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�à¥¤«®¦¥­  ­®¢ ï ¬®¤¥«ì ¢ëá®ª®í­¥à£¥â¨ç¥áª®© ¨®­­®© ¨¬¯« ­â æ¨¨, ®á­®¢ ­­ ï ­  ¨á¯®«ì-
§®¢ ­¨¨ ãà ¢­¥­¨ï �®ªª¥à –�« ­ª . � §à ¡®â ­ íää¥ªâ¨¢­ë©  «£®à¨â¬  ¤ ¯â¨¢­®£® â¨¯  ¤«ï

ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨. �à®¢¥¤¥­® ¬®¤¥«¨à®¢ ­¨¥ ¨¬¯« ­â æ¨¨ B ¢ Si ¢ ®¡« áâ¨ í­¥à£¨© ®â

10 ¤® 100�í�. �®«ãç¥­® å®à®è¥¥ á®£« á®¢ ­¨¥ á íªá¯¥à¨¬¥­â «ì­ë¬¨ ¤ ­­ë¬¨ ¨ à¥§ã«ìâ â ¬¨

¬®¤¥«¨à®¢ ­¨ï ¬¥â®¤®¬ �®­â¥-� à«®.

�¢¥¤¥­¨¥

�à¨¬¥­¥­¨¥ ¢ëá®ª®í­¥à£¥â¨ç¥áª®© ¨®­­®© ¨¬¯« ­-
â æ¨¨ ¯à¨ ¯à®¨§¢®¤áâ¢¥ ­®¢ëå ¯à¨¡®à®¢ ¬¨ªà®í«¥ª-
âà®­¨ª¨ âà¥¡ã¥â §­ ­¨ï à¥§ã«ìâ¨àãîé¨å à á¯à¥¤¥-
«¥­¨© ®áâ ­®¢¨¢è¨åáï ¨®­®¢ ¨ ¢ë¤¥«¥­­®© ¢ ¬¨è¥­ì

í­¥à£¨¨ á ¢ëá®ª®© áâ¥¯¥­ìî â®ç­®áâ¨. �¨§¨ç¥áª¨¥
¯à®æ¥ááë, å à ªâ¥à¨§ãîé¨¥ ¨®­­ãî ¨¬¯« ­â æ¨î ¢

®¡« áâ¨ ¢ëá®ª¨å í­¥à£¨©, ®â«¨ç îâáï ¯à¥®¡« ¤ ­¨¥¬
í«¥ªâà®­­®£® â®à¬®¦¥­¨ï ¨ ¬ «®© ¯¥à¥¤ ­­®© í­¥à-
£¨¥© ¢ ï¤¥à­ëå ¢§ ¨¬®¤¥©áâ¢¨ïå, çâ® ®¡ãá«®¢«¨¢ -
¥â à áá¥ï­¨¥ ­  ¬ «ë¥ ã£«ë [1]. �â¨ ®á®¡¥­­®áâ¨

ä¨§¨ç¥áª®© ¬®¤¥«¨ ¯à¨¢®¤ïâ ª â®¬ã, çâ® ¯à®ä¨«¨

®áâ ­®¢¨¢è¨åáï ¨®­®¢ ¨¬¥îâ á¨«ì­ãî  á¨¬¬¥âà¨î

¨ ­ ¬­®£® ®â«¨ç îâáï ®â ¨§¢¥áâ­ëå à á¯à¥¤¥«¥­¨©

� ãáá  ¨ �¨àá®­  IV, ®¡ëç­® ¯à¨¬¥­ïîé¨åáï ¢ íâ®¬
á«ãç ¥. � á¨«ã íâ®£® ª« áá¨ç¥áª¨© ¬¥â®¤ ¬®¬¥­â®¢ [2]
áâ ­®¢¨âáï ­¥¯à¨¥¬«¥¬ ¢ ¤ ­­®© á¨âã æ¨¨, ¯®áª®«ì-
ªã ¤«ï â®ç­®£® ¢®ááâ ­®¢«¥­¨ï äã­ªæ¨¨ à á¯à¥¤¥«¥-
­¨ï âà¥¡ã¥âáï ¢ëç¨á«ïâì á«¨èª®¬ ¬­®£® ¬®¬¥­â®¢.
�à¨¬¥­¥­¨¥ ¬¥â®¤®¢ áâ â¨áâ¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï

(�®­â¥-� à«®) [3] ¢ á«ãç ¥ ¢ëá®ª¨å í­¥à£¨© âà¥¡ã-
¥â ­¥®¡®á­®¢ ­® ¡®«ìè¨å ¢ëç¨á«¨â¥«ì­ëå § âà â ¢

á¨«ã ­¥®¡å®¤¨¬®áâ¨ ¬®¤¥«¨à®¢ ­¨ï ¡®«ìè®£® ç¨á« 

áâ®«ª­®¢¥­¨©, ª®â®àë¥ ¨á¯ëâë¢ ¥â ¨®­ ¢¤®«ì á¢®¥©

âà ¥ªâ®à¨¨ ¢ ¬¨è¥­¨ ¤® ¯®«­®© ®áâ ­®¢ª¨. �®íâ®¬ã
¢ ¯®á«¥¤­¥¥ ¢à¥¬ï ¢ àï¤¥ à ¡®â [4–8] ãá¯¥è­® ¯à¨¬¥-
­ï«®áì ãà ¢­¥­¨¥ �®«ìæ¬ ­  ¤«ï ¬®¤¥«¨à®¢ ­¨ï ¢§ -
¨¬®¤¥©áâ¢¨ï ¯®â®ª®¢ ¨®­®¢ ¢ëá®ª¨å í­¥à£¨© á ¢¥é¥-
áâ¢®¬. �¤­ ª® ¢ ®¡« áâ¨ í­¥à£¨© ®â ­¥áª®«ìª¨å �í�
¤® ­¥áª®«ìª¨å �í� ¨­¤¨ª âà¨á  à áá¥ï­¨ï á¨«ì­®

