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Material dispersion effect on the oscillations of a single-cycle wave

packet
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Analytically, numerically and experimentally the effect of the material dispersion of the dielectric on the oscillation

period of the electric field in a single cycle wave packet (a light bullet) is investigated. Wave packet oscillates due

to periodic phase shift between the envelope of the pulse and its carrier wave. The influence of nonlinear shift of

phase and group velocities on the analytical estimation of the oscillation period of a light bullet with a different

carrier wavelength is considered.
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The development of ultrafast metrology of electronic

processes in atomic systems and biological objects is

inextricably linked with the optics of bipolar and unipolar

pulses, the duration of which is close to one period of

optical oscillations [1–3]. The nonlinear optical action of

extremely short bipolar pulses on the objects under study is

determined not only by the amplitude of the light field, but

also by the phase of its oscillations [4–8]. The maximum

electric field strength in the cosine mode of a bipolar pulse,

at which the maximum of its envelope coincides with the

maximum of optical oscillations, is significantly higher than

in the sine mode, at which the field turns to zero at the

maximum of the envelope. The difference in the magnitude

of the maximum electric field strength of the cosine and sine

modes of the pulse increases with a decrease in the number

of optical oscillations in it and is most significant for single-

cycle pulses of the near and medium IR range, at which the

atomic scale of time resolution in spectroscopy is achieved.

At the same time, during the propagation of a single-

cycle bipolar pulse in a medium with material dispersion,

a periodic change of cosine and sine modes occurs due to

a phase shift between its envelope and carrier frequency

(Carrier-Envelope Phase, CEP) caused by a difference in

phase and group velocities [1,2,8].

One of the possible methods for obtaining single-cycle

wave packets is the formation of light bullets (LBs) during

filamentation of femtosecond laser pulses in the volume of

a transparent medium under conditions of anomalous group

velocity dispersion (GVD) [9]. The LB is a wave packet

that, during diffraction and anomalous GVD in the absence

of any guiding structures, is extremely compressed in time

and space due to self-phase modulation in a medium with

Kerr nonlinearity [10]. The light field of the LB is localized

in its core, the duration of which is one or two periods

of optical oscillations, the diameter — of the order of five

wavelengths [11]. The LB’s core contains about 10% of

the energy of the wave packet, the peak strength of the

electric field corresponds to the intensity of ∼ 50 TW/cm2.

During the LB propagation, the spatial, temporal and energy

parameters of its core oscillate synchronously, which causes

a periodic change in the efficiency of the nonlinear optical

interaction of the LB with the medium [8,12]. In transparent

dielectrics, the oscillation period of the LBs of the middle IR

spectral range is several tens of micrometers and decreases

with increasing carrier wavelength.

In this paper, the effect of the material dispersion of the

dielectric on the period of oscillations of a single-cycle wave

packet caused by the phase shift between the envelope of

the pulse and the carrier frequency during propagation in

the volume of the medium is investigated. The contribution

of nonlinear changes in the phase and group velocities of

the LBs to the change in the oscillation period of the

maximum of the electric field strength modulus in the LB

with different carrier wavelengths is considered.

The generally accepted concepts of a carrier wave and an

envelope are generalized to wave packets containing several

optical oscillations based on the analysis of the square of the

electric field strength modulus, for which the time integral

of the space-time distribution corresponds to the intensity

of a narrow-band wave packet [11]. The envelope of the
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wave packet is a smooth curve connecting the maxima of

the square of the modulus of the electric field strength, the

carrier is a field oscillations under this curve. Then a single-

cycle pulse is one whose envelope duration, determined,

for example, by the level of e−1, is equal to the period of

optical oscillations.

