by taking the form

— &, — ihy V¥ = 0,
(104)

— (E+ E,)W — ihyVW, = 0.

Expressing from the second equation W through W, and
substituting the result into the first equation, we obtain the
equation for W,. Let’s write it in a spherical coordinate
system. The variables are separated and the wave function
can be represented as

Wy = R(r)Yin (0, ). (105)

Here Y;,,(0, ¢) are spherical functions. For the radial part

of the wave function R(r), the equation holds
19 r28_R _ MRﬁ—sz =0,
r2or or

p (106)

where k? is given by equation (101) for electrons. The
solution of equation (106) is known and represents spherical
Bessel functions [R o j;(kr)]. Then for the wave functions
of electrons inside quantum dots (for r < R) we get
—ihVW,

e

Wy = Ajj(kr)Yim(0, §). (E+E,)

2]+ 1 Im

R m RO G ¢>>, (107)

where A is a normalization constant. Similarly, the wave
function of electrons under the barrier at r > R has the
form

— '
VY, :Ak< I kn)YITNO, §)

—ihVY,

v = Bkj(KV)ij(e, ¢), V= m
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V\IJS = Bk <— %kj+](Kr)Y§;1 (9, ¢)

[ i1
Here B is a normalization constant,
E(E+E) (V.—8)(E+E,+Vy)
2 8/ __ 8
k== 2y 12y? (109)

and k;(x) is a modified spherical Bessel function related to
the cylindrical ratio k;(x) = \/5-K;;1/2(x). The boundary
conditions for the envelopes of the wave functions can
be obtained by integrating the Kane equations (103)
through the interface. Using the law of conservation of
probability density (see (21) and (22)) and the approx-
imation p = const, which is a good approximation for
semiconductor structures A"BY, we obtain the continuity
of the following functions:

[‘DS]R =0,
L AR 1 vy
E+E, Or ), \E+E,+V, or ),
Here, the signs ,,<“ and ,,>“ mean that the values are taken
from the left and right of the heterogeneous boundary. The

dispersion relations for electrons follow from the boundary
conditions of (110)

Jj(kR) [KZ (% - kj+1(f<R))}

= k;(kR) [kZ (jjfl'((;R)

Assuming in (111) j = 0, we obtain for holes and electrons

(110)

~pmR)|. )

Jjo(kR) _ kZ ko(kR)
J1(kR) — kZ ki(kR)’

(112)

where Z = L to the right of

and Slmllarly Z= m

_1
E1E,°
the barrier.

5.3.2. Wave functions of holes

The wave functions of light holes need not be written out.
Suffice it to note that they are similar in appearance to the
wave functions of electrons, and the difference is only in the
effective mass. The wave functions of heavy holes differ in
appearance from the wave functions of electrons. To find
them, the Fourier transform of the Kane equations (100) is
first performed. From the solution of the Kane equation for
W, =0, we obtain two functions of heavy holes (there is a
degeneracy):

Wi = Ajj(knr)Y2,,(0, ),

‘I’I’TZ _A2< 2]J_i_ 1 jj+1(khr)Y;:;1 (9’ ¢)

j+1
2j +1

Ji—1(knr) Y%, 10, ¢)> by r <R,

Wi = Bik;(kar) Y}, (6, ),

\11;2_32< ZjJHkHl(xhr)Yj;l(o,gf))

J+1 i1
+ T 1kj_l(lchr)Yj’.m 0,¢) ] by r >R,
(113)
where kj, = 2””’(;;_’5 ), A; and B; are normalization con-

stants. It can be seen that the two wave functions for heavy
holes have different polarizations. As will be shown later,
the first wave function does not contribute to the Auger
process. To derive the boundary conditions, it is necessary
to integrate the Kane equations for heavy holes through the
interface. This gives two boundary conditions:

(Wrlg =0,

{d\ll L} _o.
dr |

where W, is the envelope of the p-component of the
wave function perpendicular to the radius vector r. When
deducing (114), it is assumed that the mass of the heavy
hole does not change when passing through the barrier and
that mj;, > m,;. Then it is possible to neglect the mixing of

functions for light and heavy holes. Finally, for heavy holes,
we have the following dispersion relation:

ki [ (G + Dkjr (6iR)
kh / KhR

(114)

Jj(knR) - kj+2(/<,,R))

ey (LD ) |

KhR

kp|.((+1)jj+1(knR

- in+2(th))

j —1)ji—1(knR
(J )]Z:Rl( h )_jj(th))]-
(115)
This expression in the limit of an infinitely wide or infinitely
deep quantum dot goes into the following equation:

-+

ji(kiR) = 0. (116)
The solutions of equation(116) are
_ Vin

(), = 22, (117)

where p;, is the n-th root of the spherical Bessel func-
tion j;(x).
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5.4. Probability of Auger recombination

The probability of Auger recombination per unit time,
according to Fermi’s golden rule, in the framework of the
Ist order of perturbation theory has the form (28), and
the matrix element of the Coulomb interaction, taking into
account antisymmetrization of wave functions, is similar to
the case of quantum wells

Mf,' = M; — My, (118)

where
M[ = <\I’3(r1)\1’4(r2) \111(1‘1)\112(1‘2)> , (119)

My obtained from M; by substitution r; < r».

Here and further, we will consider functions with
indexes 1 and 2 as functions of localized electrons, a
function with index 3 as a function of a heavy hole, and
a function with index 4 is the function of the excited
electron. Further, for simplicity, we will assume that the
angular momentum of localized electrons is zero, j = 0. In
quantum dots, as in quantum wells and quantum wires, the
main contribution to the probability of Auger recombination
is made by the processes CHCC and CHHS. Next, we
will limit ourselves to considering only the CHCC process
of Auger recombination. All dependencies for the CHHS
process at Ay, < E, have a qualitatively similar appearance
as for the CHCC process.

2

IC0|1‘1 - 1‘2|

5.5. Matrix element of Auger recombination

The wave functions of the charge carriers are eigenfunc-
tions of the total angular momentum operators J and its
projection J, onto the axis z. In this case, the Auger
recombination matrix element satisfies the law of conser-
vation of angular momentum and its projection onto the
axis z automatically. As shown above, for heavy holes there
are two wave functions having different polarizations (113).
The first wave function does not contribute to the matrix
element of the Auger process. This follows from the fact
that for spherical vectors the following relation holds [68]

1
Y V(0. 9)(Y7,,(6. ) = (120)

u=—1

Since such a combination will necessarily be included in
the product of the first heavy hole function and the electron
function, the first function will not contribute to the Auger
recombination process. Let us now consider the product of
the wave function of a heavy hole and the wave function of
an electron, which will be included in the expression for the
matrix element (119) of the Auger process.,

ihy
()W) = (-1)"g = Aidshy
i3(j3+ 1) [ jjlksr .
13(1;1 ) <J1£3i11))Jl(k1r1)Y,-m(91,¢1).