 ­¨§®âà®¯­  (¤®¬¨­¨àã¥â à áá¥ï­¨¥ ¢¯¥à¥¤ ­  ¬ «ë¥
ã£«ë), ¯®íâ®¬ã ãà ¢­¥­¨¥ �®«ìæ¬ ­  ¢ íâ®© ®¡« áâ¨
í­¥à£¨© ¯à¨¢®¤¨âáï ª ãà ¢­¥­¨î �®ªª¥à –�« ­ª .
�â® ãà ¢­¥­¨¥ å®à®è® ¨§¢¥áâ­® ¢ â¥®à¨¨ ¯¥à¥­®á 

¡ëáâàëå § àï¦¥­­ëå ç áâ¨æ ¢ â¢¥à¤®¬ â¥«¥ [9],  
â ª¦¥ ¢ â¥®à¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï ¨®­­ëå ¯ãçª®¢ á

¯« §¬®© [10]. � ­ áâ®ïé¥© à ¡®â¥ ¯à¥¤« £ ¥âáï ­®¢ ï
¬®¤¥«ì ¯¥à¥­®á  ¢ëá®ª®í­¥à£¥â¨ç­ëå ¨®­®¢ ¢ â¢¥à-
¤®¬ â¥«¥, ®á­®¢ ­­ ï ­  ãà ¢­¥­¨¨ �®ªª¥à –�« ­ª ,
  â ª¦¥ áâà®ïâáï íää¥ªâ¨¢­ë¥ ¬¥â®¤ë ç¨á«¥­­®£®

à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï ­   ¤ ¯â¨¢­ëå ¯® í­¥à£¨¨

á¥âª å.

� â¥¬ â¨ç¥áª ï ¯®áâ ­®¢ª  § ¤ ç¨

�à ¢­¥­¨¥ �®ªª¥à –�« ­ª  (��) ¬®¦¥â ¡ëâì ¯®-
«ãç¥­® ¨§ ãà ¢­¥­¨ï ¯¥à¥­®á  �®«ìæ¬ ­  ¢ ¯à¥¤¯®-
«®¦¥­¨¨ ¬ «®áâ¨ ¯¥à¥¤ ­­®© í­¥à£¨¨ ¨ ­¥§­ ç¨â¥«ì-
­®£® ã£«®¢®£® à áá¥ï­¨ï [11]. � ¯«®áª®¯ à ««¥«ì­®©

£¥®¬¥âà¨¨ ãà ¢­¥­¨¥ �� ¨¬¥¥â ¢¨¤

µ
∂Φ

∂x
=
α(E)

2

∂

∂µ

(
(1− µ2)

∂Φ

∂µ

)
+

∂

∂E

(
β(E)Φ

)
, (1)

£¤¥ Φ(x,E, µ) — ¯«®â­®áâì ¯®â®ª  ¨®­®¢, E — í­¥à-
£¨ï; µ = cosϕ, ϕ — ã£®«, ª®â®àë© ®¡à §ã¥â ­ ¯à ¢«¥-
­¨¥ ¤¢¨¦¥­¨ï ¨®­®¢ á ®áìî OX;

β(E) = Sn(E) + Se(E), (2)

£¤¥

Sn(E) = N

∫
T dσ (3)

å à ªâ¥à¨§ã¥â ¯¥à¥¤ ­­ãî ¢ ï¤¥à­ëå áâ®«ª­®¢¥­¨ïå

í­¥à£¨î, T — ¯¥à¥¤ ­­ ï í­¥à£¨ï; N —  â®¬ à­ ï

¯«®â­®áâì ¬¨è¥­¨; ç¥à¥§ Se(E) ®¡®§­ ç¥­ ª®íää¨-
æ¨¥­â í«¥ªâà®­­®£® â®à¬®¦¥­¨ï, ®¯¨áë¢ îé¨© â®à-
¬®¦¥­¨¥ ¨®­®¢ ¯à¨ ¢§ ¨¬®¤¥©áâ¢¨¨ á í«¥ªâà®­­®©

á¨áâ¥¬®© ¬¨è¥­¨.

� «¥¥

α(E) = 2πN

∫
(1− µL)dσ
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�¨á. 1. � ¯®«­¥­¨¥ á«®ï ¯à¨ t = 0 (a) ¨ 1,2, . . . (¡) ­ ç «ì­ë¬¨, £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ ¨ à áç¥â­ë¬¨ â®çª ¬¨.

— ¤¨ää¥à¥­æ¨ «ì­ë© ª®íää¨æ¨¥­â ã£«®¢®£® à áá¥-
ï­¨ï, dσ — ¤¨ää¥à¥­æ¨ «ì­®¥ á¥ç¥­¨¥ [12],

µL =
1

2

[
(1− τ)1/2 +

1− ξ2

(1− τ)1/2

]
(4)

— ª®á¨­ãá ã£«  à áá¥ï­¨ï ¢ « ¡®à â®à­®© á¨áâ¥¬¥

ª®®à¤¨­ â, τ = T/E, ξ = M1/M2, £¤¥ M1 — ¬ áá 

¨®­ , M2 — ¬ áá   â®¬  ¬¨è¥­¨.
�®áª®«ìªã ¯à¨ ¢ëá®ª¨å í­¥à£¨ïå ®¡à â­®¥ à á-

á¥ï­¨¥ ¬ «®¢¥à®ïâ­®, â® ¬®¦­® ¯à¥¤¯®«®¦¨âì, çâ®
µ ∈ [0, 1]. � íâ®¬ á«ãç ¥ £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï

ãà ¢­¥­¨ï (1) ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

Φ
∣∣∣
x=0

= Φ0(E,µ), Ec ≤ E < E0, 0 ≤ µ ≤ 1, (5)

Φ
∣∣∣
E=E0

= 0, 0 < x ≤ H, 0 ≤ µ ≤ 1, (6)