When a single-cycle pulse propagates in a dispersing

medium, the carrier wave shifts relative to the envelope

due to the difference in its phase and group velocities. For

the period 1z , with which the cosine mode in the pulse is

restored when the carrier wave is dephased relative to the

envelope, in the approximation λ
n

∂n
∂λ

∣

∣

∣

λ
≪ 1 the estimation

received [13]

1z (λ) =
1

2

(

∂n
∂λ

∣

∣

∣

λ

)

−1

, (1)

where λ is the carrier wavelength. According to a more

precise expression, the phase correction period of the

carrier and the envelope of the pulse is determined by the

formula [7,12]

1z (λ) =
λVgr(λ)Vph(λ)

2c0[Vph(λ) −Vgr(λ)]
, (2)

where Vgr(λ),Vph(λ) — group and phase velocities at the

carrier wavelength λ, n(λ) — refractive index, c0 — the

velocity of light in vacuum.

It can be seen that the oscillation period is 1z (λ) is

determined primarily by the difference in phase and group

velocities, the dependences of which on the wavelength

are shown in Fig. 1, a in a wide spectral range covering

the regions of normal, zero and anomalous GVD. Curves

of the dependence of the oscillation period 1z of the

maximum modulus of the electric field strength |E|max on

the wavelength calculated for a single-cycle pulse by the

formula (2) for three dielectrics, are shown in Fig. 1, b. The

smallest difference between the phase and group velocities

is achieved at wavelengths near the zero value of the group

velocity dispersion parameter (k2 = ∂2k/∂ω2), where the

greatest value of the oscillation period is observed 1z .
The vertical segments in Fig. 1, a indicate the wavelength

of the zero group velocity dispersion λk2=0: for LiF

λk2=0 = 1.2µm, for CaF2 — 1.5µm, for BaF2 — 1.9µm.

In areas of normal and anomalous GVD, the difference

between Vgr(λ) and Vph(λ) increases, and the oscillation

period 1z decreases with increasing detuning from the

wavelength λk2=0 (fig. 1, b). In barium fluoride Vgr(λ) and

Vph(λ) are closest, and the oscillation period is 1z (λ) is

significantly higher than in lithium and calcium fluorides.

Analytical estimation (2) of oscillation period 1z (λ) is

in good agreement (Fig. 1, b) with the results of numerical

simulation of propagation of a model single-cycle Gaussian

wave packet with a harmonic carrier in a dispersive medium:

E(r, t, z = 0) = E0 exp

(

−
r2

2r20
−

t2

2τ 2
0

)

cos

(

2πc0

λ
t

)

,

(3)

where τ0 = λ/c0, r0 ≈ 10λ.

The LBs are formed as a result of Kerr self-focusing of

a femtosecond laser pulse in the volume of a transparent

dielectric, which develops in concert with its compression

over time during self-phase modulation under conditions of

anomalous GVD [10]. During the formation of the LBs,

the rapid increase in the intensity of the collapsing wave

packet during its spatio-temporal compression is limited by

the defocusing of radiation in the plasma induced by an

intense light field. The large gradient of the light wave phase

both in space and in time caused by the increment of the

refractive index at the Kerr and plasma nonlinearities leads

to the superbroadening of the frequency and angular spectra

of the wave packet. According to the numerical study of

the LBs [11], performed by solving the unidirectional pulse

propagation equation (UPPE) [14,15], the spatio-temporal

distribution of the light field and the spectrum of the formed

LB are qualitatively different from the Gaussian wave packet

(3). This causes difficulties in determining the envelope of

the LB and the carrier wave. Nevertheless, considering the

most intense spectral component in the LB as a carrier,

and the curve connecting the neighboring maxima of the

square of the electric field strength modulus as an envelope

allows us to generalize the definitions introduced for a

single-cycle wave packet to it, and introduce, in particular,

the concepts of cosine and sine modes of the LBs. The

maximum of the modulus of the electric field strength |E|max

and the parameters of the LBs core oscillate due to the

dispersion shift of the envelope and carrier phases during

its propagation, similar to the field strength in a Gaussian

pulse with a harmonic carrier. For the oscillation period

1z (λ) it is possible to apply the estimate (2), written for a

Gaussian pulse with a harmonic carrier in a linear dispersive

medium [8]. At the same time, the deviation of the

analytical estimate 1z of the oscillation period of |E|max of

LB obtained by (2) with tabular values Vgr(λ),Vph(λ), from
the values of 1z determined from the numerical solution

of the unidirectional pulse propagation equation (UPPE),
reaches 10% for the dielectrics under consideration (Fig. 2).
The LB’s oscillations were experimentally investigated

in a single-pulse regime, when fluctuations in the energy

and absolute phase of the pulse light field do not affect

the measurement results. In LiF, the oscillations of the

LB’s parameters were recorded by the laser coloration

method [16] by change in the density of induced color

centers along the filament, in CaF2 — by change in

the luminescence energy of the induced laser plasma.