(121)
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The integral of overlap between the states localized in
a quantum dot and the state of a continuous spectrum
includes the product of the following wave functions of
electrons:

. 3 . . . 1
W, (r2)Wa(r2)~ =AxAgjo(kara) jj, (kara)Y,, (02, ¢2) Ti
" 1
W, (r2)Wa(r2)” ~ByBako(kara)jj,(kar2)Y, 4m4(92,¢2)m

(122)

In (122), we neglected the term containing the scalar
product of the vector parts of the wave functions, since its
ratio to the first term is proportional to k»/k4. The ,,4° state
is the excited state of an electron, so k4 > k. (We would

like to remind that k4 ~ \/2:—*, and k, = \/2,2’752, where
E, is the energy of the first level of dimensional quantization
of the electron, therefore E; < E,). The matrix element of
the Coulomb interaction in the case of spherical symmetry
is most conveniently calculated using the decomposition of
the Coulomb potential into multipoles. Entering the notation
r = |r; — ra|, we write

1_
,
dn r
> 311 (r—l) (¥;(S21) - ¥;(€22))
—ZFI-<(F1,F2 (Ql) (Qz)) by rp <ri,
i=0
(123)
where
(Ql Y;n Ql Jjm 92) (124)
m=—j
Then the matrix element can be represented as
o2
My = (—1)’"3?/dVl/de(Rg(rl)Rl(rl))
% (R3(r2)Ra(r2))Yjm; (01, ¢1)Y 4m4(92,¢2)
(125)

where R, R, R3, R4 are radial parts of particle wave
functions. The matrix element M, is obtained from M;
by rearranging the indices of the wave functions R; and
R,. The function R; corresponds to the localized state
of the electron, and R4 corresponds to the excited state
of the electron. The functions R, and Rz correspond
to the electron-heavy hole recombining pair. Integrating



546

G.G. Zegrya, N.L. Bazhenov

the expression (125) over angles, we obtain the following
expression:

oo oo
2
W”/rldrl/r d"2F13 71’72)514135% —m3-
0 0

(126)
Thus, for the Auger recombination process, we obtained the
law of conservation of angular momentum and its projection
onto the z axis:

m = myg = —ms, ] = j4 = j3. (127)
The expression (127) was obtained neglecting the angular
momentum for localized electrons. We believe that the
total angular momentum of the electrons in the initial state
is zero. This assumption significantly simplifies analytical
expressions and has little effect on the result. Due to the
fact that the effective mass of the hole is m;, > m,, the wave
function of the hole quickly decays under the barrier, and
then the sub-barrier region of overlap of the wave functions
of the heavy hole and the electron in the matrix element
can be neglected.

It should be noted that this does not mean at all that
the problem is solved for a heavy hole in the approximation
of an infinite potential barrier, since its spectrum is found
from the exact boundary conditions (114). As noted above,
we will also assume that the electron has a zero total
angular momentum. This is justified, since the electron has
a relatively small mass. Under such assumptions, the matrix
element takes the form

R
/rldrl R3 ri Rl(rl))
0

ry R oo
/rzdr2C1><Fj<—|—/r%dr2CI><Fj>—|—/r%dr2CI>>Fj> .
0 ri R

(128)
Two different contributions can be distinguished in the
matrix element (128). The first of them is related to
the presence of a heterogeneous boundary. The process
determined by this contribution to the matrix element
corresponds to the scattering of an excited electron on a
heterogeneous boundary. In this case, the excited electron
acquires a large value of the quasi-momentum and angular
momentum components normal to the interface. Such
scattering in the case of a single heterobarrier [13], a
quantum well [65], and quantum wires [66] leads to the
appearance of a thresholdless Auger recombination channel.
In the limit of a quantum dot of infinite radius, the rate of
the thresholdless Auger recombination process tends to zero
faster than 1/RS.

The second contribution to (128) is related to the
scattering of an electron by a short-range Coulomb poten-
tial [30,65]. In the case of the Auger recombination CHCC
process, an electron is excited into a continuous part of

the spectrum corresponding to the energy &4 ~ E, and the

. 2meEg, .
quasi-momentum k4 = “~. In this case, the electron

acquires a larger angular momentum projection on the axis
z. When a localized electron transits into a continuous
spectrum with increasing angular momentum, the energy
threshold is not removed for the Auger recombination
process. This Auger recombination mechanism turns into
a threshold Auger recombination process as the radius of
the quantum dot tends to infinity.

Separating the thresholdless and quasi-threshold Auger
recombination mechanisms in quantum dots, we write the
Auger recombination matrix element (128) as

My =MV + MP), (129)
where M) is thresholdless, and M(? is quasi-threshold
matrix elements. They are equal

R
/V dr1 R3 ri Rl(rl))
0

oo o
X [/r%dr2®>ﬂ> —/r%drgquf ,

R R

dr1 R3 r1 Rl(rl))

oo

ri o0
x [ / radr,®<F; + / radr,®<F7 |, (130)
0 ry
where
(D< = A2A4j0(k2r)jj (k4f’),
(i =BgB4k0(K2r)jj(/<4r). (131)

It should be noted that for quantum dots, both M) and
M@, and therefore M, are essentially thresholdless matrix
elements. Indeed, they are not subject to the restrictions
imposed on the initial quasi-momenta and angular momenta
of electrons. However, the mechanisms leading to the
non-conservation of the quasi-momentum in these terms
are different. In MY, the nonconservation of the quasi-
momentum component normal to the interface is due to
electron scattering at the heterogeneous boundary, and in
M@ the reason for the violation of the quasi-momentum
conservation law is the limitation of the volume of inte-
gration over r by the region of the quantum dot. This
results in a function like sin(kR)/k instead of the § function
8(k). So, the above differences between M1 and M
physically mean that the matrix element M (! corresponds
to a true thresholdless process, and the matrix element M(?
corresponds to a quasi-threshold process.
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5.5.1. Matrix element of the quasi-threshold
Auger process

Let’s consider the matrix element of the quasi-threshold
Auger process M%), Let’s integrate M) by parts and limit
ourselves to the first term of the expansion by parameter
ka/ky, then the first integral in M) is

r .
. . ry  Jolkary
/rgdrzjo(kzrz)Jj(kﬂz)rj—il ~ (Tz)

o 1 a1
r
’
/];(kﬂz) Ydry = jolkar1)jje1(kart) (ki)
0
(132)
Similarly, for the second integral in M), we obtain

oo

/r%erjO(erZ)jj(k472)

1

a
— A rijo(kari)
)

k r i

r
r
(133)
Adding these two contributions together, we obtain the

expression for M) in the form

R
ﬂez
%?/rfdrl(Ré‘(rl)Rl(rl))(Rﬁ(n)Rz(m)).

0

M2 —

(134)
Substituting in (134) explicit expressions for the radial
components of the wave functions, we obtain that the matrix
element is proportional to the integral of the four Bessel
functions:

e2 1 ihy

M(Z):( l)m kz Z I
8

k —
A1A2A3A4k_; jG+1)

7j1(lr€1rl)j0(kzr1)) .

(135)
Further, considering that k3, k4 > ki, ky, it is possible to
expand the integral expression into a series of rapidly
oscillating functions. The expansion is carried out according
to the following antiderivative:

X /r%dm(jj(kﬂl)jj(kﬂl)) (

0

R
Fz/r%dr1j<,-(k3r1)jj(k4r1)
0

2

_k k2 [k4]1 1(k4R)]1(k3R) k3jj—1(k3R)jj(k4R)}.

(136)
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As a result, we obtain the final expression for the matrix
element

e2 1 ihy
K ki &1+ E;

M(z) ~ (—l)m A1A2A3A4

x Vil DFjo(kaR)js(kiR). (137)
For large values of the quantum dot radius R, we can replace
the Bessel functions with their asymptotic approximations
for a large argument. Then, for large radii of quantum dots
R, we obtain the following expression for the asymptotics
of the matrix element:

~N ———— —F

% sin((k4 — k3)R).

s (138)

So, we got that

M(z) ~ sin* ((k4 — k3)R) ‘

P (139)

In the limit R — oo, this expression, squared, yields §, a
function multiplied by the radius of the quantum dot:

sin® (ks —ks)R) R o0

MP
M~ — e 2

(140)

This formula shows the existence of a quasi-momentum
conservation law, i.e., a threshold in this limit, and therefore
the effective Auger recombination coefficient C?) after mul-
tiplication by V2 becomes a three-dimensional expression
for the Auger recombination coefficient. Here V = %”R3 is
the volume of the quantum dot.