Φ
∣∣∣
µ=0

= 0, 0 < x ≤ H, Ec ≤ E ≤ E0, (7)(
∂Φ

∂x
+ α(E)

∂Φ

∂µ
−

∂

∂E

(
β(E)Φ

)) ∣∣∣
µ=1

= 0,

0 < x ≤ H, Ec ≤ E ≤ E0, (8)

£¤¥ Ec — í­¥à£¨ï áà¥§ª¨, â. ¥. í­¥à£¨ï, ­¨¦¥ ª®â®à®©
¨®­ë áç¨â îâáï ®áâ ­®¢¨¢è¨¬¨áï; E0 — ­ ç «ì­ ï

í­¥à£¨ï ¯®â®ª .
�á«®¢¨¥ (5) § ¤ ¥â ¯ ¤ îé¨© ­  £à ­¨æã x = 0 ¬¨-

è¥­¨ ¯®â®ª Φ0(µ,E); ¢ á«ãç ¥ ¯«®áª®¯ à ««¥«ì­®£®
¬®­®í­¥à£¥â¨ç¥áª®£® ¯ãçª 

Φ0 = N�
δ(µ− µ0)

µ0
δ(E −E0), (9)

£¤¥ µ0 = cosϕ0 ®¯¨áë¢ ¥â ª®á¨­ãá ã£«  ¯ ¤¥­¨ï

¯ãçª ,   ç¥à¥§ N� ®¡®§­ ç¥­  ¤®§ .
�á«®¢¨¥ (7) ®§­ ç ¥â, çâ® ¢ á¨«ã ¯à¥®¡« ¤ ­¨ï

à áá¥ï­¨ï ¢¯¥à¥¤ ®âáãâáâ¢ãîâ ¯®â®ª¨, ­ ¯à ¢«¥­­ë¥
¢¤®«ì ¯®¢¥àå­®áâ¨ ¬¨è¥­¨. �á«®¢¨¥ (8) ï¢«ï¥âáï

á«¥¤áâ¢¨¥¬ ãà ¢­¥­¨ï (1) ¯à¨ µ→ 1.

�¥â®¤ ç¨á«¥­­®£® à¥è¥­¨ï

�«ï ç¨á«¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (1) á¤¥« ¥¬

§ ¬¥­ã ¯¥à¥¬¥­­®© t = E0 −E. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

T (t) =
α(E0 −E)

2
, S(t) = β(E0−E), k(µ) = 1−µ2,

u(µ, x, t) = Φ(µ, x,E0 − t) = Φ(µ, x,E), u0(µ, t) =
Φ0(µ,E0 − t) = Φ0(µ,E). �®£¤  ¨áå®¤­ ï § ¤ ç 

¯à¨­¨¬ ¥â ¢¨¤

∂(Su)

∂t
+ µ

∂u

∂x
= T (t)

∂

∂µ

(
k(µ)

∂u

∂µ

)
,

µ ∈ (0, 1), x ∈ (0,H], t ∈ (0, E0], (10)

u|t=0 = u0(µ, x), µ ∈ [0, 1], x ∈ [0,H], (11)

u|x=0 = 0, t ∈ (0, E0], µ ∈ [0, 1], (12)

u|µ=0 = 0, t ∈ (0, E0], x ∈ [0,H], (13)

∂(Su)

∂t
+
∂u

∂x
= −2T (t)

∂u

∂µ
,

µ = 1, x ∈ (0,H], t ∈ (0, E0]. (14)

�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (10) ï¢«ï¥âáï ãà ¢­¥­¨-
¥¬ ª®­¢¥ªæ¨¨–¤¨ääã§¨¨ á ¢ëà®¦¤¥­¨¥¬ ­  £à ­¨æ¥

®¡« áâ¨.
� ®¡« áâ¨ Ω̄ = {(µ, x, t)|µ ∈ [0, 1], x ∈ [0,H], t ∈

[0, E0]} ¢¢¥¤¥¬ á¥âªã ω̄ = ω̄h × ω̂τ , £¤¥

ω̄h =

{
(µi, xj)|µi = ihµ, i = 0, Nm, hµ =

1

Nµ
;

xj = jhx, j = 0, Nx, hx =
H

Nx

}
,

ω̂τ =
{
tn|t0 = 0, tNt = E0, τn = tn − tn−1, n = 1, Nt

}
.
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�¨á. 2. �®íää¨æ¨¥­â í«¥ªâà®­­®£® Se(E) ¨ ï¤¥à­®£® Sn(E) â®à¬®¦¥­¨ï, à ááç¨â ­­ë¥ ¢ ¤ ­­®© à ¡®â¥ (1 ¨ 2
á®®â¢¥âáâ¢¥­­®),   â ª¦¥ ¯®«ãç¥­­ë¥ ¨§ ¯à®£à ¬¬ë PRAL (â®çª¨), ¢å®¤ïé¥© ¢ ¯ ª¥â TRIM92.

�á¯®«ì§ãï áâ ­¤ àâ­ë¥ ®¡®§­ ç¥­¨ï â¥®à¨¨ à §-
­®áâ­ëå áå¥¬ [13], ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ¢¥«¨ç¨­ë:

y = ynij = y(µi, xj , tn), yn±1 = yn±1
ij ,

yj±1 = ynij±1, yi±1 = yni±1j ,

a = ai = ki− 1
2

= k(µi − hµ
2
), S = Sn = S(tn),

T = Tn = T (tn), µ = µi,

yt =
yn+1 − y

τn+1
, yx =

y − yj−1

hx
,

(ayµ̄)µ =
ai+1yi+1 − (ai+1 + a)y + ayi−1

h2
µ

.

