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Size effects during phase transitions in a binary stratified mixture in a small volume are simulated using chemical

thermodynamics methods. The results are describing the conditions for the existence of stable, metastable and

unstable thermodynamically equilibrium states using the example of a Bi−Sb solid solution. An energy surface has

been created that displays all states of a stratified solution in a system with a core-shell structure. Energy profiles for

optimal pathways between homogeneous and heterogeneous equilibrium states are shown. Critical nucleus states

are identified. As the volume of the stratifying solution decreases, the homogeneous state becomes metastable and

its stability increases. At the same time, heterogeneous states lose stability, become metastable and disappearated.

The composition of the mixture also affects the energies of formation and stability of heterogeneous states.
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1. Introduction

The peculiarities of chemical and phase transformations

in a small volume have become the basis for the emergence

of new effective chemical technologies that make it possible

to obtain materials with unusual properties, composition and

morphology. The multiple increase of the speed of physical

and chemical processes in a small volume and the possibility

of chemical reactions that are not realized in macroscopic

systems are of great interest for the technology [1,2]. The

combined flow of chemical and phase transformations can

significantly affect the kinetics of chemical reactions in a

small volume and the properties of the system [3]. We

have described similar effects by methods of chemical

thermodynamics and reproduced experimentally using the

example of the polycondensation reaction in a spray [4–6].

Micro- and nanostructured materials are used in many

areas of the economy, so their stability is one of the key

properties. The thermodynamic stability of such materials

with phase transformations is important for the creation

and use of catalysts [7,8], pharmaceutical drugs [9,10],

development of promising methods of energy storage and

conversion [11–13] and other applications [14]. This makes

relevant the thermodynamic analysis of the size effects

accompanying the formation of new phases and the stability

of emerging structures [15].

The purpose of this paper is to evaluate the energy effects

of phase transformations and the stability of the states that

occur during such transformations. Methods of chemical

thermodynamics based on Gibbs energy analysis and the

construction of diagrams showing the thermodynamic stabi-

lity of stable and metastable states for small volume systems

are used for this [16,17].

2. Thermodynamic description
of a demixing solution
in a small volume system

The term thermodynamic stability of states is defined in

the usual way — it is a spontaneous return to the considered

state with small changes in thermodynamic parameters. The

states corresponding to the energy minima of the system

possess this property. The concepts of stable and metastable

states denote global and local energy minima.

The features of phase transformations in small volume

systems are associated with an increase of the contribution

of the energy of the interphase boundaries to the total

energy of the system. This contribution becomes significant

for micro- and nano-objects and manifests itself in the

form of size effects. These effects manifest themselves in

phase diagrams as a shift of critical points and a region of

heterogeneity [8,18,19].

Chemical thermodynamics describes the general laws

of phase transformations in systems of limited size. The

thermodynamic description is based on the calculation and

minimization of the Gibbs energy (G) of the mixture and

is implemented in CALPHAD (CALculation of PHAse

Diagrams) or nano-CALPHAD methods [20–22] and in

the statistical thermodynamics methods [23]. The size

effects for clusters are reproduced by molecular dynamics

methods [24–26], which also allow evaluating the stability

of formed structures [27].
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Our approach complements the CALPHAD methods by

considering not only the state corresponding to the global

minimum of the Gibbs function, but also other states

occurring in case of the phase transformation.

A particle is considered as a closed thermodynamic

system consisting of two limited mutually soluble compo-

nents
”
1“ and

”
2“. When the solution is demixed, both

components are redistributed between the two phases. The

inclusion of a new phase is considered to be single in

case of a small volume (demixing usually results in the

occurrence of numerous inclusions in a macrosystem). The
solutions formed in case of demixing wet each other, which

contributes to the formation of core-shell structures [28].
The phase touching the boundaries of the system is further

indicated by the index
”
s“ (shell), the phase in the

center of the particle is indicated by the index
”
c“ (core).

The conditions for the preservation of the substance are

determined by the initial composition of the system

n1 = n1c + n1s , n2 = n2c + n2s ,

x =
n2

n1 + n2

, x ic =
nic

n1c + n2c
, x is =

nis

n1s + n2s
,

where ni (i = 1, 2) is the number of moles of components

in the system, ni j ( j = s, c) is number of moles in co-

existing phases, x and x i j are the molar fractions of

components in the system and individual phases.