5.5.2. Matrix element of the thresholdless
Auger process

The thresholdless Auger process is associated with the
scattering of carriers on a heterogeneous boundary. This
means that the value MV is determined by the values of the
wave functions and their derivatives on the heterogeneous
boundary; therefore, for R — oo, we have M(1) — 0. Let’s
take a closer look at the thresholdless matrix element M (1),
It follows from (130) that it also includes the product of the
wave functions of the carriers under the barrier, which has
the following form:

1
Van’
(141)
where the spherical Neumann function n;(x) is re-
lated to the cyhndrlcal function N;(x) by the ratio
= /ZEN;41/2(x). Since in the thresholdless process

(D> = szo(Kzrz) (Bil)jj (K4r2) + Bf)nj(lqrz))
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K4 > K2, the integrals can be expanded into a series:

7 . r . R/
/r%drzko(Kzrz)Jj(IQFQ) ﬁ %ko(KzR)r*{inl(IQR) K4
)
R
(142)

Adding both contributions in expression (130) for a thresh-
oldless matrix element, we obtain

R
1 2 * | VAT 1=
MW :/rldrl(R3(rl)R1(r1))r{2j+les(R)R !
0

" {BE;l)jjl(’QR) + B0 1(kaR)  Aajj1(kaR)

K4 k4
(143)
From the boundary conditions for wave functions and their
derivatives (110) we have

Aqjj(kaR) = BY j;(kaR) + B nj(kaR).

JJj(k4R)

kaZA4 [ I

- j/+1(k4R)}
(144)

~ i (kaR .
= K4Z{BA<‘1> {M — Jj+l1 (K4R):|
K4R

jn;(kaR
+BA<‘2> [% — nj+1(K4R):| }

Assuming that V., V, < E,, let’s expand expression (144)
into small parameters g—e and g—; In this case, we also
take into account that the value k4 differs little from k4,
so we will expand the expression (144) by the parameter
n = k4 — k4. Then the values 1 and Z are related to V, and
V. by the relations

&(Vy —V.) = V.E,

2 1
8(E+E) ’

ky

Z~Z(1-V,2Z). (145)

Expansion in (144) and in (143) is carried out only up to the
Ist order in n and, respectively, in g—g and Z—: In this way,
it is possible to obtain a matrix element of a thresholdless
process. Substituting the ratios (145) for n and Z through

the heights of the heterobarriers in (143), for M) we get

R
M(l) :/r%d}’l(R;(rl)Rl(rl))V{m
0

i+ 1 V Ve
X {%j;(km)& :Eg +jj—1(k4R)g_4}-
(146)
As in the case of M, carrying out a similar integration
procedure using a fast-oscillating function, we obtain the
final expression for the matrix element of the thresholdless

process:
M — (_1)m+1%281iiyEgA1A2A3A4Z—§
X %]1(/6113)]0(/6213)]”1(/631?) k%
X {(j + 1)&[;(’641?) + (k4R):g/_:jj—l(k4R) :

(147)
So, it follows from the expressions for M) and M®
that there is no quasi-momentum conservation law in
both matrix elements for the Auger process. However,
the mechanisms leading to the lifting of forbidding non-
preservation of a quasi-momentum are different for the two
processes, as already noted above. It should be noted
that for a spherical well of finite depth there is a critical
radius R* at which the bound state for charge carriers
disappears. Let us consider the behavior of matrix elements
for the Coulomb interaction near the critical radius. At the
radii of the quantum dots R > R*, the wave function of
the charge carriers is localized mainly in the region under
the barrier. This means that the normalization coefficients
for the electron wave functions A; and A, tend to zero.
This does not violate the assumption that the overlap
between the wave function of a heavy hole and a localized
electron can be ignored. Indeed, for electrons, the bound
state in quantum dots will disappear much earlier than for
heavy holes, since my, > m,. Then M) (R — R*), where
i=1,2.

5.6. Auger recombination rate and coefficient

To find the Auger recombination rate, it is necessary to
sum the probability of an Auger transition per unit of time
for all initial and final states of charge carriers (see (44)):

27

G = - Z M i f1f2(1 = £3)(1 = fa)

ki,k2,k3,ka

X5(€3+84—81 —82). (148)

Here fi, f, are occupancies of the electronic level in
the initial state, f3, f4 are occupancies in the final state.
Expression (148) also implies summation over both j and
m. For highly excited states, the distribution function f4 can
be set to zero. Further, instead of 1 — f3, it is possible to
write f3, where f3 is the degree of population of the hole
level; & and &, are the electron energies in the initial state,
& is the energy of the hole in the initial state, &4 is the
energy of the electron in the final state. It should be noted
that the rate of AR (148) has the dimension of the reciprocal
time (s7!). The contributions to the AR rate from the
thresholdless and quasi-threshold matrix elements M) and
M@®) cannot be separated, since interference occurs between
them. At small values of the quantum dot radius, this
interference is especially significant, since both processes
are thresholdless.
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For large-radius quantum dots, the interference between
M® and M® can be neglected, since the main quasi-
threshold transitions, unlike thresholdless ones, occur with
the participation of heavy holes with a large angular
momentum. Taking these observations into account, it
becomes clear that neglecting interference for large-radius
quantum dots gives an almost accurate result, while for
small-radius quantum dots it leads to an order-of-magnitude
correct result. The AR rate obtained in this way has a
correct dependence on temperature and on the parameters
of the quantum dot: on its radius and the height of barriers
for electrons and holes.

Let’s introduce an AR coefficient, which is related to the
rate by the following ratio:

G = Cn’p, (149)

where n and p are the number of electrons and holes
in a quantum dot. Ignoring the interference between
contributions from different processes, we represent the
Auger recombination coefficient as

c=cW4+c?, (150)

where the coefficients C(!) and C® correspond to thresh-
oldless and quasi-threshold Auger processes with matrix ele-
ments MV and M), which are given by expressions (147)
and (137). The expression for the Auger recombination
coefficient can be obtained by substituting the matrix
element My in (148). According to the definition of
the Auger recombination coefficient, for a quantum dot
of (149) we renormalize the distribution functions f;, where
i =1,2,3, as unit, then for quantum dots we get a zero-
dimensional Auger recombination coefficient. The zero-
dimensional Auger recombination coefficient C, as well as
G, has dimension ¢~ 1.

In the following, we will calculate the Auger recombina-
tion coefficient.