� ¬¥­ïï á®®â¢¥âáâ¢ãîé¨¥ ¯à®¨§¢®¤­ë¥ ¢ (10)–(14)
ª®­¥ç­®-à §­®áâ­ë¬¨ á®®â­®è¥­¨ï¬¨, ¯®áâà®¨¬ ï¢-
­ãî à §­®áâ­ãî áå¥¬ã, ª®â®à ï ¨¬¥¥â ¢¨¤

(Sy)t + µyx = T (ayµ̄)µ, i = 1, Nµ − 1,

j = 1, Nx, n = 0, Nt − 1, (15)

y0
ij = u0(µi, xj), i = 0, Nµ, j = 0, Nx (16)

yni0 = 0, i = 0, Nµ, n = 1, Nt (17)

yn0j = 0, j = 1, Nx, n = 1, Nt, (18)

(Sy)t,Nµ + yx,Nµ = −
2T

hµ
aNµyµ,

j = 1, Nx, n = 0, Nt − 1. (19)

�¥à¥¯¨è¥¬ à §­®áâ­ãî áå¥¬ã (15)–(19) ¢ ¨­¤¥ªá-
­®© ä®à¬¥ § ¯¨á¨

yn+1
ij =

(
Sn

Sn+1
−
τn+1µi

Sn+1hx
−
τn+1T

n

Sn+1h2
µ

(ai+1 + ai)

)
ynij

+
τn+1µi

Sn+1hx
ynij−1 +

τn+1T
n

Sn+1h2
µ

(ai+1y
n
i+1j + aiy

n
i−1j),

i = 1, Nµ − 1, j = 1, Nx, n = 0, Nt − 1, (20)

y0
ij = u0(µixj), i = 0, Nµ, j = 0, Nx, (21)

yni0 = 0, i = 0, Nµ, n = 1, Nt, (22)

yn0j = 0, j = 1, Nx, n = 1, Nt, (23)

yn+1
Nµj

=

(
Sn

Sn+1
−

τn+1

Sn+1hx
−

2τn+1T
naNµ

Sn+1h2
µ

)
ynNµj

+
τn+1

Sn+1hx
ynNµj−1 +

2τn+1T
naNµ

Sn+1h2
µ

ynNµ−1j ,

j = 1, Nx, n = 0, Nt − 1. (24)

�§ [14] ¨§¢¥áâ­®, çâ® ¤«ï ¬®­®â®­­®áâ¨ ï¢­®© à §-
­®áâ­®© áå¥¬ë ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ª®-
íää¨æ¨¥­âë ¯à¨ ynij , y

n
ij−1, yni−1j ¨ y

n
i+1j ¡ë«¨ ­¥®âà¨-

æ â¥«ì­ë. � ­ è¥¬ á«ãç ¥ ¢ á¨«ã ­¥®âà¨æ â¥«ì­®áâ¨
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�¨á. 3. �¨ääã§¨®­­ë© ª®íää¨æ¨¥­â ã£«®¢®£® à áá¥ï­¨ï
α(E) ¤«ï B→ Si.

ª®íää¨æ¨¥­â®¢ S(t) ¨ T (t) ãà ¢­¥­¨ï (10), ãá«®¢¨¥
¬®­®â®­­®áâ¨ ¯à¨®¡à¥â ¥â ¢¨¤

Sn

Sn+1
−

τn+1µi

Sn+1hx
−
τn+1T

n

Sn+1h2
µ

(ai+1 + ai) ≥ 0.

�®áª®«ìªã Sn > 0 ¨ Sn+1 > 0, â® ¬®¦­® à §¤¥«¨âì
®¡¥ ç áâ¨ íâ®£® ­¥à ¢¥­áâ¢  ­  Sn/Sn+1

1−
τn+1µi

Snhx
−
τn+1T

n

Snh2
µ

(ai+1 + ai) ≥ 0.

� ª ª ª 0 ≤ µi ≤ 1, 0 ≤ k(µ) ≤ 1, 0 ≤ ai ≤ 1, â®
«¥¢ãî ç áâì ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¬®¦­® ®æ¥­¨âì

á­¨§ã

1−
τn+1µi

Snhx
−
τn+1T

n

Snh2
µ

(ai+1 +ai) ≥ 1−
τn+1

Snhx
−

2τn+1T
n

Snh2
µ

.

� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ­¥à ¢¥­áâ¢®

1−
τn+1

Snhx
−

2τn+1T
n

Snh2
µ

≥ 0.

�âáî¤ , ¢ëà ¦ ï τn+1 ¨ § ¬¥­ïï ­¥à ¢¥­áâ¢® ­ 

à ¢¥­áâ¢®, ¯®«ãç¨¬ ¢ëà ¦¥­¨¥ ¤«ï ¢ëç¨á«¥­¨ï  ¤ -
¯â¨¢­®£® è £  ¯® t

τn+1 =
Snhxh

2
µ

h2
µ + 2Tnhx

. (25)

�ç¥¢¨¤­®, çâ® ¯à¨ ¤ ­­®¬ ¢ë¡®à¥  ¤ ¯â¨¢­®£®

è £  τn+1 ª®íää¨æ¨¥­âë à §­®áâ­®© áå¥¬ë (20) ­¥®-
âà¨æ â¥«ì­ë ¨, á«¥¤®¢ â¥«ì­®, ¤«ï ¢á¥å ã§«®¢ á¥âª¨
ω̄ ¢ë¯®«­¥­® á®®â­®è¥­¨¥ ynij ≥ 0.
�ãáâì ¯à¨ t = tn ¨§¢¥áâ­ë §­ ç¥­¨ï ¨áª®¬®£® à¥è¥-