The spectral dependence of the oscillation period 1z (λ)
obtained in the experiment is close to the analytical estimate

(Fig. 2). At the same time, the nature of the experimental

dependence 1z (λ) is noticeably different from the analytical

one.

We investigated the influence of nonlinear changes in the

group Vgr(λ) and phase Vph(λ) velocities, on the oscillation

period of the LB’s parameters, which were determined in

numerical analysis by the shift of its envelope and carrier

relative to the coordinate system traveling with the group
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Figure 1. Spectral dependencies (a) of phase Vph(λ)(solid curves) and group Vgr(λ) (dashed) velocities in LiF (black curve), CaF2 (red)
and BaF2 (blue) and (b) of the oscillation period 1z (λ) of the maximum of the electric field strength modulus |E|max in a Gaussian pulse,

determined by (2) (solid curves) and obtained from numerical simulation (circles).
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Figure 2. Spectral dependence of the oscillation period 1z (λ) of the electric field strength modulus of LB (a) in LiF, (b) CaF2, obtained

experimentally 1z (λ) (shaded characters), analytically 1z (λ) by (2) with tabular values Vgr(λ) and Vph(λ) (solid curve) and analytically

by (2) taking into account the nonlinear change of group δVgr/Vgr and phase δVph/Vph LB velocities (empty characters connected by a

curve).

velocity of the initial wave packet. As follows from the

analysis of the dynamics of the wave packet, the relative

decrease in the phase δVph/Vph and group δVgr/Vgr velocities

in LiF and CaF2 is small and does not exceed 0.4% in

the considered wavelength range. At the same time, the

magnitude of the oscillation period is sensitive to small

changes in velocities:

δ(1z )

1z
= C(λ)

[

δVgr

Vgr

+
δVph

Vph

]

. (4)

Here C(λ) — sensitivity function of δ(1z )/1z to δVph/Vph

and δVgr/Vgr, which in the wavelength range λ = 2−5µm

takes values in the range from 20 to 200 for the materials

under consideration, which indicates a significant influence

of changes in group and phase velocities on the magnitude

of the oscillation period 1z (λ). As a result, a change in the

period δ(1z )/1z associated with a nonlinear change in the

phase δVph/Vph and group δVgr/Vgr LB velocities, reaches

several percent. At the same time, the nature of the spectral

dependence 1z (λ), obtained analytically with corrections

for nonlinear changes in phase and group velocities, is closer

to that measured for LBs.

In a single-cycle wave packet and LB formed in the

volume of a transparent dielectric during filamentation of

a femtosecond pulse under conditions of anomalous group

velocity dispersion, the maximum value of the electric field

strength modulus periodically changes during propagation

due to a phase shift between the envelope and carrier

waves. The dependence of the oscillation period of the

electric strength in the wave packet is determined by the

material dispersion of the dielectric, reaching a maximum
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in the region of zero GVD and decreasing during detuning

in the region of normal and anomalous GVD. For the

period of field strength oscillations in the LB, the analytical

estimate obtained for a Gaussian pulse with a harmonic

carrier in a linear dispersive medium is applicable with an

accuracy of 10%. The nonlinear deviation of the phase and

group velocities of the LB, which is no more than 0.4%,

strongly affects the oscillation period of its parameters,

the value of which varies by 5−10%. The spectral

dependence of the oscillation period of the LBs, obtained

analytically with corrections for nonlinear changes in its

phase and group velocities, coincides with the measured

one.
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