The effective number of states for excited electrons has
the form

(151)

According to the dispersion equation (101), the wave vector
of an excited electron is

84(64 + Ey)

2
Since the energy of the excited electron is &4 ~ E,,
from (152) we obtain

k3 = (152)

dé,

dks ~ —

Sy

Substituting all this into (148), we can integrate over
ks using the 6-function. As a result, for the Auger

recombination coefficient, we obtain

2 R ~
=z — M %
c 5 Z hyf1f2f3| il

ki,k2,k3

(153)

(154)

The expression for the thresholdless Auger recombination
coefficient can be obtained by substituting the matrix
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element (147) into (154). As a result, we obtain

chx Y

ki,k2,k3

;Tliflfzﬂ

j@i< jolkeR)j1(keR) )
Ko Eg R\ IR b e RYk_1(keR)— j1 (keR)j—1(keR)

K2 (kcR)
v 2
+ i1 (k4R)8—C>1 ,
4

(155)

kivjiG+D) [j+1 W,
KBo2j+1 kaR &4 + E,

4m,.E,
k4 ~ \/ h2

The expression for C(!) can be simplified by rewriting it as

128 Eg (Eg\"* Kj(j+1)
() o, 128 Ep (Er
¢ 7 h (Eg> k;k Ak f3R2k4(2]+1)
1,K2,K3

where

+3 (k§+k§+ Z—Zk%). (156)

jO(ch)jl(ch)
jg(keR) . .
£§<KCR)/€1(I€CR)/€,1(KCR) — j1(keR)j_1(k.R)
ji+1 v, Vo \?
X k4R .
<k4R i g ik )@4)
(157)
Here Ep = 2’"{5 is the characteristic (Bohr) energy of inter-
electronic 1nteraction, and Eg = Tjﬁz is the characteristic

energy of dimensional quantization in quantum dots. When

outputting (157), we took into account that y = 2%“ It
should be noted that for large radii of quantum dots, in
the limit of R — oo, the thresholdless Auger recombination
cocfficient tends to zero, as 1/R’. Therefore, even after
multiplying by R®, i.e. at V2, C() remains a decreasing
function of the radius of the quantum dot. Therefore,
the thresholdless Auger recombination process can be
predominant only for small-radius quantum dots.

It is clearly seen from (157) that the thresholdless Auger
recombination process is associated with the scattering of
charge carriers at a heterogeneous boundary, since C(V)
is proportional to V. and V,. For the coefficient of the
quasi-threshold Auger process, after substituting the matrix
element (147) into (154), we have

¥~ ¥
ki,k2,k3
y < jolkeR)j 1 (keR)

i2(k.R) .
£§<KCR>/€1(I€CR)/€,1(KCR) — j1(keR

2R ey 2
hTyf1f2f3 K_E_gﬁ

)jl(ch)>

k1 —
jG+1)

158
iz (158)

sin((k4 — k3)R) 2
kg — k3 '
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By analogy with C(!), the expression can also be simplified
for C2);

8 Eg (Er\"” - k?
7 \E, > fifafs 2

ki,ka,ks3

Jo(keR)

y < jolkeR)j1 (keR) )2
(k. R) ki(kcR)k_1(kcR) — ji(kcR)j—1(kcR)

sin® (ks — k3)R)
(kg — k3)?R?

As expected, C?) differs from C(!). The difference between
the two different recombination processes is expressed by
different multipliers: C() includes the ratio (V..,/E,)>,
which is associated with electron scattering at the he-
terogeneous boundary, and C® includes the multiplier
sinsz/(kR)z, which is the reason for the violation of the
law conservation of the quasi-momentum of an electron due
to its localization within a quantum dot. It should be noted
that the coefficient C?, like CV), is proportional to the
magnitude of the total angular momentum j. In the limit
of a quantum dot of infinite radius, the expression for the
quasi-threshold Auger recombination coefficient turns into
an expression for the Auger recombination coefficient in
a homogeneous semiconductor. To pass in (158) to the
limit at R — oo, one should switch from summation over
discrete states to integration over continuous states, since in
this case the levels of dimensional quantization merge into
a continuous spectrum. In addition, at R — oo in (158), it
is possible to replace

sin’ - i
W . 7R5(k4 — k3).

This expression clearly shows the presence of a threshold
in this limit when the quasi-momentum conservation law
holds. As a result, for the coefficient of the quasi-threshold
process, we obtain

4\/.7_7 64 h3 E
2 — e _—th
€= % @ m P P eXp< T > (161)

where Ey, is the threshold energy of the CHCC process
in a homogeneous semiconductor (in the Kane model
Ep ~ %n”:’ E, [13]). Expression (161) can be compared with
the known results for the Auger recombination coefficient
in a homogeneous semiconductor [10]. To do this,
multiply (161) by the square of the volume of the quantum
dot V2. Then our limit expression and the expression from

Ref. [10] are practically the same:

x j(j+1) (159)

(160)

64 et n E,
20(2) _ 27 052¢ _=th
VeC\ = 9 a /cg m;/zmz/zEgS/le/z exp < T > s
(162)
4 3
_ sp€” B _Ewm
Csp = 6V2n 2 m;/zmz/zEgs/le/z exp ( T ) . (163)

The slight difference in the numerical coefficient is mainly
due to the fact that in Ref [10] it was assumed that
Ago > E,, whereas in our case we assumed Ag, = 0.

5.7. Discussion of the results

Figure 14 shows the dependence of the threshold energy
on the radius of quantum dots for two Auger recombination
mechanisms C(V) and C?) separately and for the total Auger
recombination process C = C!) + C(?), determined by the
formula
dinc®

dT

The horizontal dotted line in Figure 14 corresponds to
the threshold energy E3P for the three-dimensional Auger
process [10]. For the thresholdless Auger process, the
threshold energy decreases with increasing radius of the
quantum dot and becomes negative at a certain value of the
radius. This behavior is due to the fact that for sufficiently
large quantum dot radii, the Auger recombination coefficient
C) becomes a decreasing function of temperature (see
below). The threshold energy for the quasi-threshold
process is positive and less than the three-dimensional
value E;P, but as the radius of the quantum dot increases,
the threshold energy for the total Auger recombination
coefficient tends to its limiting value E;P.

Figures 15 and 16 show the dependences of the Auger
recombination coefficients C(!) and C® on the radius of
quantum dots at different temperatures for an InGaAsP/InP-
based structure (with a band gap in the quantum dot region
1eV). First, the total Auger recombination coefficient is a
nonmonotonic function of the radius of quantum dots over
a wide temperature range, when there is a pronounced
maximum. It is important to note that the position of the
maximum is weakly dependent on temperature. Secondly,
as can be seen from the figure, the relative role of the
quasi-threshold Auger recombination process increases with
increasing temperature.

The non-monotonic dependence of the Auger recombi-
nation coefficient on R has the following explanation: for

=T Li=1,2.

(164)

Eth,eV
=
(=
&
— T T T T

0 50 100 150 200 250
R, A

Figure 14. Dependence of the threshold energy for the
Auger process on the radius of the quantum dot at temperature
T =300K for the InGaAsP/GaAs structure. Epy; corresponds
to a thresholdless process, Eny corresponds to a quasi-threshold,
En corresponds to a total process. The horizontal dashed line
corresponds to the threshold energy for the three-dimensional
Auger process Ei>.
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Figure 15. Dependence of the total Auger coefficient on the radius of the quantum dot and partial contributions at temperatures T = 50
and 150K. At these temperatures, the Auger process rate for a homogeneous semiconductor is several orders of magnitude lower than

the Auger process rate in a quantum dot.

small values of the radius of quantum dots, the smallness
of Auger coefficient is primarily attributable to the weak
overlap of the wave functions of electrons and secondly, at
R = R* there is no bound state at all and the overlap integral
is zero.

With a further increase in the radius of the quantum dots,
the Auger recombination coefficient reaches a maximum
and then begins to decrease. As the radius of quan-
tum dots increases, the effect of heterobarriers on Auger
recombination processes decreases, while the threshold
nature of these processes is manifested. Thus, for large-
radius quantum dots, the Auger recombination coefficient
decreases to a value corresponding to the three-dimensional
Auger coefficient of a homogeneous semiconductor Csp.

Figure 16 shows the dependence of the Auger recom-
bination coefficients for thresholdless (C(VV?) and quasi-
threshold (C®V?) processes on the radius of a quantum
dot at a temperature of 7' = 300 K. The solid curve in this
figure corresponds to the total Auger recombination coef-
ficient, while the horizontal line corresponds to the three-
dimensional coefficient of the CHCC process C3p. The
analysis shows that the Auger recombination in quantum
dots is enhanced in a wide range of values of the radius
R compared to Auger recombination in a homogeneous
semiconductor.