­¨ï ynij (¥á«¨ n = 0, â® y0
ij ­ å®¤¨âáï ¯® ä®à¬ã«¥ (21),

(à¨á. 1,a). � «¥¥, ¯®áª®«ìªã áå¥¬  ï¢­ ï, â® ¢® ¢á¥å
¢­ãâà¥­­¨å ã§« å á¥âª¨ (â. ¥. i = 1, Nµ − 1, j = 1, Nx)
à¥è¥­¨¥ ­ å®¤¨âáï ¯® ä®à¬ã«¥ (20) (à¨á. 1,¡, ã§«ë
¯®¬¥ç¥­ë �), ¢ £à ­¨ç­ëå ã§« å ¯à¨ i = Nµ (à¨á. 1,¡,
ã§«ë ¯®¬¥ç¥­ë �) ¯® ä®à¬ã«¥ (24). � ª ª ª ¯à¨

j = 0 ¨ i = 0 § ¤ ­ë £à ­¨ç­ë¥ ãá«®¢¨ï á®£« á­®

(22) ¨ (23) á®®â¢¥âáâ¢¥­­® (à¨á. 1,¡ ã§«ë á × ¨ 4), â®
â¥¬ á ¬ë¬ ®¯¨á ­® ­ å®¦¤¥­¨¥ á¥â®ç­®£® à¥è¥­¨ï

yn+1
ij ¤«ï ¢á¥å i = 0, Nµ, j = 0, Nx. � ááã¦¤ ï  ­ «®-
£¨ç­ë¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬ à¥è¥­¨¥

¢® ¢á¥© à áç¥â­®© ®¡« áâ¨ (n = 1, 2, . . . ).
�®á«¥ â®£® ª ª ­ ©¤¥­® ç¨á«¥­­®¥ à¥è¥­¨¥ § ¤ ç¨

(15)–(19), ­¥á«®¦­® à ááç¨â âì ­¥ª®â®àë¥ ¢ ¦­ë¥

¤«ï ¯à ªâ¨ª¨ äã­ªæ¨®­ «ë: ¯«®â­®áâì à á¯à¥¤¥«¥-
­¨ï ®áâ ­®¢¨¢è¨åáï ¨®­®¢

W (x) = −
d

dx

E0∫
Ec

dE

1∫
0

µΦ(x,E, µ)dµ,

¯«®â­®áâì à á¯à¥¤¥«¥­¨ï í­¥à£¨¨, ¢ë¤¥«¥­­®© ¢

ï¤¥à­ãî á¨áâ¥¬ã

Wn(x) =

E0∫
Ec

dE

1∫
0

Sn(E)Φ(x,E, µ)dµ,

¯«®â­®áâì à á¯à¥¤¥«¥­¨ï í­¥à£¨¨, ¢ë¤¥«¥­­®© ¢

í«¥ªâà®­­ãî á¨áâ¥¬ã

We(x) =

E0∫
Ec

dE

1∫
0

Se(E)Φ(x,E, µ)dµ.

�¡áã¦¤¥­¨¥ à¥§ã«ìâ â®¢

� ¯®¬®éìî ®¯¨á ­­®£®  «£®à¨â¬  ¡ë«® ¯à®¢¥¤¥­®

¬®¤¥«¨à®¢ ­¨¥ ¨¬¯« ­â æ¨¨ ¡®à  ¢ ªà¥¬­¨© á í­¥à-
£¨ï¬¨ ¢ ¤¨ ¯ §®­¥ ®â 10 ¤® 100�í�. �®áª®«ìªã ¢

íâ®¬ ¤¨ ¯ §®­¥ í­¥à£¨© áâ®«ª­®¢¥­¨ï ®¡ëç­® ¯à®-
¨áå®¤ïâ ¢ ¤ «ì­¥© §®­¥, â® ¢ ª ç¥áâ¢¥ ¯®â¥­æ¨ « 

¢§ ¨¬®¤¥©áâ¢¨ï à áá¬ âà¨¢ «áï ã­¨¢¥àá «ì­ë© ¯®-
â¥­æ¨ « ¨§ à ¡®âë [3], ­ ¨¡®«¥¥ â®ç­® ãç¨âë¢ îé¨©
íää¥ªâ íªà ­¨à®¢ ­¨ï ¢ ¤ «ì­¥© §®­¥. �®®â¢¥âáâ¢ã-
îé¥¥ ¥¬ã ¤¨ää¥à¥­æ¨ «ì­®¥ á¥ç¥­¨¥ dσ à áá¬ âà¨-
¢ «®áì ¢ ¢¨¤¥

dσ =
πa2

2

f(t1/2)

t3/2
dt,

£¤¥

t = TE

(
M2

M1

)(
a

2Z1Z2e2

)2

,

a =
0.8854a0

Z0.23
1 + Z0.23

2
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— à ¤¨ãá íªà ­¨à®¢ ­¨ï, a0 — à ¤¨ãá �®à , Z1

¨ Z2 —  â®¬­ë© ­®¬¥à ï¤à  ¨®­  ¨  â®¬  ¬¨è¥­¨

á®®â¢¥âáâ¢¥­­®, e — § àï¤ í«¥ªâà®­ .
�ã­ªæ¨ï f(t1/2) ¢ë¡¨à « áì ¢ ¢¨¤¥

f(x) =
d

dx

[
xSn(x)

]
,

£¤¥ Sn(E) — á®®â¢¥âáâ¢¥­­® ã­¨¢¥àá «ì­®¬ã ¯®â¥­-
æ¨ «ã ª®íää¨æ¨¥­â ï¤¥à­®£® â®à¬®¦¥­¨ï [3].

�¨á. 4. �­¥à£¥â¨ç¥áª¨© ¨ ã£«®¢®© á¯¥ªâà B→Si (50�í�)
­  £«ã¡¨­¥ 10 (a), 60 (¡), 90¬ª¬ (¢).

�¨á. 5. �à¥¤­¨© ¯à®¥ªâ¨¢­ë© ¯à®¡¥£ ¨®­®¢ ¡®à  ¢

ªà¥¬­¨¨, ¯®«ãç¥­­ë© ¨§ ¯à®£à ¬¬ë PRAL (1 ) ¨ à ááç¨-
â ­­ë© ¯®  «£®à¨â¬ã ¤ ­­®© à ¡®âë (2 ) ¢ áà ¢­¥­¨¨ á

íªá¯¥à¨¬¥­â «ì­ë¬¨ ¤ ­­ë¬¨ (3 ) ¨§ à ¡®âë [15].