The sizes and surface area of spherical particles are

determined by the composition of n1, n2 system and the

molar volumes of the components V1,V2.

v0 = n1V1 + n2V2, r0 =
3

√

3

4π
v0, A0 = 4π r20,

where v0, r0 and A0 are the volume, radius, and area of

the outer boundary of the system. The volume vc , the

radius rc and the area of the interphase boundary Acs

with a spherical shape of the phase are determined by its

composition n1c, n2c

vc = n1cV1 + n2cV2, rc =
3

√

3

4π
vc , Acs = 4π r2c .

Taking into account the surface energy of the interfaces,

the Gibbs function of an individual particle has the form

g = n1cµ1c + n1sµ1s + n2cµ2c + n2sµ2s + σ0A0 + σcs Acs ,

(1)
where µi j = µ0

i j + RT ln
(

γi(x i j)x i j

)

— chemical potential,

σ0, σcs — surface energy at the system surface and interface,

γi(x i j) — molar fractions and activity coefficients of

components in the corresponding phases.

The reference values of the molar volumes and surface

energy of the components and the equation of state of the

solution [30] were used for numerical simulation of Bi−Sb

mixture [29]. The approximation σ (x) = σ1 + x(σ2−σ1)
was used to calculate the surface energy of the solution [31].
If necessary, it can be replaced by well-known empirical and

semi-empirical equations [32–34].

The parameters of the model are the quantities of

components n1, n2 and the function (1) has two independent

variables n1c and n2c . They can be replaced by normal-

ized values θ1 = n1c/n1 and θ1 = n1c/n2, corresponding

to the proportion of components that have entered the

core phase [35]. The energy of the particle g(θ1, θ2) is

recalculated per mole of the mixture

GE(θ1, θ2) =
g(n1, n2, θ1, θ2) − g(n1, n2, 0, 0)

n1 + n2

.

The surplus Gibbs energy relative to the homogeneous

state makes it possible to compare the states of systems of

any size, composition, and configuration (core-shell, janus
or another [17]) in the form of a surface of surplus Gibbs

energy GE(θ1, θ2), which in θ coordinates is expressed

per single square. The results in numerical modeling are

represented by a matrix of function values GE(θ1, θ2) on a

grid with a step of 1θ, which determines the accuracy of

the calculation and the size of the matrix.

Let us consider the possibilities of θ-mapping by using the

example of a segregating mixture of Bi−Sb, the size effects

of which were modeled in Ref. [36,37]. The figure shows

a characteristic view of the energy surface of the states of

a segregating solution for particles of different sizes and

compositions.

Special points correspond to thermodynamically equilib-

rium states in the diagram

∂2GE

∂θ1∂θ2
= 0.

The minima correspond to steady stable and metastable

equilibria. The homogeneous state GE(0, 0) becomes stable

under the condition

∂GE

∂θ1
≥ 0,

∂GE

∂θ2
≥ 0 (fig. d−i).

Bi−Sb mixture has two thermodynamically equilibrium

heterogeneous states core@shell Bi@Sb and Sb@Bi, differ-

ing by the arrangement of coexisting phases [36]. Their po-
sition on θ-diagrams depends on the concentration of x
and the volume of the system. They also demonstrate

ravine trajectories corresponding to optimal paths between

core−shell homogeneous and equilibrium states. They are

defined by the conditions

∂GE

∂θ1
= 0, or

∂GE

∂θ2
= 0

(numerically corresponds to the minimum values in the

rows and columns of the matrix GE(θ1, θ2)). The trajecto-

ries leading to the Sb@Bi state are shown in the figures with

red lines and link the state of the homogeneous solution and

the state in which Sb is concentrated in the core phase. The

trajectories leading to the Bi@Sb state are shown by blue

lines.

The inserts in the figure show the change of energy

along ravine trajectories, the length of which is determined
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θ-diagrams of the particle state of Bi−Sb mixture depending on the diameter of particles (d) and concentration of Sb (x). The inserts

demonstrate a change of the energy of the system along ravine trajectories.

by the total fraction of the substance that passed into

the core phase (θ = (θ1 + θ2)/2). The maxima on the

curves correspond to the saddle points of θ-diagram, they

coincide with unstable thermodynamic equilibria and the

height of potential barriers.