Figure 17 shows the temperature dependence of the
total Auger recombination coefficient and the partial con-
tributions of thresholdless and quasi-threshold mechanisms
at different radii of quantum dots. TFrom the analysis of
the expression for C(!) (155), it follows that the thresh-
oldless process has a weak non-exponential dependence
on temperature. The temperature at which the decay
begins for C(!) can be estimated from the equality of the
energy of dimensional quantization of holes to temperature,

T" ~ 27; ,7;:2' The quasi-threshold Auger recombination

coefficient C®), on the contrary, increases with increasing
temperature. For small-radius quantum dots C?® is also
a weak function of temperature. As the radius of
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Figure 16. Dependence of the total Auger coefficient on

the radius of the quantum dot and partial contributions at
temperature 7 = 300 K. The horizontal line corresponds to the
Auger coefficient in homogeneous semiconductors Csp.

quantum dots increases, the temperature dependence of
C®@ increases and approaches the threshold (exponential)
dependence in bulk semiconductors (Figures 16,17). At
the same time, the quantitative ratio between C! and
C® is also changing: C!) decreases with growth R faster
than C, so that the effective three-dimensional coefficient
c\) =M. v2 vanishes at R — oo, and C\) = C? . V2
approaches the bulk coefficient of Auger recombination C3p
(Figure 16). For small values of the quantum dot radius,
the AR coefficients for thresholdless and quasi-threshold
processes multiplied by the square of the quantum dot
volume (“T”R3’)2 significantly exceed the three-dimensional
coefficient C3p (see Figure 16).

Figure 17 shows that for sufficiently large values of the
radius of quantum dots, the thresholdless Auger process
prevails at low temperatures (C!) > C?)), and at high
temperatures, on the contrary, the quasi-threshold process
dominates (C() < C?)). Therefore, the dependence of the
total Auger recombination coefficient on temperature has
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Figure 17. Temperature dependence of Auger coefficients at different radii for the InGaAsP/GaAs structure: R,A: @ — 50, b — 100,

¢ — 200, d — 300.

a characteristic form with a maximum and a minimum. As
the radius of the quantum dot increases, the minimum of the
total Auger recombination coefficient slightly shifts towards
high temperatures and disappears completely in the limit
of quantum dots of infinite radius. Thus, in the case of
a homogeneous semiconductor, the Auger recombination
coefficient is a monotonic function of temperature.

5.8. Conclusion

It should be noted that the entire analysis of the
dependences of the Auger recombination coefficients C(!)
and C® on temperature and parameters of quantum dots
is qualitatively applicable equally to CHCC and CHHS
processes. We have illustrated derivation of all the depen-
dencies using the example of the CHCC process. For the
CHHS process, a detailed analysis of the coefficients C(!)
and C? is performed in Ref. [69]. It should be noted that
complete suppression of Auger recombination processes in
quantum dots is possible under the conditions (V,, V,,)) > E,
and E; — E| > E; (E; and E, are the energies of the first
and second levels of dimensional quantization of carriers)
when the energy of the excited particle is insufficient to
transition to a continuous spectrum or to the next level of
dimensional quantization. To fulfill these conditions, it is

necessary to create quantum dots with deep and narrow
potential wells for both electrons and holes.

At the end of the literature list, we provide referen-
ces [76-99] to articles on Auger recombination in quantum
heterostructures, which use the approach developed in this
review.
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Appendix |

Effect of electron—electron relaxation on
Auger recombination of direct-band-gap
semiconductors

Calculation of Auger recombination coefficients

It is common knowledge that intraband carrier relaxation
plays a significant part in recombination processes [70,27].
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Specifically, it was demonstrated that relaxation leads to
broadening of emission spectra of semiconductor lasers [70].
In bulk semiconductors, relaxation processes exert a
stronger influence on Auger recombination. As was noted
above, the Auger recombination coefficient calculated to the
first order in perturbation theory for the electron—electron
interaction is an exponential function of temperature for
CHCC and CHHS processes [7,10]. Auger processes
in homogeneous A™BY semiconductors stimulated by
phonons and impurities were studied in [71-73]. It
was demonstrated in [70] that the primary contribution
to broadening of emission spectra of semiconductors is
provided by the electron (hole)—electron (hole) relaxation
mechanism. The effect of relaxation processes on the
Auger recombination mechanism has been studied for the
first time in [5]. Since the Auger process dominates
over other recombination mechanisms at high densities of
electrons and holes and electron (hole)—electron (hole)
scattering of carriers by carriers grows more important with
increasing carrier density, it is expected to be of prime
importance in calculations of the Auger recombination
rate. It will be demonstrated below that the effects of
carrier relaxation by carriers in homogeneous semiconduc-
tors alter not only the value of the Auger recombination
coefficient, but also its dependence on temperature and
carrier density.

Next, we investigate the dependence of Auger coefficients
on temperature and carrier density with and without
electron(hole)—electron(hole) relaxation processes. The
Green’s function method is used to calculate the Auger
recombination coefficient. The wave functions and energy
spectra of electrons and holes are determined using a
version of the 8 x 8 kp-method proposed in [30] (see
Section 3). A comparison is made between the mechanisms
of Auger recombination involving phonons and Auger
recombination with account for the processes of carrier
relaxation for two channels of Auger recombination: CHCC
and CHHS processes.

A general approximation of temperature Green’s func-
tions was developed for calculation of the Auger recombi-
nation rate in [71,72]. The formalism proposed in these
studies is based on the use of linear characteristics in
the mean field approximation. It was demonstrated that
relaxation processes lift the threshold predicted by first-
order perturbation theory for the Coulomb interaction and
raise the rate of Auger recombination. Auger processes
accompanied by relaxation by phonons and impurities were
studied in [71,72]. However, wave functions and overlap
integrals were defined phenomenologically. A model allow-
ing for the most accurate calculation of phonon-stimulated
Auger recombination was proposed in [73]. However, the
authors of this study did not take into account higher bands
in the four-band Kane model, and the spectrum and wave
functions of heavy holes turned out incorrect as a result.

In direct-band-gap A'M'BY semiconductors, the effective
mass of an electron is normally significantly smaller than
the effective mass of a heavy hole. Therefore, the processes
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of electron scattering are negligible in comparison with
the processes of hole scattering [70], and unperturbed
Green’s functions may be used to calculate these processes.
Following [10], we also neglect the momenta and energies
of the electrons in the initial state. Owing to their relatively
large mass, holes generally obey Boltzmann statistics, and
all expressions for the Auger coefficient will thus be derived
using Boltzmann distribution functions of holes. This allows
us to obtain all final expressions in analytical form, although
a generalization to the case of Fermi-Dirac statistics is
evidently needed here.

Using the approximation developed in [71,72] and wave
functions constructed for the 8 x 8 Kane model (see
Section 3), we obtain an expression for the Auger coefficient
of the CHCC process:

32V 2w e 2 (E.) (14 2As/3E,)
9m,31/2T3/2Eg€g0 (1 + Aso/Eg)

[ d&  dk, 8

(A.L1)
Here, (E.) is the average electron energy (% T if they
follow the Boltzmann distribution), € is the high-frequency
permittivity, k. (E) is the wave vector as a function of energy
in the conduction band, and D(k, E) is the spectral function
that is related to the imaginary part of intrinsic energy of a
heavy hole I'(k, E) in the following way:

1 (k. E)
DB = T By + E - BOF

where Ej,(k) is the dispersion law for heavy holes.