�®íää¨æ¨¥­â í«¥ªâà®­­®£® â®à¬®¦¥­¨ï à ááç¨âë-
¢ ¥âáï ¯® ä®à¬ã« ¬ à ¡®âë [3], ¢ ª®â®à®© ­  ®á­®¢¥
íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå ­ àï¤ã á â¥®à¥â¨ç¥áª¨-
¬¨ á®®â­®è¥­¨ï¬¨ ã¤ «®áì ¯®áâà®¨âì á®£« á®¢ ­­ãî

á¨áâ¥¬ã ä®à¬ã«, á ¯à¨¥¬«¥¬®© â®ç­®áâìî ¢®á¯à®¨§-
¢®¤ïéãî § ª®­®¬¥à­®áâ¨ í«¥ªâà®­­®£® â®à¬®¦¥­¨ï

¢ à §«¨ç­ëå ¤¨ ¯ §®­ å í­¥à£¨©.

�  à¨á. 2 ¯à¨¢¥¤¥­ë £à ä¨ª¨ ª®íää¨æ¨¥­â®¢ í«¥ª-
âà®­­®£® ¨ ï¤¥à­®£® â®à¬®¦¥­¨ï, à ááç¨â ­­ë¥ ¢

¤ ­­®© à ¡®â¥, á®®â¢¥âáâ¢ãîé¨¥ ¨¬¯« ­â æ¨¨ ¡®à  ¢
ªà¥¬­¨© ¢ ãª § ­­®¬ ¤¨ ¯ §®­¥ í­¥à£¨©. � ª ¢¨¤­®,
¢ ¤ ­­®© ®¡« áâ¨ í­¥à£¨© í«¥ªâà®­­®¥ â®à¬®¦¥­¨¥

áãé¥áâ¢¥­­® (­  2 ¯®àï¤ª ) ¯à¥¢ëè ¥â ï¤¥à­®¥. �®-
áª®«ìªã ¢ ¤ «ì­¥©è¥¬ à¥§ã«ìâ âë ¤ ­­®© à ¡®âë

¡ã¤ãâ áà ¢­¨¢ âìáï á à¥§ã«ìâ â ¬¨, ¯®«ãç¥­­ë¬¨

¯® ¬¥â®¤ã �®­â¥-� à«® [3], â® ­  íâ®¬ ¦¥ à¨áã­-
ª¥ ¯à¨¢¥¤¥­ë §­ ç¥­¨ï á®®â¢¥âáâ¢ãîé¨å ª®íää¨-
æ¨¥­â®¢, ¯®«ãç¥­­ë¥ ¨§ ¯à®£à ¬¬ë PRAL ¯ ª¥â 

TRIM92. �®áâ â®ç­® å®à®è¥¥ á®¢¯ ¤¥­¨¥ ª®íää¨-
æ¨¥­â®¢ ®§­ ç ¥â, çâ® ¨¬¥¥âáï å®à®è¥¥ á®®â¢¥âáâ¢¨¥
ä¨§¨ç¥áª¨å ¬®¤¥«¥© ¨ ¢ëå®¤­ëå ¤ ­­ëå ¢ ®¡®¨å

¬¥â®¤ å ¬®¤¥«¨à®¢ ­¨ï.

�  à¨á. 3 ¯à¨¢¥¤¥­ £à ä¨ª ¤¨ääã§¨®­­®£® ª®íä-
ä¨æ¨¥­â  ã£«®¢®£® à áá¥ï­¨ï α(E). � ª á«¥¤ã¥â ¨§

íâ®£® à¨áã­ª , ¤«ï í­¥à£¨©, ¡®́«ìè¨å 1�í�, ã£«®¢®¥
à áá¥ï­¨¥ ¯à ªâ¨ç¥áª¨ ®âáãâáâ¢ã¥â ¨ áâ ­®¢¨âáï §­ -
ç¨â¥«ì­ë¬ «¨èì ¢ ª®­æ¥ âà ¥ªâ®à¨¨, ª®£¤  í­¥à£¨ï
¨®­  ¯ ¤ ¥â ­¨¦¥ 100�í�.
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�¨á. 6. a — ¯à®ä¨«¨ ®áâ ­®¢¨¢è¨åáï ¨®­®¢ B, ¨¬¯« ­â¨à®¢ ­­ëå ¢ Si á í­¥à£¨¥© 50�í�, ¯®«ãç¥­­ë¥ ¨§

íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå (1 ), à ááç¨â ­­ë¥ ¯®  «£®à¨â¬ã ¤ ­­®© à ¡®âë (2 ) ¨ ¯®«ãç¥­­ë¥ ¨§ ¯à®£à ¬¬ë TRIM92 (3 );
¡ — à á¯à¥¤¥«¥­¨ï í­¥à£¨¨, ¢ë¤¥«¥­­®© ¢ í«¥ªâà®­­ãî (1 ) ¨ ï¤¥à­ãî (2 ) á¨áâ¥¬ë ¯à¨ ¨¬¯« ­â æ¨¨ B ¢ Si á í­¥à£¨¥©
50�í�, à ááç¨â ­­ë¥ ¯®  «£®à¨â¬ã ¤ ­­®© à ¡®âë; a ¨ ¡ —  ­ «®£¨ç­ë¥ à á¯à¥¤¥«¥­¨ï, à ááç¨â ­­ë¥ ¯à®£à ¬¬®©
TRIM92.