The homogeneous state is thermodynamically unstable

∂GE

∂θ1
< 0

for macrosystem and large particles. It can spontaneously

pass into any of the heterogeneous states (spinodal decay)

with infinitely small fluctuations of composition (see inserts

in figure a−c). Both core-shell states have equal energy

and a composition of coexisting phases as long as the

contribution of surface energy to GE(θ1, θ2) is negligible.

The proportion of surface energy increases by GE(θ1, θ2)

with the decrease of the particle volume. This leads to a

potential barrier that makes the homogeneous state stable

and the core-shell states distinguishable (see Figure d−i).

Since the core phase has a smaller boundary area, the

transfer of a component with high surface tension (Sb) into
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it is favorable in case of minimization of energy, as it puts

the system in the Sb@Bi state (see Figure d−i).
The occurrence of the energy barrier changes the phase

separation mechanism from spinodal (in the macrosystem)
to binodal, with the formation of a new phase nucleus

of critical size (critical nucleus) [38]. This can be seen

when comparing θ-diagrams for particles with a diameter

of 1mm (Figure a−c) and 1µm (Figure d−f ). The

height of the energy barriers significantly depends on the

concentration and increases with the decrease of the volume.

Heterogeneous states lose stability for nanoscale particles,

and the homogeneous state remains the only equilibrium

state (Figure g−i).
The saddle points on the θ-diagram can be homologated

with the critical nuclei [39,40]. Two critical nuclei of

different volume and composition occur in the considered

system. Their growth puts the system in an equilibrium

state. The composition of the nuclei changes with the

growth, deviating from the equilibrium composition of the

core phase by ±1−2%. The possibility of the existence

of more than two different critical nuclei follows from the

results of Ref. [35].
It should be noted that the choice of the transformation

path depends not only on the energy of the final equilibrium

state. The probability and speed of the transition are affected

by the size and energy of the formation of critical nuclei.

The rate constants of many physical and chemical processes

contain an Arrhenius multiplier exp(−1G/RT ), where the

energy of formation of a critical nucleus determines the

activation energy 1G, T is the temperature, R is the gas

constant. The size of the nucleus is hidden in the Arrhenius

multiplier in the form of an enthalpy contribution, and it

determines the effective cross-section of interaction with

diffusing atoms in the pre-exponential multiplier. Thus, the

formation of metastable Bi@Sb states may be more likely

from the point of view of kinetics. A similar situation is

typical for micron and submicron diameter particles with

a high concentration of Sb (Figure f ). An interesting

effect is the reduction or complete absence of the spinodal

decay region in small volume systems. The difficulty of

nucleation in a small volume is discussed using a similar

thermodynamic approach [41].
Taking into account the kinetic aspects, the θ-representa-

tion allows considering a particle with a segregating solution

as a rather complex dynamic system and significantly

complements T−x and P−x diagrams displaying only

equilibrium states.

3. Conclusion

The construction of θ-diagrams is a convenient tool for

assessing the thermodynamic stability of structures arising

from phase transformations in a small volume and the ways

of their formation. θ-diagrams demonstrate the emergence

and evolution of stable and metastable states depending

on the volume and composition of the system. These

patterns are thermodynamic in nature and can be transferred

to the behavior of similar objects of different chemical

nature and composition. However, it should be noted

that empirical and semi-empirical equations of state for

real solutions that adequately describe characteristic curves

(binodes, spinodes) and critical points do not guarantee the

same accuracy when describing intermediate states in a two-

phase or homogeneous region. Similar observations are

valid for surface energy estimates. The related distortions

of θ-diagrams do not change the positions of the singular

points representing stable equilibrium states and defining

the topology of the energy surface.

θ-diagrams make it possible to predict the reaction of a

system to changes in its size and composition, to determine

thermodynamically stable and metastable equilibrium states,

and their stability. The analysis of the energy profile of

the most probable paths of phase transformations makes it

possible to evaluate the properties of critical nuclei and the

probability of formation of different equilibrium states.

The visibility of θ-diagrams helps to understand the nature

and behavior of such materials in their production, storage

and operation conditions.
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