High-frequency permittivity €, is not included in the
integrand due to the weakness of screening of free carriers
and their negligible influence on the Auger process [74].
The real part of intrinsic energy is neglected in (ALl),
since it normally is small in semiconductors. It should be
noted that the limits of integration over energy are formally
considered to be infinite here, although the hole energy
in the band gap is actually negative (€ < 0), function T
is strongly damped, and the primary contribution to the
integral is produced by positive values of the hole energy.

With relaxation processes neglected, we may obtain the
following well-known expressions for the Auger coeffi-
cient [10,74]:

5,453
O VIR (_@)F (_ASO) |

~ 3/2.1/2 5/2
3my, “m,' “T3/2E; " €2,

where F(x) is a factor close to unity,

1+« 3/2 1+a/3 12
F(“):(1+2a/3) (1—1—(1/2) ‘
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An expression for the CHHS Auger process may be derived
in exactly the same manner:

167%¢* 15 (E.) 3E, + 200 [ [
- dkydks | dcos(v
3 miT3 E E+ASO// 12/005()
0 0

(1+;tso)2
14+ =--—=sin?d
o 22 iA—1 2
14202+ gy 2ottt (ki + o) 2 ky

E, — E
Es, — E; — E) exp (%SO),

(A.L3)
where Es, = Eso(|k; + ka|) is the energy of a split-off hole,
¥ is the angle between wave vectors k; and k, and

cos?(9)k? [ 1 k; }

X / dED(kl, E)D(kz,

— 00

ASO
3 (Eso +4/305 + e}

mp

2'50 =

The presence of factor (1 + A )? in the integrand implies
that there is no overlap of wave functions between heavy
and split-off holes near point I' (at the center of the
Brillouin zone), where Eg, ~ Ay, and A5, ~ 1 [72]. Note
that, just as in the CHCC process, the term characterizing
the exchange interaction for the CHHS process is non-
zero. This interaction is characterized by the second term
in square brackets in the integrand of Eq. (AI3). If
the spectral function is substituted with the § function,
(A1) is transformed into expression obtained by Gel’'mont
et al. [10,71,72].

Effect of interactions between particles on Auger
recombination processes

Let us examine relaxation processes more closely. In the
present section, we study two main scattering mechanisms
characteristic of undoped semiconductors: (i) scattering by
polar optical phonons and (ii) scattering by electron-hole
plasma. The first of these mechanisms has the following
expression for the imaginary part of the intrinsic energy
function obtained with account for the complex band
structure (within the four-band Kane model):

(1441 (k,E))?

]

(1-44(k.E))?

Lpn(k, E) =

mpe~wio 1
4hek exp % —

3(A1(k, E)> +1—&)2 +4A(k, E)? exp [

16A (k, E)2& exp h% —1
(14+42(k,E))
3(Ag(k, E)? +1—&)% + 40 (k, E)? g
16A;(k, E)2E
(1—-Aa(k,E))?

(A.L4)

where wj, is the frequency of optical phonons that is
considered to be independent of the wave vector.

Ai(k, E) = /2E %) (i E > Ry and 0 otherwise,
Nk, E) = W, if E > —hwy, and 0 otherwise,
i_1_ 1
T € Ko

where k¢ is the low-frequency permittivity. The first
and second terms in (A.L4) correspond to the absorption
and emission of phonons, respectively. To take the
screening effect into account, one needs to substitute £ with
£/(& + A3p)?/k?, where Aty is the Thomas-Fermi shielding
momentum, in both terms of expression (A.l4). Integration
in (AL4) may be performed explicitly, but the resulting
expression is quite cumbersome. An expression similar
o (AL3) was obtained in [73], but incorrect expressions
for the wave functions and the energy spectrum of heavy
holes were used in that study.

Let us consider in more detail the relaxation that is driven
by hole scattering by equilibrium electron-hole plasma.
The most significant contribution to the imaginary part of
intrinsic energy I' associated with carrier—carrier scattering
is given by ring diagrams [73]

2

me
I, (k,E)=—

( ) cork

oo qmaxd 1 1

aq
Ja (o
E—thy E=E) _

0 G i eXp(TM)+1 exp (577) — 1
y 5€"(q, E — &)

(1+68€'(q, E — 8))% + (8¢"(q, E — &))°
« 11— E (En(q) — En(gmin)) (En(gmax) — E)

4 4E, (k)&

(A.LS)
Here, §¢ is the contribution to permittivity from free carriers.
One and two primes denote the real and imaginary parts of
e, respectively. The last factor in (A.L5) owes its origin to
the complex band structure of heavy holes,

thg
h2

2mh &

and gmax = + k.

qmin = |

Permittivity e is calculated in the so-called random phase
approximation [73]. Specifically,

,/ 2mie2 7
6" (k,E) = — 213 qu(fl1(Eq)_fh(Eq+E))
0 (Ep(k)—E)?
4E, (k)
(Ex(k)—E)*
3E,(k) Eq —
1— w( ) q 4E; (k) . (ALG)

4E,  E,+E
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where
1

MO SE

is the heavy hole distribution function. A factor attributable
to the complex structure of wave functions of heavy holes
arises again in (AL6). This factor tends to unity in
the k — 0 limit, and integration may then be performed
explicitly. Expression for the real part of §e turns out
to be rather complex [30]. However, an exact calculation
within the Thomas—Fermi screening framework demon-
strates that we obtain a reasonable approximation. Within
this approximation, function 8¢” in the denominator of
expression (A.L5) must be set equal to zero, and

8¢ =23 /4%, (A.L7)
where Arr is the reciprocal Thomas-Fermi screening
length [71], which is given by

Inserting (A.I6) and (AL7) into (A.IS5), one obtains the
final expression for the hole lifetime in the case of carrier—
carrier scattering.

The imaginary part of intrinsic energy I, (k, E) depends
strongly on both of its arguments, has a sharp maximum
at E,(k) = E, and decreases markedly when this equality
is violated. There are two main reasons for I', reduction
at Ej(k) #E: (i) with large transferred momenta, the
Coulomb interaction is relatively weak; (ii) equilibrium
electron-hole plasma features an exponentially small number
of carriers with large momenta. At the same time,
scattering by phonons is almost independent of the trans-
ferred momentum, and I'pp is thus a smooth function of
all its arguments. Figure A.I,1 shows the corresponding
dependences of T, and I'yn(k) at constant E = 0. At small
k and relatively high carrier densities, the value of I', is
greater than the value of I'yy; within the framework of
Thomas—Fermi screening at large k or low charge carrier
densities, the relation between these quantities is inverted.
It is evident that carrier—carrier scattering becomes more
significant as the carrier density and temperature increase.
In Auger recombination, large transferred momenta play
a decisive role in relaxation processes [10,74]. Therefore,
the carrier—carrier scattering mechanism is not as important
here as in radiative recombination. However, this relaxation
process remains effective at high temperatures and carrier
densities (Figures A2, AL3). The lattice parameters of
a typical InGaAsP compound were used to illustrate the
obtained results.
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Figure A.l,1. Imaginary part of the intrinsic energy in the case
of scattering of a heavy hole by electron-hole plasma (T.) and
longitudinal optical phonons (I'yn) as a function of the heavy hole
momentum (k) at & = 0. Solid and dashed curves correspond to
n=10%ecm™3 and n = 10" cm ™3, respectively; 7 = 300 K.