�â® ¯®¤â¢¥à¦¤ îâ £à ä¨ª¨ ¤¢ã¬¥à­®£® í­¥à£¥â¨-
ç¥áª®£® ¨ ã£«®¢®£® á¯¥ªâà  ¯®â®ª  ¨®­®¢ ­  à §«¨ç-
­ëå £«ã¡¨­ å, à ááç¨â ­­ë¥ ¯®  «£®à¨â¬ã ¤ ­­®©

à ¡®âë ¢ á«ãç ¥ ¨¬¯« ­â æ¨¨ B ¢ Si á í­¥à£¨¥©

50�í�. � ª ¢¨¤­® ¨§ à¨á. 4, a, ­  ­¥¡®«ìè¨å £«ã-
¡¨­ å à á¯à¥¤¥«¥­¨¥ ¨®­®¢ ¢ ¯®â®ª¥ ¯à ªâ¨ç¥áª¨ á®-
®â¢¥âáâ¢ã¥â ­ ç «ì­®¬ã δ-®¡à §­®¬ã à á¯à¥¤¥«¥­¨î,
¯¥à¥­¥á¥­­®¬ã ¢ ®¡« áâì ¬¥­ìè¨å í­¥à£¨©. �  ¡®«ì-
è¨å £«ã¡¨­ å (à¨á. 4, ¡, ¢) à á¯à¥¤¥«¥­¨¥ ­ ç¨­ ¥â

”à §¬ë¢ âìáï” ¢ á¨«ã ¤¨ääã§¨¨ ¯® ã£«®¢®© ¯¥à¥-
¬¥­­®©, â ª ª ª §­ ç¥­¨ï ¤¨ääã§¨®­­®£® ª®íää¨-
æ¨¥­â  α(E) áâ ­®¢¨âìáï áãé¥áâ¢¥­­ë¬ ¯à¨ ¬ «ëå

í­¥à£¨ïå.

�­ ç¥­¨ï áà¥¤­¥£® ¯à®¥ªâ¨¢­®£® ¯à®¡¥£  ¨®­®¢ ¡®-
à  ¢ ªà¥¬­¨¨ ¢ ¤¨ ¯ §®­¥ ®â 10 ¤® 100�í� ¯à¨¢¥¤¥­ë
­  à¨á. 5. � ª á«¥¤ã¥â ¨§ ­¥£®, à ááç¨â ­­ë¥ ¯®  «£®-
à¨â¬ã ¤ ­­®© à ¡®âë §­ ç¥­¨ï Rp ¤®áâ â®ç­® å®à®è®

á®£« áãîâáï á íªá¯¥à¨¬¥­â «ì­ë¬¨ ¤ ­­ë¬¨ ¨§ [15].
�­ ç¥­¨ï Rp, ¯®«ãç¥­­ë¥ ¨§ ¯à®£à ¬¬ë PRAL ¯ -
ª¥â  TRIM92, á¨«ì­® § ¢ëè¥­ë ¯® áà ¢­¥­¨î á à á-
áç¨â ­­ë¬¨ ¢ ¤ ­­®© à ¡®â¥ ¨ íªá¯¥à¨¬¥­â®¬, çâ®,
¯®-¢¨¤¨¬®¬ã, ®§­ ç ¥â ­¥ ¤¥ª¢ â­®áâì ¨á¯®«ì§ã¥¬®©

¢ ¤ ­­®© ¯à®£à ¬¬¥ ¬®¤¥«¨ [3] ¢ à áá¬ âà¨¢ ¥¬®¬

¨­â¥à¢ «¥ í­¥à£¨©.

�à®ä¨«¨ à á¯à¥¤¥«¥­¨ï ¨®­®¢ ¡®à  ¯® £«ã¡¨­¥

¨¬¯« ­â¨à®¢ ­­®£® ¢ ªà¥¬­¨© á í­¥à£¨¥© 50�í�,

à ááç¨â ­­ë¥ ¢ ¤ ­­®© à ¡®â¥, ¯®«ãç¥­ë ¬¥â®¤®¬

�®­â¥-� à«® (TRIM92) ¨ ¨§ íªá¯¥à¨¬¥­â «ì­ëå ¤ ­-

­ëå [15] ¨ ¯à¨¢¥¤¥­ë ­  à¨á. 6, . � ç¥áâ¢¥­­®¥ á®¢¯ -

¤¥­¨¥ â¥®à¥â¨ç¥áª¨å ¨ íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå,

­¥á®¬­¥­­®, ¨¬¥¥â ¬¥áâ®. � ¡«î¤ îé¨¥áï à §«¨ç¨ï

¢ ¯à®¥ªâ¨¢­ëå ¯à®¡¥£ å ¢ ­¥áª®«ìª® ¯à®æ¥­â®¢, ¢¥-

à®ïâ­®, ®¡êïá­ïîâáï ¢ë¡®à®¬ ¬®¤¥«¨ í«¥ªâà®­­®-

£® â®à¬®¦¥­¨ï. �®âï à á¯à¥¤¥«¥­¨¥, ¯®«ãç¥­­®¥ ¨§

TRIM92, § å¢ âë¢ ¥â ¬ «ë© ¤¨ ¯ §®­ £«ã¡¨­, â¥¬

­¥ ¬¥­¥¥ ¬®¦­® á¤¥« âì ¢ë¢®¤, çâ® è¨à¨­  ¯à®ä¨-

«ï TRIM92 ­ ¬­®£® ¬¥­ìè¥ íªá¯¥à¨¬¥­â «ì­®£® ¨

à ááç¨â ­­®£® ¨§ ãà ¢­¥­¨ï �®ªª¥à –�« ­ª . �â®

ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â®£®, çâ® ¢ ¬¥â®¤¥ �®­â¥-� à«®

­¥ ãç¨âë¢ ¥âáï ¤¨ääã§¨®­­®¥ à áá¥ï­¨¥ ­  ¬ «ë¥

ã£«ë. �â® ¯®¤â¢¥à¦¤ îâ ¯à®ä¨«¨ ¢ë¤¥«¥­­®© í­¥à-

£¨¨ ¢ ï¤¥à­ãî ¨ í«¥ªâà®­­ãî á¨áâ¥¬ã, ¯à¨¢¥¤¥­­ë¥

­  à¨á. 6,¡.
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�¨á. 7. �à®ä¨«¨ ®áâ ­®¢¨¢è¨åáï ¨®­®¢ B, ¨¬¯« ­â¨à®-
¢ ­­ëå ¢ Si á í­¥à£¨¥© 13.6�í�, ¯®«ãç¥­­ë¥ ¨§ íªá¯¥-
à¨¬¥­â «ì­ëå ¤ ­­ëå (1) ¨ à ááç¨â ­­ë¥ ¯®  «£®à¨â¬ã

¤ ­­®© à ¡®âë (2 ).