Since the threshold energy of Auger recombination for
the CHCC process is significantly higher than the threshold
energy for the CHHS process, relaxation processes are of
great importance for the first process even at very high
temperatures 7 (Figure A1), but are significant for the
second process only at low T (Figure A.L2). Phonon-
stimulated Auger recombination is predominant at near-zero
T, and carrier—carrier relaxation becomes significant again
at higher T (Figure AL1). This process is what induces a
stronger dependence of the Auger recombination coefficient
on carrier density (Figure A.I2).

We note in conclusion that relaxation processes make
Auger recombination thresholdless, since these processes
lift the restrictions imposed by the laws of conservation
of energy and momentum. In a bulk semiconductor,
relaxation processes play the same role as heterointerfaces in
heterostructures (see Sections 2 and 3). It was demonstrated
in Section 3 that a limiting transition from the 2D process to
the 3D process occurs in the CHCC case at a > a., where
a is the quantum well width,

(I 3/2ex En Lo
ac = Agg En p T ) Eg—kc(Eg).

In most semiconductors, a. exceeds the mean free path of
electrons and holes. This implies that relaxation processes
gain in importance when the quantum well width becomes
comparable to the mean free path, and their influence
grows with increasing width. Therefore, the introduction
of relaxation processes is paramount to drafting a correct
description of Auger recombination in bulk semiconductors.
In the CHCC process, if the mean free path is 1> a.,

where
a., = /’l — €X] _t
c Eg Et p T 5

relaxation processes are insignificant; in other cases, they
provide a very significant contribution.
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Figure A.l,2. Temperature dependences of the Auger recombination coefficient for the CHHS process: a: n = 10" em™3, E, = 0.8¢V;
b:n=>5-10"%cm™3, E, = 1eV. Without relaxation (/); with electron—electron relaxation taken into account (2); with electron-phonon
relaxation taken into account (3); and with all relaxation mechanisms (4).

[\ w B~ (V)]

—_—

Auger coefficient, 1029 cm/s

()

Concentration, 1019 cm™3

Figure A.l,3. Dependences of the Auger recombination coeffi-
cient for the CHHS process on carrier density for different
relaxation mechanisms. 7 = 300K, E, =0,8¢eV. The other
notation is the same as in Figure A.L2.

Appendix |l
Wave functions of carriers in
a rectangular potential well

Holes

Choosing a coordinate system with axis y coinciding
with the longitudinal component of the wave vector and
performing the Fourier transform in this plane, one may
obtain the following expressions for the wave functions of
carriers.

Heavy holes:
gcoskpx &
1/)h(q,x) :Hl —ikhsinkhxeg'
—kh sinkhx g + qcoskhx n
gsinkyx n
+ H, ikpcoskyx n

—gsinkpx & — kycoskpx n
(A.IL1)
Here, g, k;, are the y and x components of quasi-
momentum of heavy holes, & = %(_i), n= %(1), and
H{ and H, are normalization constants.
Light holes:

kl Sinklx n— ﬂ.lq COSklx g
¥,(q,x) =Ly | —igcoskx n+ idk;sink;x &

—Nik;sink;x £ + Aigcoskix n

—kjcoskix & —Aigsink;x n

+ Ly | —idik;coskix n — iq sin k;x g

—ﬂ,lq sin klx é — ﬂ,lkl COS klx n
(A.IL2)

iy (k? + ¢*
4T 11 cosker 7+ Losinkix &]. (AIL3)

V=R e—E
)
T E+26 - 12k2)2m),’
The wave functions of split-off holes are similar to those
of light holes.

y
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The transition to functions of a different symmetry in the
above expressions may be effected by formal substitutions
& < n for the |s), |x), and |y) components and £ < —n for
the |z) components. In the barrier region, wave functions
similar to Eqs. (A.IL1)—(AJIL3) may be obtained.

If wave functions of two or more particles are considered
simultaneously, it is impossible for the z components
of their quasi-momentum to vanish simultaneously. The
transition to a function with an arbitrary direction of quasi-
momentum is effected by rotation matrix

Dy =Ry ®S,, (A.IL4)

where R, and S, act on the coordinate and spinor
components of the wave function, respectively. The Euler
angles for rotation in plane yz by angle ¢ are

b=-m/2, O=¢, V=umu/2
Thus,

1 0 0 0
0 1 0 0

Ry = )
0 O cosp sing
0 0 —sing cose
sp/2  —isi 2

_ |cose/2 —ising/2) (AILS)
isinp/2 cos@/2

If vector q has components g (0, cos @, sin@) in coordi-
nate system x, y, z, the wave function may be written as

wq = w(p = D—(plﬁo-

The wave function determined earlier is marked with
subscript zero. We present here the wave function of heavy
holes found earlier using (A.IL6), since it will be needed
later:

(A.IL6)

gcoskyxe™ &

¥,(q,x, ) = Hy | —ikpsinkpx & — gcoskyx singn
—kpsinkpx & 4+ gcoskpx cos¢pn
gsink,xe'?n
+ Hy | ikpcoskpxn+ gsinkpxsing &

—kpcoskpxn — gsinkyx cos g é
(A.IL7)
The boundary conditions for the hole wave functions
may be derived by integrating the Kane equations through
the interface (see Section 3.1). It is also assumed for
simplicity that modified Luttinger parameters p; and p,

. . — 2 — .
are continuous. Since m; ' Ei% > m; ', we obtain
8
continuity conditions at the heterointerface for the following
quantities:

1) ¢,
0
2) 55 ¥ (A.IL8)

1
. dive.
Sy
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Generally speaking, the wave functions of holes in a
quantum well are a superposition of three branches of the
valence band: heavy, light, and split-off holes. However, the
last branch decays strongly (exponentially) with distance
from the interface; the exponent is ks, &~ \/4mAso/ 302
Therefore, this branch affects mainly the derivative of the
wave function near the heterointerface, and its influence on
the value of the wave function itself is negligible. It should
be emphasized that this approximation is not equivalent to
using the 4 x 4 Hamiltonian from the very start.

We seek the wave function as a superposition of branches
for heavy and light holes. Near the upper edge of the
valence band, |As| & my/m; > 1. This implies that only
the first and third boundary conditions from (A.IL8) are
applicable. In this approximation, light and heavy holes do
not mix and have different spectra.

The spectrum of heavy holes matches the quantum-
mechanical spectrum of a particle in a rectangular quantum
well. The dispersion relation for states with even and odd
|x) components of the wave function of heavy holes takes
the form

tgkpa/2 = % — for even states and
h

k
ctgkpa/2 = —= _ for odd states.

o (A.I1,9)

In the case of light holes, states with different parities are
no longer separated, and the dispersion relation becomes
somewhat more cumbersome:

20 — 1]

E, +8+ V. —Ek?+ q*
g+ + 12+q KzCOtkla/2+k1 =
E,+8—E «?—q? 22, -1

E,+6+V. —Ek} + ¢
E,+8—E k' —q?

24, —1

2 I

= - +
i [211 -1

24 —1
/qtankla/Z — kl Nl—
24 —1

~ 2
Eq+6+V.—Ek}+4q°
E,+8—E k' —q?

(A.11,10)
Here, x; and k;, denote the moduli of x components of
quasi-momentum of light and heavy holes in the region of
the barrier, respectively,

4= 0
" Uy +E 428+ h2/2my

- As
p—
3

Note that the states of light holes also split into states
with different parity at ¢ =0. Constants H; and L;
in (AIL1), (AIL2) are specified by the normalization
conditions. Specifically,

1 1
P = - —
\/q2+kh \/“+Eq2+kg

The pattern for split-off holes is reversed. The compo-
nents of wave functions of light and heavy holes oscillate

H
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rapidly, and their contribution to the overlap integrals
is negligible. It is also easy to verify that 3, and
divyp/(E; + 6 — E) for the split-off component may be
considered continuous. The wave functions for split-
off holes are similar in form to wave functions of light
holes (AIL2), (AIL3). Strictly speaking, if condition
E, — Ay > U, is satisfied, the spectrum of spin-orbit split-
off holes is continuous. However, if the rapidly oscillating
contributions of subbands of light and heavy holes are
neglected, the spectrum can be both continuous and
discrete. In the general case, a peak in the density of states
with a small hole momentum in the direction perpendicular
to the heterointerface exists near such a quasi-discrete level.
The dispersion relation for localized split-off holes is similar
to the relation for light holes.

Electrons

Electrons obey the same symmetry rules as holes. Their
wave functions are similar in form to the wave functions of
light holes and may be written as

Pse = Ajcoskexn + Axsink.x &, (A.IL,11)

- kesink.xn —A.qcosk.x &
b, = % Ay | —igcoskex n + ideke sinkex &

—Acke sink.x & + A.qgcosk.xn

) —k.cosk.x & — A.gsink.xn
+ g Ay | —idckc.coske.xn —igsink.xé |,
—Aegsink.x & — A k. cosk.xn
(A.I1,12)

where

&2+ E(2E, 4 268) + (E; + 38)E,
N E+E,+25

B 1)

8+ E,+25
Here, g and k. denote the y and x components of quasi-
momentum of electrons in a quantum well. Functions
with a different symmetry may be derived using the same
procedure as the one applied to holes. It follows from the

boundary condition that W, and W, should be continuous.
This leads to the following dispersion relation:

Z Z
kotgkea/2 — =k, ke.ctgke.a/2 + =k,
( gkea/ > )( gkea/ > )

z

(A.IL13)

A

A
= ¢ (/16. —ACT> ., (AIL14)
Z
where k. is the modulus of the x component of quasi-

momentum of an electron in the barrier region,

8 + &(2E, + 2U, + 26) + (E, + U, + 36)(E, + Uy,)
E+E, +U,+26

Z:

E}

i 1)
&+ E,+U, +25

The spectrum gets split into even and odd states if
longitudinal wave vector q is small or if expression in
brackets at the right-hand side of Eq. (A.Il14) is close
to zero. The latter condition is usually satisfied, since
relation U, < E,, which corresponds to semiconductors
with a close band structure, normally holds. Note that the
continuity of pi, and 1, [21] should be used when the
Kane parameter has a discontinuity y # const.

Appendix Il
Coulomb potential in the presence
of heterointerfaces

The Coulomb potential of a charged particle in a quantum
well differs from the potential in a homogeneous semicon-
ductor due to the difference in dielectric constants in the
well and barrier regions [75]. A similar pattern forms in the
presence of two interfaces; therefore the electron potential
in a quantum well takes the form

e ~

D(rp, 1) = D(ro, r), (A.IIL,1)

—
I€0|l‘—l’0|

where ry is the particle coordinate and r is the coordinate
of the point where the potential is observed. The first term
in (AIIL1) is the potential of the charge field, while the
second term is its image. We consider only the case when
a particle is inside a QW (|x¢| < a/2). Using the mirror-
image method (see, e.g., [75]), one may obtain

~ 2n—1
~ e Ko — Ko 1
o = E — —
w1 Ko <K0+Ko> <\/(x+xo—(2n—1)a)2+p2

1
- V(x +x0+ (2n — l)a)z—i—pz)

~ 2n
e Ko — Ko 1
+ E — ~
1Ko <K0+K0) (\/(x—xo—Zna)z +p?

1
+ by |x| < a/2,
\/(x—xo+2na)2+p2> A /

. S\ 2

- e Ko — K 2e Ko — Ki

b 0 =Ko _ Z( 0 No)
Ko/ (X —x0)2+p? Ko+ Ko Ko+Ko “= \ Ko+ Ko

~ n—1
1 2e Ko — Ki
» n ] Z( 0 No)
V(x —x0+2na)2+p2 Ko+ Ko Ko + Ko

n>1

1
X by x > a/2.

V(x +x0+ (2n—1)a)? + p?
Here, p?> = (y — y0)? + (z — z0)? and a is the QW width.
These potentials have a rather complex form. However,
they may be simplified if dielectric constants ko and ko are
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close to each other. Performing the Fourier transform in
transverse coordinates (y and z), we obtain

e

é(x, x0, q) ~ ke

—als=xol 4 K00 _qa) b 2
(e D Rchg(r-tro))e ) by bl < a2,
e

)

x [ e—ab—x0) L M —gqlxtxota) by x > a/2.
Ko + Ko

It can be seen that although the potential itself is continuous
along the interface, the difference between its left and right
derivatives is proportional to (ko — Ko)/ (ko + Ko).

Appendix IV
Calculation of the thresholdless
matrix element

The thresholdless matrix element may be written as

M<1) . 47[@2

//01 dp1Jw(gap1)R3 (01)R3(p1)JY,
0

o0

(AIV,1)
R

JU = [alna4n/pde (qp) m4q(k4p) mm(klp)
0

+ biybay / 0 dpKn(qp) T m,, (kap ) Kin,, (K10) |,
R
(A.1V,2)

n corresponds to the basis function number and, with the
spin taken into account, runs over eight values. Since
ks > ki in the thresholdless process, the integrals may be
expanded in a series in antiderivatives K, (g0)Jm,, (kap).
Preserving only the terms linear in V./E,, V,/E,, we
expand (A.IV,2) into a series in ¢ and m. The (V,, V,) < E,
assumption is generally valid for a wide class of heterostruc-
tures. With these assumptions, one may write

JU = [FiRJk — [F,Ri e + FLRJe.  (AIV3)
Here, the subscript denotes the particle and basis state
(s,p), and square brackets indicate a discontinuity of
the function at point p =R. The antiderivative of
product K, (gp)Jm,, (kap) of order n is denoted as Fj.
Component p in the used basis (72) has the form
F, = \/—2F, F,_. Inserting the wave functions of specific
form (76) into (A.IV,3), we obtain (88).
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Appendix V
Calculation of the quasi-threshold
matrix element

The quasi-threshold matrix element of Auger recombina-
tion takes the form

M(z) - 4.7'[@2

[ prao®ionRao) 3 avyas,

o 0 n=s.,p

P1
X [/p dem(qpl) + Im(qp)Jnun (k4p)~]ml,1 (klp)
0

o0

+ /pdplm(qpl)Km(qp)Jnun (k4p)~]ml,1 (klp) .
P1

(AV,])
If the k% + g% > k? condition is met, then at least one of
the J,,(kap), In(qp) functions is varying rapidly compared
to Jo(kip). It is then easy to demonstrate that the
first non-vanishing term of the expansion in parameter
ki/ (k3 + q*)'/? yields

R
4qre?
M = a1xa4s//01 dp1R; (p1)R3(p1)
> 0
P1
X 7]{2 Jo (k1p1)|: m(qpl)<qlml(qpl)-]m(k4pl)
itq

m
- k41m(qp1)-]mfl(k4p1) - E Im(qpl)-]m(k4p1))
+ In(gp1) (qul (g01)Im(kapr) + kaK(gp1)

X Ju—1(kap1) — pﬁl Km(qm)lm(k4m))]-

(AV,2)
Using the relation

2
Km(qpl)l,n,l(qp1) + Kmfl(qpl)lm(qpl) = a (A-V73)

(which is easy to derive by differentiating its left-hand side),
we obtain expression (93) for the matrix element.
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