�¯¨á ­­ë© ¢ à ¡®â¥  «£®à¨â¬ à¥ «¨§®¢ ­ ¢ ¢¨¤¥

¯ ª¥â  ¯à¨ª« ¤­ëå ¯à®£à ¬¬ FPESI (Fokker–Plank
Equation Simulation of Implantation) ­  ï§ëª¥ Borland
PASCAL 7.0. � ª¥â ¯®§¢®«ï¥â à ááç¨âë¢ âì ¯à®ä¨«¨
®áâ ­®¢¨¢è¨åáï ¨®­®¢ ¨ ¢ë¤¥«¥­­ãî ¢ ï¤¥à­ãî ¨

í«¥ªâà®­­ãî á¨áâ¥¬ã í­¥à£¨¨ ¤«ï à §«¨ç­ëå ¬®¤¥-
«¥© ¨®­- â®¬­ëå ¯®â¥­æ¨ «®¢ ¨ í«¥ªâà®­­®£® â®à¬®-
¦¥­¨ï.

�«ï à ááç¥â®¢ ¤ ­­®© à ¡®âë ¨á¯®«ì§®¢ « áì á¥â-
ª , á®áâ®ïé ï ¨§ 200 ã§«®¢ ¯® ¯à®áâà ­áâ¢¥­­®© ¨

15 ã§«®¢ ¯® ã£«®¢®© ¯¥à¥¬¥­­ë¬; è £ ¯® í­¥à£¨¨

¢ë¡¨à «áï ¨§ ãá«®¢¨ï  ¤ ¯â æ¨¨ (25).

�à¥¬ï áç¥â  ­  áâ ­¤ àâ­®© IBM PC AT 486/66 á®-
áâ ¢¨«® ¯®àï¤ª  10¬¨­. �â¬¥â¨¬, çâ® ¤«ï ¯®«ãç¥­¨ï
¯à¨¢¥¤¥­­ëå ­  à¨á. 6 à¥§ã«ìâ â®¢ ¬¥â®¤®¬ �®­â¥-
� à«® (100’000 âà ¥ªâ®à¨©) ¯®âà¥¡®¢ «®áì 28ç à ¡®-
âë TRIM92 ­  â ª®¬ ¦¥ ª®¬¯ìîâ¥à¥.

�ë¢®¤ë

�«ï ¢ëá®ª®í­¥à£¥â¨ç¥áª®© ¨®­­®© ¨¬¯« ­â æ¨¨ ¢

¯à¥¤¯®«®¦¥­¨¨ ¯à¥®¡« ¤ ­¨ï í«¥ªâà®­­®£® â®à¬®-
¦¥­¨ï ¨ à áá¥ï­¨ï ­  ¬ «ë¥ ã£«ë ¢ ¯à®æ¥áá¥ ï¤¥à-
­ëå ¢§ ¨¬®¤¥©áâ¢¨© ¯à¥¤«®¦¥­  ­®¢ ï ¬®¤¥«ì, ®¯¨-
áë¢ îé ï ¯à®æ¥áá á ¯®¬®éìî ãà ¢­¥­¨ï �®ªª¥à –
�« ­ª . �«ï ç¨á«¥­­®© à¥ «¨§ æ¨¨ ¬®¤¥«¨ à §à -
¡®â ­ë íää¥ªâ¨¢­ë¥  «£®à¨â¬ë á  ¤ ¯â æ¨¥© á¥â-
ª¨ ¯® í­¥à£¥â¨ç¥áª®© ¯¥à¥¬¥­­®©, ®¡¥á¯¥ç¨¢ îé¨¥

¢ëá®ªãî â®ç­®áâì  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç¨, ¯®«®¦¨-
â¥«ì­®áâì à¥è¥­¨ï, ¢ë¯®«­¥­¨¥ § ª®­®¢ á®åà ­¥­¨ï
ç áâ¨æ ¢ ¯®â®ª¥ ¨ § ª®­®¢ á®åà ­¥­¨ï í­¥à£¨¨. �«-
£®à¨â¬ à¥ «¨§®¢ ­ ¢ ¢¨¤¥ ¯ ª¥â  ¯à¨ª« ¤­ëå ¯à®-
£à ¬¬ FPESI, ¯®§¢®«ïîé¥£® à ááç¨âë¢ âì ¯à®ä¨«¨
¨¬¯« ­â¨à®¢ ­­®© ¯à¨¬¥á¨ ¨ ¢ë¤¥«¥­­®© ¢ ï¤¥à­ãî

¨ í«¥ªâà®­­ãî á¨áâ¥¬ã í­¥à£¨¨ ¤«ï à §«¨ç­ëå ¬®-
¤¥«¥© ï¤¥à­®£® ¨ í«¥ªâà®­­®£® â®à¬®¦¥­¨ï. �®«ã-
ç¥­­ë¥ á ¯®¬®éìî ¯ ª¥â  à¥§ã«ìâ âë ¬®¤¥«¨à®¢ ­¨ï

¨¬¯« ­â æ¨¨ B ¢ Si ¢ ®¡« áâ¨ í­¥à£¨© ®â 1 ¤® 100�í�
å®à®è® á®£« áãîâáï ª ª á íªá¯¥à¨¬¥­â «ì­ë¬¨ ¤ ­-
­ë¬¨, â ª ¨ á à áç¥â ¬¨ ¬¥â®¤®¬ �®­â¥-� à«® ¨

âà¥¡ãîâ ¯à¨ íâ®¬ áãé¥áâ¢¥­­® ¬¥­ìè¨å § âà â ¬ -
è¨­­®£® ¢à¥¬¥­¨.
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